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Abstract. In this study, the diffusion operator with discontinuity function and the jump conditions is considered.
Under certain initial and discontinuity conditions, integral equations have been derived for the solutions.
Integral representations, which is too useful for this type equation, have been presented.
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Sicrama Sartlarina Sahip Siireksiz Difiizyon Operatoriiniin Coziimleri
icin Integral Gosterilim

Ozet. Bu makalede siireksizlik fonksiyonuna ve sigrama sartlarma sahip difiizyon operatorii incelenmistir.
Belirli baslangi¢ ve siireksizlik kosullar1 altinda ¢oziimler i¢in integral denklemler tiretilmistir. Bu tip difiizyon
operatorler i¢in oldukga kullanisli olan integral gosterilimler elde edilmistir.

Anahtar Kelimeler: Difiizyon Operator, Sigrama sarti, Sturm- Liouville denklemi.

1. INTRODUCTION

Let’s define the following boundary value problem;
1(y) ::—y"+[2/1p(x)+q(x)]y =225(x)y, x(0,p,) U (P, p,) (P, 7)
U(y)=y(0)=0,V(y)=y(x)=0
y(p,+0)=ay(p,—0)
y' (P +0)=A4y'(p,—0)+idyy(p,-0)
y(p, +0)=a,y(p,-0)

y'(p, +0)=4,y'(p, —0)+idy,y(p, -0)
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where A is a spectral parameter, q(x) € L,[0, 7], p(x) EWzl[O,ﬂ'] PP, e(0,7), p<p,.

. 1, xe(0,p,)
|a1_1|2+7/12¢0'|a2_1|2+7227&01(,@:_(i=1,2)]and 5(x)=1a", xe(p,p,)
&

B2 xe(p,r)

where « and £ are real numbers.

The spectral theory of differential operators has an important role in applied sciences, mathematics and
engineering. In geophysical engineering, determination of underground mines according to the
distribution characteristics of the elements underground is example of an inverse problem. In the

literature, the Sturm-Liouville equation is defined as follows:

d dy
-— X)—|+q(x)y=A1y.

dx(p( )dx) a(x)y =2y
There are many direct and inverse problems for this equation studied in various publications. The first
study of inverse problem was published by Ambartsumyan in 1929[26]. The next important work was
done by Borg in 1945. Borg showed that the coefficients of the operator can be determined by two spectra.
This result has been generalized to various[7—26]. Direct and inverse spectral problems for the

continuous problems have been studied in [19, 22, 24] . For some spectral problems of diffusion equations

on a finite interval when§(x) 21, we refer to[9,10,16,17]. In these works the integral representations
of the solutions are derived and some properties of the kernel functions are examined. The spectral
problem of the Sturm-Liouville equation with discontinuous coefficient is investigated detail in [21].

Eigenvalues of an operator with boundary conditions depend on the parameter are defined by Naimark
[5] . Basic spektral properties of these types boundary value problem for Sturm-Liouville equations was

established by Fulton in [30]. He defined the operator corresponding to the problem and obtained some
properties of the eigenvalues of the operator. Guliyev obtained the Gelfand- Levitan- Marchenko type
principal equation for the Sturm-Liouville inverse problem with parameter dependent boundary
conditions and gave the complete solution of this problem in 2005 [20].

In the present study, the diffusion operator with discontinuous coefficient and jump conditions in the finite
interval is considered. First, integral equations of the solutions were obtained. Second, by using the
method of successive approximations, integral representations of solutions were obtained. In addition, the
inequalities provided by the kernel functions were obtained. (This work is supported by the Scientific
Research Project Fund of Cumhuriyet University under the project number SMY O-020).

Integral equations of solutions.

Let ¢(x,4) be the solutions of (1) satisfying the following conditions;
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)¢'(x,4) are absolutely continuous in (0, p,),( Py, P,), (P, 7) ;
i)l(g)eL,(0,7),
iii) ¢(x,1) satisfies the initial conditions;
#(0,4)=1¢'(0,4)=0 (7)

iV) ¢(x, 1) satisfies the jump conditions (3)—(6).

Therefore, the following lemma is obtained.

Lemma.

For the function ¢(X,/1) the following integral equations holds;

if0<x<p;
¢(x,/’t):ei“+%jsini(x—t)\] (t)y(t,2)ct ®)
0
if p<X<p,;

X,ﬂ, — +eiig*(x)+ —eilg’(x) +Aeilg+(x)_ﬁeiig’(x)
B(x2)= e s pres O Lgs )1

%sinA(s”(x)-t) Tsinﬂ(g‘(x)—t)

+ﬁ1+j J(t)y(t,A)dt+ B

0

.;_;Icosi(gji(x)—t)\] (t)y(t,ﬂ)dt++i27/—;'[ 2
+jsinﬂ,(x—t)

