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ABSTRACT.  The object of the present paper is to study the differential geometry of contact CR-submanifolds
of a Kenmotsu manifold. Necessary and sufficient conditions are given for a submanifold to be a contact CR-
submanifold in Kenmotsu manifolds. Finally, the induced structures on submanifolds are investigated, these struc-
tures are categorized and we discuss these results.
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1. INTRODUCTION

Kenmotsu [13] introduced a class of almost contact Riemannian manifolds known as Kenmotsu manifolds. The
study of the differential geometry of contact CR-submanifolds, as a generalization of invariant(holomorphic) and anti-
invariant(totally real) submanifolds of an almost contact metric manifold was initiated by A. Bejancu [6, 7] and was
followed by several researchers. Some authors [1, 7,8, 12, 14] studied contact CR-submanifolds of different classes
of almost contact metric manifolds given in the references of this paper. Recently, in different studies M. Atgeken et
al. [2-5] and S. Uddin et al. [15, 16] studied contact CR-submanifold and warped product CR-submanifolds in various
type manifolds. The contact CR-submanifolds are rich and interesting subject. Therefore, it was continued to work in
this subject matter. This study the present paper is organized as follows.

In this paper, contact CR-submanifolds of a Kenmotsu manifold were studied. In Section 2, basic formulas and
definitions for a Kenmotsu manifold and their submanifolds were reviewed. In Section 3, the definition and some
basic results of a contact CR-submanifold of a Kenmotsu manifold was recalled. Finally, some new results for contact
CR-submanifolds in a Kenmotsu manifold was given.
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2. PRELIMINARIES

In this section, we give some terminology and notations used throughout this paper. We recall some necessary fact
and formulas from the theory of Kenmotsu manifolds and their submanifolds.

Let M be a (2n + 1)-dimensional almost contact metric manifold with structure (¢, &, 7, g), where ¢ is a (1, 1)—type
tensor field , £ a vector field, i is a 1-form and g is the Riemann metric on M ,such that

X = X +n(X)E, ¢ =0, n(¢X) =0, n&) = 1,n(X) = g(X. &) (2.1
and
8(PX, 9Y) = g(X, Y) —n(X)n(Y), g(@X.,Y)=-g(X,¢Y) (2.2)
forany X,Y € F(ZVI ), where F(M ) denotes the set differentiable vector fields on M. If in addition to above relations
(Vxp)Y = g(@X, Y)é —n(Y)pY and V& =X —n(X)é (2.3)

for any X, Y € F(M), then, M is called a Kenmotsu manifold, where V is the Levi-Civita connection of g. Now, let M
be an isometrically immersed submanifold in a Kenmotsu manifold M. Then the formulas Gauss and Weingarten for
Min M given by

VY = VyY + o (X, Y) (2.4)
and

VxV = —AyX + VyV, (2.5)

for any vector fields X, Y tangent to M and V normal to M, where, V denotes the induced Levi-Civita connection on
M, V+ is the normal connection , Ay is the shape operator of M with respect to V and o is second fundamental form
of M in M. The second fundamental form o and shape operator Ay are related by

gAvX,Y) = g(c(X,Y),V) (2.6)
forall X,Y € [(TM) and V € T(T* M).

The mean curvature vector H of M is given by H = %

Mz

o(e;, e;), where m is the dimension of M and {eq, e3, ..., €,,} is
1

a local orthonormal frame of M. A submanifold M of an contact metric manifold M is said to be totally umbilical if

oX,Y)=g(X,YV)H, 2.7

for any X, Y € I'(TM). A submanifold M is said to be totally geodesic if o~ = 0 and M is said to be minimal if H = 0.
Now, let M be a submanifold of an almost contact metric manifold M. Then for any X € I'(T M), we can write

