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Abstract. In this study, we consider two generalized Dirac systems on a time scale and a boundary-value
problem with boundary conditions depending on the spectral parameter. We give some sufficient conditions
for disconjugacy of the systems and obtain a formula about the number of eigenvalues of the problem.
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Zaman Skalalar1 Uzerinde Parametreye Bagh Dirac Sistemleri

Ozet. Bu calismada bir zaman skalas: iizerinde iki farkli genellestirilmis Dirac sistemi ve parametreye bagli
siir kosullari ile iiretilen bir sinir deger problemi ele alinmistir. Sistemlerin esleniksiz (disconjugate) olmasi
icin yeterli kosullar ve problemin 6zdegerlerinin sayisi ile ilgili bir formiil elde edilmistir.

Anahtar Kelimeler: Zaman Skalasi, Dinamik denklemler, Dirac sistemi, parametreye bagl sinir kosullari,
esleniksizlik.

1. INTRODUCTION

The time scale theory was introduced by Hilger in 1988. He gave a new derivation in order to unify
continuous and discrete analysis [1]. From then on this approach has received a lot of attention and has
applied quickly to various areas in mathematics. Especially, this theory allows us to study differential
and difference equations in the same subject. Because, a result obtained for a dynamic equation given in
an arbitrary time scale is also valid for differential and difference equations.

The studies about spectral theory on time scales have focused on Sturm-Liouville equation.
Sturm-Liouville theory on time scales was studied first by Erbe and Hilger [2] in 1993. Some important
results on the properties of eigenvalues and eigenfunctions of the classical Sturm-Liouville problem on
time scales were given in various publications (see e.g. [3-18] and the references therein).

The basic terminology of time scales theory such as A-derivation, A-integration; the operators o,
p and u; the set of rd-continuous functions C,; and the set of rd-continuously delta-differentiable
functions C};(T) can be found in [19].

Additionally, we need to recall some other notations.

Let p(t) be a rd-continuous function satisfying the condition 1 + u(t)p(t) # 0 for each t in the
time scale T. The exponential function e,(t,ty,) and the trigonometric functions sin,(t,¢,) and
cos, (t, to) are defined on T as follows:
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t
ep(tto) = exp ([ Eun(P(@)AT),

eip(t.to)—e_ip(t,to)
2i

siny (¢, tp) =

eip(tto)te_ip(t.to)
2

cos, (t,tg) =

where &, (p(7)) = ﬁLog(l +u@p()), wu@ #0 |
! (@, u(@) =0

It is proved in [19] that these functions satisfy the following relations (for further informations about
these functions see also [19])

D) ep (t. to) = p(Dep(t, to), ep(to, to) = 1;
ii) sin,A,(t, to) = p(t)cos,(t, ty), sing(to, to) = 0;

iii) cosﬁ(t, to) = —p(t)sin, (t, ty), cos, (Lo, tp) = 1.

For a fixed 1 € R, a scalar function y(t, 1) is said to have a zero at t, € T if y(t5,4) = 0, and it
has a node on (ty, a(ty)) if y(ty, A)y?(ts, A) < 0. A generalized zero of y is then defined as a zero or a
node [20].

A first order linear system on a time scale T can be given as follows
YA(E) =AY () + f() 1)

where A(t) is an n X n —matrix-valued rd-continuous function on T and f: T — R™ is rd-continuous. If
I + u(t)A(t) is invertible for all t € T¥, then we say that the system (1) is regressive, where I is nxn
identity matrix. A function Y: T — R" is called a solution of (1) if Y is A-differentiable on T and
satisfies (1). The system (1) is called as disconjugate provided there is no nontrivial real solution with
one (or more) generalized zeros in T* [20].

Theorem 1([19]) Let t, € T* and Y, € R™. If (1) is a regressive system, then initial value
problem

YA =AY () + (6
Y(to) =Yo
has a unigue solution.