3 J(t)y(t,A)dt

]

if p,<x<rx;
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¢(X l _ + Mb( +é: el}b +19+ells +19 ellls (x)

(ﬁl*ﬂ; + 40[/3] Slnﬁ(bl(x) )J (t)y(tA)dt +(ﬁfﬁ2 - Zg)]ﬁsml(s}x) _t)J (t)y(t2)dt

L e e e
(2] S e [ (O
[}’ﬁz ]]’- cos A b (X) )J (t)y(t,i)dt+i[712%+ . y;i)j‘ COM(S/I(X)_t)J (V)y(t.2)d
g zsm/l(ﬂx ﬂzzﬂxp2 at)J (O)y(t4)dt- 5 ]-smxl(ﬁx ﬁp2 pz+at).](t)y(t,/1)dt

+

N

cos (b (x) - )
A

i e SO A (P, b ) (t)y(u)dmﬁfCM(“"”""“"”“OJ (©)y(t.2)ck
25 ] A 2B 5, A

+£WJ (t)y(t,2)dt

(10)

where J(t) =22p(t)+q(t),¢* (x)=+axFap +p, B =%(ali—lj L, b (X) = Bx—Bp, +6*(p,)

a
- 1 -
ST (X) ==X+ B, +57(P) B _§[a2+aﬂ2j’§ :_(ﬂ1+$ﬁj

B
vy th iaﬂz_ﬁ)_
(ﬁl a)(“z BB

The proof of this lemma is easily follows by using the well-known method of variation of parameters.

Theorem. Let p(X)eW, (0,7), q(x)eL,(0,7) and let y, (X, 1) be solutions of (1), satisfying
boundary-jump conditions (2)—(6) . Then the following relation holds

Y, (X, A)= Yo, (X, 4)+ i K, (x,t)edt (U =1,_3)

where
R, (x)e™ 0<x<p,
Yoo (%, 4) ={ R (x)e"™ ™ + R, (x)e" P <X< P,
R, (x)e™ ™+ R, (x)e™ ™ + Ry (x)e" ¥ + R (x)e” ™ ;p, <x<7x
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Ro<x>=e'@“”’“x,al<x>=( o ]Rm)ew 0=~ L) i

(52 Jrere 0= +—ﬂ]R<pz)eW,

*I p(t)t ) ;I -
=[5 e m00=(5 2 R (pe”

X

and @ (x) = I((x — k)‘q(k)‘ + 2‘ p(k)‘)dk and the functions K, (X,t) satisfy the inequality

0

X

J

=X

th e =1.c, = golple2a2) ezl a(p+lp)e (s g ) Lo iz
with cl_l,cz_(ﬁ1 +‘ﬂl‘+a+aj,cs [az(ﬂl +‘ﬂl‘)+a(ﬂ2 +‘ﬂ2‘)+ﬂ+ﬁ]'

S eCUZD'(X) _1

here ¢*(x)=taxFap, +p, B == al—%] b*(x) = Bx—pp,+¢*(p,) s*(X)==px+Bp,+<*(p,)

1
|
R O a Ca

_j( LB, ] . [/}f‘hj(azia—ﬂz—&j,
B ﬁ 2a g B
ﬂ+=%(li%].

Proof.

For 0<x<p,

sinA(x—t)

J(t)y(t,A)dt ,I(t)=(24p(t)+a(t))

X
y(x,A)=e™ +j
0
Yo (X, 4)+ J. K, (x,t)edt

X el/l —M(x t)
e+ ]
0

(22p(t)+ q(t))(RO (t)e™ + j Kl(t,r)ei“dr}dt

—t
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X

= e —ie" [ R, (t)p(t)dt+i[ R, (t)p(t)e"* dt += J'R (th(t) je””dudt
0 0 2t—x

X t
_iI p(t)J' K, (t’,[)eii(xft+r)dz'dt+ij‘ p(t)j K, (tlr)eiz(fmﬂ)drdt
-t

X X—t+7

+;j jK (t,7) Ie"“dudrdt

0 —X+t+7
e —ie™ [R, (t)p(t)dt+i [ R [%ﬂjp(%tjewdt

+%i E(RO(U)Q(U)du)eiztdt_ij Ip(u)Kl(U,t—X+u)du it

|
2

X X t+X-u
+i p(u)K,(u t+x—u)du g¥dt+= [ q(u (ur rdu]e”‘dt
I} J,ped 2] Jaw) ] tuex
2
where Xe(O, p)
R()(x):l—i_[R0 (t) p(t)dt hence
0
—iip(x)dx
Ry(x)=e ° (11)
obtained and
KX
2 X
Kl(x,k)=|RO(k;Xj (k;xj+%J(Ro(u)q(u)du)—| [ p(u)Ky(uk=x+u)du
0 x—tz—k
X kK+x-u
+|J'p( K, (u,k +x—u)du+ jq J' (u,z)dzdu
k—x+u