¢X = TX + NX, 2.8)

where TX is the tangential component and NX is the normal component of ¢X. Similarly for V € I'(T+M), we can
write
¢V =1tV +nV, 2.9
where tV is the tangential component and nV is also the normal component of ¢V.
Furthermore, for any X, Y € I'(T M), we have g(TX,Y) = —g(X,TY) and V, U € I(T* M), we get g(U,nV) = —g(nU, V).
These show that 7 and n are also skew-symmetric tensor fields. Moreover, for any X € I(TM) and V € T(T*+M), we
have
gINX, V) = —g(X,1V), (2.10)
which gives the relation between N and ¢.
Now, applying ¢ to (2.8) and (2.9), we respectively, obtain
T?X = -X + n(X)é —tNX, NTX+nNX=0 (2.11)

and
TtV+mV =0, NtV+n’V=-V (2.12)

for any vector fields X tangent to M and V normal to M.
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We define the covariant derivatives of the tensor field T, N, t and n by (VxT)Y = VxTY — TVxY, (VxN)Y =
VENY = NVxY, (Vxt)V = VxtV — 1V V and (Vxn)V = VynV — nVy V respectively.
Since M is tangent to &, making use of (2.4), ( 2.6) and (2.8), we obtain

Vx§=X-nX)§, ocX,§)=0, Av§=0 (2.13)
forall V e '(T*M) and X € I(TM).

Let X and Y be vector fields tangent to M. Then we obtain

(VxT)Y = AnyX +to(X,Y) + g(TX, V)¢ —n(V)TX (2.14)
and
(VxN)Y =no(X,Y) —o(X,TY) —n(Y)NX. (2.15)
Similarly, for any vector field X tangent to M and any vector field V normal to M. Then we have
(Vxt)V = A,y X - TAyX + g(NX, V)¢ (2.16)
and
(Vxn)V = —o(tV,X) — NAyX. (2.17)

3. Contact CR-SuBMANIFOLD OF A KENMOTSU MANIFOLD

In this section, we shall define contact CR-submanifolds in a Kenmotsu manifold and research fundamental proper-
ties of their from theory of submanifold.
Let M be submanifold of an almost contact metric manifold M, then M is called invariant submanifold if o(T,M)
C T,M,¥p € M. Further, M is said to be anti-invariant submanifold if ¢(T),M) C T;M, Vp € M. Similarly, it can be
easily seen that a submanifold M of an almost contact metric manifolds M is said to be invariant(anti-invariant), if N
(or T) are identically zero in (2.8). Now we give definition of contact CR-submanifold which is a generalization of
invariant and anti-invariant submanifolds.

Definition 3.1. A submanifold M of a Kenmotsu manifold. M is called contact CR-submanifold if there exists on M
a differentiable invariant distribution D whose orthogonal complementary D+ is anti-invariant, i.e.,

))TM =De D, £€T(D)

iiy¢D, = D,

iii) ¢D,; € T,y M, for each p € M [13].

A contact CR-submanifold is called anti-invariant(or, totally real) if D, = 0 and invariant(or, holomorphic) if
D;, =0, respectively, for any p € M. It is called proper contact CR-submanifold if neither D, = 0 nor D;, = 0.

Anti-invariant and invariant submanifolds are the special case of contact CR-submanifolds.
If we denote dimensions of the distributions D and D* by m; and m;, respectively. Then M is called anti-invariant
(resp. invariant) if m; = 0 (resp. mp = 0).

Let us denote the orthogonal projections on D and D* by Py : I'(TM) — D and P, : I(TM) — D~ respectively.
Then we have

X =P X+ P,X + n(X)é

for any X € I'(T M), where P1X € I'(D) and P,X € I'(D*). From (2.8) and (2.9), we have
and
dX =TX +NX = ¢pP X + pP,X =TP X + NP\ X+ TP,X + NP, X

it is clear that

NP] =0and TP2=0,

N=NPyand T =TP,;.
Proposition 3.2. Let M be an isometrically immersed submanifold of a Kenmotsu manifold M. Then the invariant
distribution D has an almost contact metric structure (T, &,1, g) and so dim(D),) =odd for each pe M [5].