Two types Dirac systems can be given on a time scale T as follows
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BY2(t) + Q(t)Y(t) = AY(t) 2)

BYA(t) + Q)Y (t) = AY(t) (3)

where B = (21 é) Y(t) = (ﬁgg) is unknown vector-valued function, Y?(t) = Y(a(t)) and Q(t)

is @ matrix with dimension 2x2 defined on T.
If T = R, then the classical Dirac system
BY'(t) + Q)Y (t) = AY(t) 4)
is obtained from each of (2) and (3).

Although, the literature about the spectral problems for Sturm-Liouville equation on time scales
is vast; there are only a few studies about Dirac-type dynamic equation systems. It can be referred [21]
and [22] for example to boundary-value problems generated by the Dirac system on a time scale.

In the present paper, we consider two generalized Dirac systems:

BYA(t) + Q(t, )Y (t) = A™Y(t), t €T (5)
BY2(t) + Q(t, )Y (t) = AMYo(t), t € TX (6)
, (t
where B = (0_1 (1)) Y(t) = @;Eg) Q(t,A) = Z}":‘Ol A Q;(¢) such that Q;(¢t) = <g’( ) qj(t)> are

continuous on T for j = 0,m — 1.
Equations (5) and (6) can be written as follows:
yi©) =lat D) — A"y, (1), y2(t) = [A™ = p(t, DIys ()
yi©) =lat D) —A"yg (©), y5 () =A™ —pt, DIy (1)

where q(t,2) = 755" Mq;(t) and p(t, 1) = X755 Vp; (D).

2. DISCONJUGACY
Denote hy (£, A): = q(t, 1) — A™ and hy(t, 1): = p(t, 1) — A™.

It can be proved that the systems (5) and (6) are regressive for each fixed A in H:=
A€ C:1+ p?()h (t,Dh,(t,2) # 0 forall t € T}

t, A .. . .
LemmalLletY(t,Ay) = (;1 Et AO%) be a non-trivial solution of (5) for a fixed 1, € R.
2\ 40

i) If y1(¢,40) has a node on (to,a(ts)), then hy(to, A9) and (y,¥,)(to, o) are of opposite
signs.
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i) If y,(t,2) has a node on (ty,a(t)), then hy(to, A9) and (y1y,)(to, A9) have the same
sign.

Proof. It is clear that the following relations hold for all t and A.
D)D) = [y (6 D] + u®)hy (8, D) 12 (t4)

2926, A) = [y2 (6, D]? = p(®)ha (6 D) (r1y2) (8 A)

Since 1, € R, both assertions are true.

y1(t, Ao)

Lemma?2LetY(t, Ay) = (
(&%) y2(t, Ag)

) be a non-trivial solution of (6) for a fixed A, € R.
i) If y1(t,4¢) has a node on (to, 0 (ty)), then hy(te, A9) and (y1¥¢)(te, Ao) are of opposite
signs.

i) If y,(t, ) has a node on (to, a(t)), then hy(to, A0) and (¥7y2)(te, A¢) have the same
sign.

Proof. Similar to previous lemma.

y1(t, Ao)
y2(t, o)
If det(2(ty, Ag) — A™I) > 0 for a t, € T, then y,(t, Ay) and y,(t, A,) can not have a node on
(to, o (tp)) at the same time.

Theorem 2 Let Y (¢, 1) = ( ) be a non-trivial solution of (5) or (6) for a fixed A, € R.

Proof. If we assume conversely that y, (¢, 15) and y,(t, A,) have a node on (t,, o (t,)), then we
have a contradiction from Lemma 1 and Lemma 2. The proof is clear.

Corollary 1 Systems (5) and (6) are disconjugate for each fixed 4 € R which satisfies
det(2(t,A) —A™I) > 0 on T.