X+k

If we apply the integral equation successive approximation method for Kl(x, k) ;
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L H O

K. (k) =1 | p(u)K (uk—x+ u)du+i | p(u)K, (uk +x-u)du
“k

k+x

1 k K+x—u 2 2
+—J-q(u) J. K, (u,7)dzdu
-k K—x+u

Kl(")(x,k)z—ij' p(U)Kl(“‘l)(u,k+u—x)dU+iI p(u)Kl(”‘l)(U,k—u+x)du
K

k+x

2 2
+—j.q(u)k+j:u K, (u,7)dzdu
-k k—x+u
Hence
k+x

X k k 2

:[X‘Kl(O)(X,k)‘dtS_j Ro(%xj p(%)du—_f .([ IR, (u)||ar(u)|dudt
1

2\p(k)\dk+ﬁq(k)\(—k+x)dk:I(x—k)\q )| +2|p(K)|)dk = (

we get to inequaltiy. For n =1 we have

? (u,k +u-x ‘dudk+j j Ip(u) (u,k—u+x)‘dudk

(ﬂ(x,k)‘dt < :X[(jk‘p(u)

—-x X+k
2 2

k
Hqu
-k

—-X

k+x-u

Kl(")(u,r)\drdudk

+

| —
x'—'x

K—Xx+u

'(u,k +u- x‘dkdu+ﬂp ” '(uk - u+x)‘dkdu

<|[|p(u

X—2u

o'—.x N
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°)(u,7)dzdkdu

1 X X k+x-u
+2[la() K,
0 —xk=x+u
Sﬁp(k)‘j‘Kl(O)(va)‘dek+_X”p(k)‘j.‘Kl(o)(k,r)‘drdk

0 -t 0 ~t
+,X[(X_U)‘q(u)‘zx_fu‘Kl(o)(k,r)‘drdu
0 u-2x

< Jr (1) + o () ok f(x—Kf0 or (

0

j(z\p +(x=k)[a(k)[)a (k)dk

0

:.([m(k)du((x—k)‘Q(k)‘Jr 2| P(k)\)dkj: wzz(!X)

X ZUZ X
IR (i < 2(! )
Suppose thhat for n =k —1, the inequality

X k
HKl(H) (x, k)‘dk < WT('X) be true. Then for n =k, we have

I‘Kl(k)(x,k)‘dk < ?k+(1))(')

—X

let's examine the truth.

ﬂK}k)(x,k)\dk X j
—X —x x=k

HK “ (u,k +u—x ‘dudk+JX‘ 'x[ HKl(k’l)(u,k—u+x)‘dudk
x k+
T

2
K+x-u

K, (u,7)|dzdudk

+

1xk
EHk\q |

HK“ u,k + u— x‘dkdu+ﬂp ‘HK“ uk — u+x)‘dkdu

IA
o'—.
|'_.
i >
o

+;JX‘ u” _[ ‘K“ ur‘drdkdu

<ﬂ H (=3 (k,r)‘drdk+£‘p(k)‘:UKl(k‘l)(k,r)‘drdk
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i \T\K D (k,7)|dedu
Jx-wkk(!k \dk+J ( ) k)‘dk{‘q(k)\(x—k)%k

+

( (x=Kk)|a(k +2‘p(k)‘)@dt

7 J(ox-10fat) 2ot - 70

k!

|
|

Then we have

_jXX\Kl(x,k)\dk si:;

K. (x. K)ok <1-1+ @7 (x) + =

Le—x

X J (o fato)2lpie \)dk
[Kq (xk)ldk < e“’“)—l:e£

(12)
Similarly, successive approximation method for p, <X<p, and p,<X<r,
Gives us
ROO=A +Losigy jR (p(t)a—i L jR p(t)dt - [R (t)p(t)ct
a P
,j;ji p(t)dt 7
R(x)=c-e ™ ;c:(ﬂ1*+—l)R0(pl), (13)
2a
7 b 7, b i X
R,(X)= A ——1—iﬂl‘jRo(t)p(t)dt+i—ljRo(t)p(t)dt+—jRz(t)p(t)dt
200 ’ 2a ay,
éip(t)dt y
R,(x)=c-e ™ ;c:(ﬂl—inO(pl) (14)
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T (x)+t
) ﬂ1+ g+( ) g ( + 2 ﬁ+ Py
Kz(x,t)=|-7p( 5 jRO( J { q(u)R, (u)du += ) .!q(u)Ro(u)du
P, b
—i- B J' p(u)K, (ut=¢"(x)+u)du+i-A’ I p(u)K, (u,t+5"(x)—u)du
gt g+t

+ Py t+g" (x)-u _
+ﬂ—1fq(u K, (u,z)dzdu +i- ﬂl ( (x)+th0(g (X)H]