On Contact CR-Submanifolds of a Kenmotsu Manifold 156

We denote the orthogonal subbundle ¢D* in T+M by v, then we have direct sum
T™M = ¢D* ®vand ¢D* L .

Here we note that v is an invariant subbundle with respect to ¢ and so dim(v)=even.
Also,

HT*M) = D* and n(T*M) C v.

Let M be a contact CR-submanifold of a Kenmotsu manifold M. Then for any X,Y € I'(D*) and U € I'(T M), also
by using (2.3), (2.4) and (2.6), we have

8ANxY —AnyX,U) = g(o(Y,U),NX) - g(c(X,U),NY)
= g(VuY,6X) - g(VuX.¢Y)
= g@VuX.Y) - g(¢VuY.X)
= —g(AnxU,Y) + g(Apy U, X)
= g(AnyX — AnxY, U).
It follows that
AnxY = AyyX. 3.1

Proposition 3.3. Let M be a contact CR-submanifold of a Kenmotsu manifold M. Then, we have
Vi¢Y — Vy¢X € $(D*)
for any X,Y € I'(D*).
Proof. Forany X,Y € I'(D*), V € I'(v). Then (2.3), Gauss and Weingarten formulas, we have
g(AsxY +Vy9X = ApyX = VxgY. V)
= g(VydX = VxgY.V)
= 2(Vy®X + ¢VyX — (Vxp)Y - ¢VxY, V)
= @Y. X)E ~n(X)PY + pVyX — g(@X, V)E + n(Y)$X — $VxY. V)
= gOVyX - VxY, V) = g(VxY = VyX, V)
= gloX.Y) - o X),¢V) =0.

8(Vy¢X — VxoY. V)

Thus the proof is complete. O

Theorem 3.4. Let M be a contact CR-submanifold of a Kenmotsu manifold M. Then the tensor n is parallel if and only
if the shape operator Ay of M satisfies the condition

AytY = AytV, 3.2)
Sforall Y,V e T(T+M).
Proof. For all Y,V € I'(T*M), and for all X € I'(TM). By using (2.6), (2.10) and (2.17), we have

g((Vxm)V,Y) —g(o(tV,X),Y) — g(NAyX,Y)
—g(AytV, X) + g(Ay X, tY)
g(AytY — AytV, X).

The proof is complete. O

Theorem 3.5. Let M be a contact CR-submanifold of a Kenmotsu manifold M. Then the anti-invariant distribution
D+t is completely integrable and its maximal integral submanifold is an anti-invariant submanifold of M.
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Proof. For any Z, W € T'(D*) and X € I'(D), By using (2.2) and (2.3), we have
g((Z, W].X) g(VZW.X) - g(VwZ X)
= g(VwX.2) - g(V/X, W)
= g(@VwX.$Z) — g($V X, W)
= g(VwoX — (Vwd)X. ¢Z) — (V26X — (Vz)X, pW)
= g(VwoX — (W, X)¢ + n(X)¢W, ¢Z) — g(V 26X — g($Z, X)é + n(X)pZ, $W).
Here, By using (2.4), (2.6) and (3.1), we obtain

gIZW1,X) = g(VwoX.$2) - g(V24X, oW)
= glo(¢X, W), ¢Z) — g(c($X, Z), pW)
= g(AszW — Az W, 9X) = 0.
Thus [Z, W] € T(D*) for any Z, W € T'(D4), that is, D* is integrable. Thus the proof is complete. O

Definition 3.6. A contact CR-submanifold M of Kenmotsu manifold M is said to be D-geodesic (resp. D*-geodesic)
if o(X,Y) =0 for X,Y € (D) (resp. 0(Z,W) = 0 for Z, W € T'(DY)). If o(X, Z) = 0, the M is called mixed geodesic
submanifold, for any X € I'(D) and Z € I'(D*).

Theorem 3.7. Let M be a contact CR-submanifold of a Kenmotsu manifold M. Then the anti-invariant distribution D*
is totally geodesic in M if and only if 0(Z,X) € T(v) for any Z € T'(D*) and X € I'(D).