3. ABOUNDARY-VALUE PROBLEM
Now, let us consider the following boundary conditions.
U):= aDyi(a) = b(Dyz(a) =0 ()

V(y):= c(Dy1(B) = d(Dy.(B) =0 (8)

where a = infT, B = supT, a # B; a(4), b(1), c(1) and d(1) are real polynomials whose leading
coefficients are ay, by, ¢, and d,,, respectively. We assume n = dega(4) = degb(4), (it may be
n. = degc(d) # degd(4) = ny).

We denote boundary value problem (5), (7), (8) by L.

Let o(t,A) = (z;g 18) be the solution of (5) under the initial conditions ¢, (a, 1) = b(4),

@, (a, 1) = a(A) for afixed A € H. Existence and uniqueness of ¢(t, A) follow from Theorem 1.
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The following integral equations are valid for each fixed 4 in H such that 1 + u?(t)A%™ = 0 for
all t € TX.
@1(t, 1) = —a(Q)sinym(t, @) + b(A)cos;m(t, a)
t

' 0[ eMTi(r)a) singn (0(2), @)cosyn (¢, Ip (D)1 (7, AT

t

1
— f W cos;m(0(7), a)sinym(t, a)p(r) @4 (t, 1)AT
5 CH ,
t
1
_ f P s sinym (0(7), a)sinym (t, @) q (1)@, (1, 1) At
pazm )

t

1
_ af W cos,m (o (1), a)cosym (t, a)q(v)p,(t, ) At

@,(t, 1) = a(A)cosym(t, @) + b(A)sinym(t, a)
t

1
'*.f e (o), @ i (O (®), @singn (&, Ip (@D (7. DT
3 1
+ f W cosm (O'(T), a)COSAm (t, a)p(-[)(pl (‘L’, A)AT
t

1 .
B f e (), @) 0 (0 (0, @singn (&, @)q (D2 (v VAT

]
-

1
" f e (o (0, @ Sm (@, cosn (6, )a(Dpa T DAt

It is obvious that the zeros of the function
A):=c(De1(B, 1) —dD)p2 (B, 1) 9)
coincide with the eigenvalues of the problem L.
The next theorem gives the number of eigenvalues of the problem L on a finite time scale.

Theorem 3 Let T be a finite time scale, the number of elements of T be denoted by s and r: =
max{degc(1),degd(A)}. Then the problem L has at most y = n + r + (s — 1)m many eigenvalues in
H.

Proof. Since all points of T are isolated we can write it as
T = {a,0(a),c%(a), ...,057%(a),d° (a) = B}
where ¢/ = 6/=1 o g, for j > 2. It can be calculated from (5) that

{wi’ @) = @1(t) + u®)[q(t, 1) — 1], (1)

k
P(0) = 95 (6) + pOI™ — p(t, D]y (0) €T
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Therefore, one can obtain the following equalities.

(p1(a) = bpA™ + [,

@2(@) = apA™ + [A71,

97 (@) = —apu(@) ™™ + [T,

)99 (@) = bu(@)Am+™ + [+,

gofK(a) = AAPTKM 4 [rHKm=1] for K > 2
LgogK(a) = B AMHKm 4 [HKm=1] for K > 2

(10)

where

K .
(=1)2b, Hf;ol 1 (@), if K is even

K = K+1 ; ,
-1z a, [1'50 w7’ (@),  ifKisodd

K .
(-Dza, [155 1 (@), if K is even
By = K-1 .
(-2 b [I5 1’ (@),  ifKisodd
and [A/] denotes a polynomial with degree j. It is obvious from (9) that
AR) = cDp1(0°(a), 1) — d(Dg2(0°(a), D). 11)

Thus, A(4) has n + r + (s — 1) many roots on the complex plane. However some of them may not be
belong in H. Hence the proof is clear.

Example 1 Let us consider the following boundary value problem
onT={12,...,s}:
BYA(t) + [T VQ;0]y () =A™y (), 1<t<s-1
A+ ag)y1(1) = (A + by (1) =0
A+ co)y1(s) — (A2 + di A +dg)y,(s) =0
According to Theorem 3, this boundary value problem has at most (s — 1)m + 3 many eigenvalues.
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