23 o 2 2

LT awr a2 fa@r @a-is [ K, (ui-c (0+u)d
0 0 o

2

+

b -p t+¢ (x)-u
+H- B j p(u)Kz(u,t+g‘(x)—u)du+%Iq(u) I K, (u,7)dzdu
“(x)+t 0 t—¢ (x)+u
: 2
7 [T (x)+t g (x)+t 7 7t (s (X)+s s (x)+s
—i— R + = S)R (s)ds —— R ds
Zap( 2 j °( 2 405'[q()0() 4a'([q 2 ’ 2
7 P 7/ P
_i2—l | p(u)Kz(u,t—g*(x)+u)du—i2—1 [ p(u)K,(ut+g"(x)-u)du
& (ot o
2 2
P s P s

e I q(u)sz(u,s—g*(x)+u)duds+ﬁ _[ q(u)sz(u,s+g*(x)—u)duds
200 2a

" (x)-s 0 4o s (x)+s 0
i )+t [ () 7ol S () S (s (X)+s
L1 R - R (s)ds—<L[q| 2L 2R |22 |d
"2 p( 2 j OL 2 4a!q(3) o(s)ds 4a'([q 2 L2 ;
Py
AL [ p(u)K,(ut—g (x)+u)du+iZs [ p(u)K,(ut+g(x)-u)du
¢ (x)-t ¢ (x)+t
2 2

S Py S

o | afkfus e e f ] afifuses 0o

2 2

+L2.p(t+apl+plle(t+apl+plj+i ]‘ q(u)R, (u)du

(04 (24

Jrijx'q(u)Rz(u)dquzi T q(u)Rz(u)du—l- 'X[ p(u)K, (u t-a(x—t))du

Py a Py ap —p -t
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tog* () rax
+é- ;[ p(U)K, (u,a(-t+x)+t)d é;[ a(-t+x)+t)du
) ‘ et t+ax—a

+i-tmrj;plp(u)Kz(u,a(—t+x)+t)du+% ’3[1 t_O!JHNKZ(U,T)deU
o I q(“):_j:“(“”)dfd“‘a(ai—n'p[g+1(f)oc_th2[g+1(f)oz_tj

Let us apply the integral equation successive approximation method for K, (X, t) :

¢ (x)+t

5 ]R (f(x)”}ﬂf j q(u)RO(u)du+’821+Tq(u)Ro(u)du

2 2 9

1

K,

p

s (x)+t

Aol
b [ Do LA T ar @ fawg, o)
—i;—;p(g (2) JRO(G (x)+ j+L,SfQ(S)Ro(S)ds—ﬁiq[f(xz)ﬂ]&[g+(X2)+S]ds
(T (9) om0

u-ap +p
i t+ap, +p t+ap, +p 1 ¢ 1 7
+?-p( al 1le£ al 1]+Z { q(u)Rl(u)du+Z£q(u)R2(u)du

A e B S )

a(a-1 a-1
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Py 3
K" (x,t)=—i- 8" 'f p(u)KZ(O)(u,u +t—g"(x))du+i- B’ 'f p(u)Kz(O)(u,—u +t+5"(x))du
¢ (x)-t st (x)+t
(2) .
ﬂ+ Py H? (x)-u Py
. Iq I K, (u,z)dzdu—ig; I p(u)Kz(O)(u,t—g'(x)+u)du
e (x) e (1
o) ,B t+s™ (x)-u
wi-B7 [ p(uK (ut+g (x)-u)du+ —qu(u) [ K (ur)dzdu
s (x)+t t—¢ (x)+u

2
Py

i ]1 p(u)Kz(")(u,t—g*(x)+u)du—|27/—l [ p(uK(ut+s (x)-u)du

a4 (x)-t S st
2 2
Py s Py s
o A e Gt [ ks (9o
2 2
D Py
e | ute (0 ujdusiZe | (O (utg (0 -u)
2a & (x)-t 2a S (x)+t
2 2

_n T q(u)iKz(O)(u,s—g(x)+u)duds—i/—1 rj'l Q(U)sz(O)(U,S+g(x)—u)duds

4o ¢ (x)-s 0 @ (s 0
2 2
L p(u)K,” (u,t-a(x—t))du _L [ p(u)K, " (u,t=a(x—t))du
@ ap —p -t o Py
ax+g*(x)-t t+c* (X)+ax

—é- T p(u)K,” (u,t-ar(x—t))du oL

o

p(u)K,” (u,er(~t+x)+t)du

B =R

X

Ly JX' p(u)Kz(O)(u,a(x—t)H)du+i- [ p(u)k, (utra(x—t))du
o o a ttap —p
¢ (X)+ax+t ¢ (x)—ax-t
1 a t au+aXx 1 a t+au —ax
oo | ) [ K (ur)dedu > | ) [ KO (uz)dzdy