Proof. Forany Z,Y € I'(D*) and X € I'(D), we have

g(VzY,0X) = -g(Vz¢X.Y)
= —g(Vz9)X + ¢V;X,Y)
= —g(8($Z. X)E — n(X)pZ + pVX.Y)
= g(VzX.9Y) = g(0(Z,X), ¢Y).
Thus VY € [(D*) if and only if 07(Z, X) € T(v). O

Theorem 3.8. Let M be a contact CR-submanifold of a Kenmotsu manifold M. Then the invariant distribution D is
totally geodesic in M if and only if 0(Z,Y) € I'(v) for any Z,Y € I'(D).

Proof. For any Z,Y € I'(D) and X € I'(D*), we have
2(Vz0Y,X) = g(Vz9)Y +¢V.Y,X)
= 8QPZ,Y)§ - n(Y)PZ + ¢V2Y. X)
= —g(VzY,¢X) = —g(c(Z,Y), $X),
thus V;Y € I'(D) if and only if 0(Z, Y) € I'(v). This completes of the prof. |

Theorem 3.9. Let M be a proper contact CR-submanifold of a Kenmotsu manifold M. If N is parallel on D, then either
M is a D—geodesic submanifold or o(X,Y) is an eigenvector of n*> with eigenvalue —1, for any X,Ye I'(D).

Proof. If N is parallel, then from (2.15), we have
no(X,Y)-—oX,TY) —n(Y)NX = no(X,Y) —o(X,TY) = 0. 3.3)

for any X, Y € I'(D).
On the other hand, since D is a invariant distribution and T¢ = 0, we have

no(X, -Y +n(¥Y)§) = o(X, T(-Y + n(Y)$)) (3.4)
that is,
no(X,Y —n¥)t) =oX,TY).
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Now, applying n to (3.5), we obtain
n?o(X,Y — n(Y)é) = no(X, TY). (3.5)

By interchanging of Y and 7Y in (3.3) , we have
no(X,TY) = o(X, T*Y). (3.6)

Hence, by using (3.5) and (3.6), we obtain
2o (X, Y —n(V)&) = no(X, TY) = o(X, T?Y) = —o(X, Y — n(Y)¢ + INY) = —o(X, Y — n(Y)&).

This implies that either o vanishes on D or o is an eigenvector of n*> with eigenvalue —1. O

Example 3.10. From now on, (R9,¢, &,n,g) will denote the manifold R® with its usual an almost contact metric
structure given by

_la —i dx), £=22
77_2 < izlyl 1) - az

4
1
g=nQn+ Z;(dx,»@)dxﬁdyi@dyi)

4 4
0 0 0 0 0
X,'—+Y,'— +7—) = Y,'——X,‘— s
¢(;( axi ay,-) 6Z) ;( 6x,~ 6y,~)
where (x;,y;,2),1 = 1,2, 3,4 are the cartesian coordinates.
Now, let M be a submanifold of R° defined by the following equation

xw,u,s,v,z) =2w,0,u,0,s,0,0,v, 2).
We can easily to see that the tangent bundle of M is spanned by the tangent vectors

0 0 0 0 0 0
=2—+yim) er=2—,e3=2(—+y3—), ea=2—,e5=2— =¢&.
e ((9x1 y 6z) e ; e (6x3 y3 6z) ey P e =25 '3
For the almost contact structure ¢ of R°. We obtain,
0 0 0
pe1 = —ea, per = ey, pe3 = —2-—, pes =2-—, ges =2— =0.
dy3 0x4 9z

By direct calculations, we can infer D = span {ey, e, es} is invariant distribution. Since g(¢es,e;) = 0, j = 1,2,3,5
and g(ges, E;) = 0, i = 1,2,4,5, ¢es,pesc T-M, D+ = spanfes,es} is an anti-invariant distribution. Thus M is a
5-dimensional proper contact CR-submanifold of R? with it’s usual almost contact metric structure [10].
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