Py t—ax+au P t—ax-au
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P 3y
KZ(”)(x,t):—i-ﬁl+ j p(U)Kz(nil)(U,t—ng(X)'f‘U)dU+i'ﬁ; j p(u)Kz("’l)(u,t+g*(x)—u)du
IB+ P, t+¢" (x)-u Py
+71.[q(u) J. K, "™ (u,z)dzdu—if; J. p(u)Kz(”’l)(u,t—g'(x)+u)du
0 t-¢" (x)+u %
Py ﬂ7 p, t+s™ (x)-u
+i- B _|' p(u)Kz(“‘l)(u,t+g’(x)—u)du+71.|.q(u) j K, (u,z)dzdu
m 0 t—¢~ (x)+u
2
7/ a }/ Py
_i2—1 j p(u)Kz(”’l)(u,tJru—g*(x)+u)du—i2—l j p(u)Kz(”’l)(u,t—u+g*(x))du
@ (-t & (o
2 2
Py s P, s
L [ @] s 0 ruues -2 | oGl (use () -upuos
@ofys 0 X fges 0
2 2
p p
+i27/—l I p(u)Kz(“’l)(u,u +t—g’(x))du+i27/—l j p(u)KZ(”’l)(u,t+g’(x)—u)du
(04 & (%)t o s (x)+t
2 2

—— [ p(uK,"(ut-a(x-t))du —é- I p(U)K," ™ (u,a(t—x)+t)du

ap-p -t Py

ax+¢*(x)-t t+ax+g"(x)
L I p(u)Kz(”’l)(u,t—a(x—t))du+L- I p(u)K," ™ (u,er(x—t)+t)du
@ Py a Py

hence
+L-J‘p(u)Kz(“‘l)(u,t+a(x—t))du L I p(u)K," ™ (u,t+er(x—t))du
Py a trap—-p
t+5* (X)+ax —t+5" (X)-ax
a t+ax—au a t—ax+au

NS J. q(u) J' KZ(”‘l)(u,r)drdu+i J. q(u) I K" (u,z)dzdu

2

Py t—ax+au Py t—ax-au

< 2
] "

—-X

KZ(O)(x,t)‘ dt < (,Bf wla]+ Lt
(24

Jo9=a(

ﬂKZ(O)(X,t)‘dtgwl(x) .

—-X

As a result;
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wf(x)+ +
217 (n+1)!

I‘Kz(x’t)‘dt < i I‘Kz(n)(X,t)‘dt <1-1+ wl(x)+

h n=0"

x [ ,;;+‘/g\+%+§]f(z\p(t)\+(x-t)\q(t)\)dt
HKz(x,t)\dtse”’l“)—l:e 0 -1 . (15)

For xe(p,, 7)

Py Py
RB(X):§+_i(ﬁl+ﬂ2++7/17/2jjp t)R )dt I(?ﬁﬂz 72:81 Jj'p

4of
_.(ﬂ; +2y—;3jpj p(OR (1) dt—- [ p(D)R, (1)
R,(x)=c- eijz t)dt' [ﬂz ﬂle(Pz) (16)

R, (X)=¢& —{ B, — 7172) [ (R, (t)dt+|[y12ﬁaz 72ﬁljipt)R (t)dt

( jzp t)dt——jp(t)R

LT oo
R,(x)=c-e 7o : c=(ﬂ2‘+2y—2ﬂjR2(p2) (17)

Rs(x)=l9+—i(ﬁfﬂ{ szj p(t)R, (t)dt - ,[%ﬂz V.5 j"! o(t

4af )+,

—i(ﬂz _ﬁjpf p(tR, (t)dt+%j p(VR, (1)t

Py P,

— [ p(tt
Rs(x)zc'eﬁpz ;C:(ﬂz_ﬁ]Rl(pz) (18)

. v ViYs 71:32 72ﬁ1 t
R,(x)=9 —|(ﬁlﬂ2 +4aﬂMp(t)R()dt+|( -~ j!p dt

H X

+i(ﬁ2* —ﬁjpf p(t)Rl(t)dt+§J. p(t)R, (t)dt

P P,



856 Ergiin | Cumhuriyet Sci. J., Vol.39-4 (2018) 842-863

7_[ (t)dt
R(x)=c-e" (ﬂz Zﬂ] R,(p,) (19)

obtained. Let us apply the integral equation successive approximation method for K, (X, t) ;

4afp

K3(°)(x,t)=(ﬁ;ﬁ;+ 717/2 i O(Hb (X)Jp(Hb* x)
[+

4 1 rionto - 7;;;} :

& o o525

2 ] R | g 2] IR(”S jpt”'(X)
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ds
2
()
T e

+%TRO( wa(u )du+%2pljs(X)Ro(s+s(X)jp[s+s(x)jds

2 2
()
[ (t+(1+a p, + a+ﬂ)p2+ﬁx] (t+(1+a)p1+(a+ﬁ)p2+ﬁx]

2a

IR[1+oz)pl+(o: )p, + Bx— tj ((1+a)p1+(a—ﬂ)p2+ﬂx—t]
2a

(PP )+ A(x-p,) -t
2a

LR )du+§ | R@aa

P Py

+ﬂ2‘[—iRl((a_l) P+ (@~ p) Pz+ﬂx+tjp((a—1) .+ (= ) pﬁﬂXHJ
201 2
vin [@+a)pi+(a+B)p, - fx—t ) (1+a)p, +(a+B)p, - fx—t
? 20! 2a
(1+a) py+(a+B) p, — fx—t
1 % 1 2 1 Py
S RWaWa+Z [ RUaWdi; [ Ry(u)a(u)du
2 2 o (L) py+(a+ ) py ~fx-t
2a
(L+a)py+(a+pB)p, - px-t
l P2 l 2a
+_IR1(U)q(U)dU+§ J R,(u)q(u)du

Py Py

+5LR (Ha(pl— p)+ B(X=p,)~ pljp[tm(pl— p,)+ B(x=p,)- le

2. 2/
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. t+a(p,—p)+B(x+p,)-p | [t+a(p,—p)+B(X+p,)-p
TNy 28 p 28
i o po+a(p—p)+B(x—p,)-t) [ p+a(p,—p,)+B(x—p,)-t
T 25 i 25
i R pl+a(pl_p2)+ﬁ(x+p2)_t p1+a(pl_p2)+ﬂ(x+p2)_t
T 25 P 25
t+a(p—py)+B(x+p2)-p t+a(p,—p)+B(X+p2)-p
! T R dut L i R d
—_— —_— u u)au
o5 | RE@a@as ] R
(l—a)pl+(a+ﬂ)p2+ﬁx—t (I+a)py—(a—B) py + Bx-t
1 20 1 0 ’
— R du+— R.(u)qg(u)du
op 1 R@a@ass [ R
Ry Cra(p+p,)+ Ax=p) =) (tra(ptp)+A(x=p)-p
2P 2a 200

+%T R, (u)q(u)du + J. R
P s (x)

e (S+a(pl+ pz)"‘ﬂ(x_ pz)_ P,

2c

)p(sm(pﬁ P.)+ B(X=P,)— P,

+R{pl+a(pl+pz)—ﬂ(x—Pz)—th(pﬁa(pﬁpz)‘ﬂ(x‘pz)‘tj+— R, (u)q(u)du
2a 2a
b+I(X)R1 S+Of(p1+p2)2+aﬂ(><—pz)—aljp(sw(pﬁPz);ﬂ(x‘pz)‘pljds]
b™(x)
22| g (tra(ptp)+ AR, —X)+ Py of tra(ptp)+ AR —X)+ P
28| * 2a 2a
P (%) _ _ _ _
%M(u)q(u)dw ] Rl[ S+a(p1+p2;;ﬂ(x p,)+ pllp[ s+a(p+p,)+A(X=p,)+ P
Py s™(x)

+R2[—t+a(pl+ P, )+ B( P, —X)+ plj p(

2a

_t+a(p1+ pz)"’ﬂ(pz_x)"' Py
200

_S+a(p1+ p2)+ﬂ(p2_x)+ Py

bii'X) —s+a(p1+p2)+,8(p2—x)+p1
2a

Pl

pfRz(u)q(u)du

2a
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Ks(l) ( X, t) =

(ﬁfﬂf+&j i T p(u)KS (u,t=b*(x)+u)du +i T p(u)Ks” (u,t+b* (x)—u)du
a b

T(x)-t b* (x)+t

0 t+b* (x)-u Aaf b~ (x)-t
2
Py 1 Py t—b™ (x)+u
+i _f p(u)Kgo)(u,t+b’(x)—u)du+—J'q(u) J' KéO)(uJ)deu
b (x)+t 2 0 t+b™(x)-u

2

Py Py
+(ﬁfﬂl—%j =i [ p(uKP (uu+t=s"(x))du+i [ p(u)K(u—u+t+s"(x))du
“ sT(x)-t sT(x)+t

2 2

+
|
—_—
o]
—_
[
~
—
~

Py
30)(u,r)drdu] +(ﬂl‘ﬂj +%) i p(u)K” (u,t=s™(x)+u)du

0 t+s* (x)-u - (0t
2
Py 1 Py t—s(x)+u
+i I p(U)Kéo)(u,t+s’(x)—u)du+—jq(u) J‘ K (u,)drdu
s () 2 0 t+s™(x)-u

+ + P P
—i(%+%j b+_|' p(uKE (ut=b"(x)+u)du+ [ p(u)KS (ut+b"(x)-u)du

(x)-t b* (x)+t
2 2
1 b*(X) a (0) 12p17b+(x) b (0)
3 ] A [ KO (usb 0 suiuiss 3 [ a(e) | K {us b (x) o
(x)-2a b™(x)+s —b* (x) b* (x)+s
2 2

(iiJ | Bk (wustb ()dus | p(ak(uteb (x)-u)a

a2 i b (x)+t
2 2
1 b™(x) P o 12p1—b’(x) b o
Py u K;”(u,s—b™(x)+u)duds += u K3’ (u,s—p~(x)+u)duds
+2b(x.)|‘_2alq( )b(£)+s 3 ( ( )+ ) +2 —bJ.(x) q( )b(£)+s ’ ( P ( )+ )d

2 2
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_i(ﬂfl_ﬁ'z_ 72ﬂ1+] T p(u)K§0)<u,u+t—s+(X))du+ T p(u)K{” (u,—u+t+s7(x))du

sT(x)+t
2
1 s*(x) m 1291 (%) Py
+= I q(u) J' K (u,s—s"(x )+u)duds+— j q(u J. K3 (u,s s (x)+u)duds
2 st (x)-2p, sT(x)+s -s"(x) sT(x)+s
2 2

ﬂ+ B Py Py
+i(71—2+72—1] j p(u)Kéo)(u,u +t—s (x))du+ j p(u)K” (u,—u+t+s"(x))du
s™(x)-t

2a Zﬂ ST (x)+t
2 2
1 s (x) n < 1 2p-s7(x) P o i
I q(u I Pu,s-s )+u)duds+§ f q(u) I K3 (u,s =™ (x)+u )duds
s (x)-2p, (x)+ -s7(x) sT(X)+s
2 2
B(x=pz)+a(py+py)+ Pt
P2 2a
+8,° —ij p(u)K (u,u—E)du i I p(u)KS (u,u-E)du
Py Py

B(x+py )+a(pr+py)—py+t

2a -E
+i J p(u)K (u,u+E) du+|Jp K (u,u+E)du+= '[q J. KO (t,7)dzdu
o u+E
P2 P2
+5,7| i | p(u)KS (u,u-F)du +i | p(u)K (u,u-F)du
=B(x=pa)+a(pi+py)+p -t B(p2—x)+a(py+po)+p -t
2a 2a
px-am-p-t

P2 u+F - a-p

+%J‘q UIK tz')dz'du —E J- p(U)Kéo)(U,U"‘ﬂ(t_X))du

P2

ﬁ'x—ap1+p1—t
) a-p
——I p(u)KS (u,u+ B(t - ))du—é [ p(u)KP (uu+ B(t—x))du
—px—ap+p— i
. ap
+é j p(u)K( (u,u+ B(x-t)) U+EI p(u)K (u,u+ B(x—t))du
—ﬂx—ap;leri—t "
. f-a
+é [ (U)K (u,u+ B(x—t))du
*ﬁxp;p1+p1
1 a- u+p(x-t) u+ﬁ'(x—t)
+— j q(u) I K (u, r)drdu+—jq j K (u,7)dzdu

Zﬂ p, u+p(t-x) p, u+p(t-x)
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Pr-ap+p -t

B-a u+B(x-t)
+% [ a(u ﬂ_!.t )Kéo)(u,r)drdu—lg—;{j p(u)K{ (u,u-E) du+j K (u,u+ E)du
a, u+B(t-x P Py
(a=1)py+(a+pB)py +px+t B(x=py)+a(py+py)+p -t
2a 2a
+ I p(u)K (u,u+ E)du + I p(u)K (u,u-E)du
Py Py
e ) B(x=pa)+a(p+pp)+p—s
1 P, 0 1 2a 0
+= j Ip(u)K3 (u,s+E)du [ds+= I j p(u)K;' (u,s—E)du [ds
2 E+c"(x)\ Pt 2 -s"(x) Py
B(x+py)+a(py+py)-s
15*(X) 2 -E
+ | | p(u)K{? (u,s+E)du ds+= jq j K (t,7)dzdu
s7(x) Py [ u+E
P, 3y
+ilz | p(u)K (u,u-F)du+ | p(u)K (u,u+ F)du
Zﬂ —,H(X—pz)+a(p1+p2)+a—p1—t ﬂ(pz—x)+a(p1+p2)+p1—t
2a 2a
1b*(x) P
+= | p(u)K{ (u,s—F)du ds
2b’(x) —B(X=py)+a(pi+py)+py—S
2a
1b*(x) P,
+= I J' p(u)K (u,s+F)du ds
2b’(x) ﬂ(pz*X)+0‘(p1*p2)+pl’5
2a

where E = gx—fp, +ap,—at , F = px—pp,—ap,+at . Inthat case

UK;@(x,t)\dtg[az(ﬂ;+\m) (ﬂ2+\ﬁ2\)7+ﬁjw(x):@(x).

B

As a result,

X o X 2 n+1
[[Ks (xt)jdt < Z(; [IKs, (xt)fdt <1-1+a, (x)+ wzz(!x) P T; +§;) A

O e R o (UL CICE U

T|K3(x,t)|dt <eM_1=¢ (20)

we get the needed inequalities .



862

Ergiin | Cumhuriyet Sci. J., Vol.39-4 (2018) 842-863

REFERENCES

[1]. Jdanovich,B. F. Formulae for the zeros of Drichlet polynomials and quasi-polynomials, Doklady
Akad. Nauk SSSR. 135 (1960), 1046-1049.

[2]. Levitan,B. M. and Gasymov,M. G. Determination of a differantial equation by two spctra,
Uspekhi Mathematicheskikh Nauk. 19 (1964), 3-63.

[3]. Levitan,B. M. and Sargsyan ,I. S. Introduction to Spectral Theory. Amer. Math. Soc., (1975).

[4]. Levitan,B. M. Inverse Sturm-Liouville Problems. Nauka, Moscow, Russia, (1987).

[5]. Naimark, M. A. Linear Differantial Operators. London, Toronto, Harrap, (1968).

[6]. Yang,C. F. Reconstruction of the diffusion operator from nodal data. Zeitschrift fiir
Naturforschung, 65 (2010), 100-106.

[71. Borg,G. Eine Umkehrung der Sturm-Liouvilleschen Eigenwertaufgabe. Acta Mathematica, 78
(1946), 1-96.

[8]. Freiling,G. and Yurko,V. Inverse spectral problems for singular non-selfadjoint differential
operators with discontinuities in an interior point. Inverse Problems, 18 (2002), 757-773.

[9]. Guseinov,G. S. On the spectral analysis of a quadratic pencil of Sturm-Liouville operators.
Dodlady Akad. Nauk SSSR, 285 (1985), 1292-1296.

[10]. Guseinov,G. S. Inverse spectral problems for a quadratic pencil of Sturm-Liouville operators on
a finite interval. Spectral Theory of Operators and Its Applications. EIm, Baku, Azerbaijan (1986)
51-101.

[11]. Koyunbakan,H. and Panakhov,E. S. Half-inverse problem for diffusion operators on the finite
interval. J. of Math. Anal. and App., 326 (2007), 1024-1030.

[12]. McLaughin ,J. R. Analyical methods for recovering coefficients in differantial equations from
spectral data. SIAM 28 (1986) , 53-72.

[13]. Aydemir,K. and Muhtaroglu,0. Asymptotic distribution of eigenvalues and eigenfunctions for a
multi point discontinuous Sturm Liouville Problem. Electronic Journal Of Differential Equations,
131 (2016), 1-14.

[14].  Anderson,L. Inverse eigenvalue problems with discontiuous coefficients. Inverse Problems 4
(1998), 353-397.

[15]. Gasymov,M. G. and Guseinov,G. S. Determination of a diffusion operator from spectral data.
Akad. Nauk Azerbaidzhanskoi SSR, 37 (1981), 19-23.

[16]. Nabiev,M. I. Inverse periodic Problem for a diffusion operator. Transactions of Acad. of science
of Azerbaijan, 23 (2003), 125-130.

[17]. Nabiev,M. 1. The inverse spectral problem for he diffusion operatér on an interval.
Mathematicheskaya Fizika, Analiz, Geometriya, 11 (2004), 302-313.

[18]. Krein,M. and Levin,B. Ya. On entire almost periodic functions of exponential type. Doklady
Akad. Nauk SSSR, 64 (1949), 285-287.

[19]. Guliyev,N.J. Inverse eigenvalue problems for Sturm-Liouville equations with spectral
parameter linearly contained in one of the boundary conditions. Inverse Problems, 21:4 (2005),
1315-1330

[20]. Hald,O. H. Discontinuous inverse eigenvalue problems. Comm. on Pure and Appl. Math., 37
(1984), 539-577.

[21]. Carlson,R. An inverse spectral problem for Sturm-Liouville operators with discontinuous
coefficients. Proceedings of the Amer. Math. Soc., 120 (1994), 475-484.

[22]. Amirov,R. Kh. and Yurko,V. A. On differential operators with a singularity and discontinuity
conditions inside an interval. Ukrainian Math. J., 53 (2001), 1443-1457.

[23]. Amirov,R. Kh. and Nabiev,A. A. Inverse problems for quadratic pencil of the Sturm-Liouville

Equations with Impulse. J. of Abst. and Anal. (2013), doi:10.1155/2013/361989.



[24].
[25].
[26].

[27].
[28].

[29].

[30].

Ergiin | Cumhuriyet Sci. J., Vol.39-4 (2018) 842-863

Amirov,R. Kh. and Ergun,A. ki noktada siireksizlik kosullarina sahip difiizyon denkleminin
¢oziimleri i¢in integral gésterilim. Cumhuriyet Sci. J. 36-5 (2015), 71-85. DOI: 10.17776/csj.46267
Buterin,S. A. and Yurko,V. A. Inverse spectral problem for pencils of differential operators on a
finite interval. Vesn. Bashkir. Univ. 4 (2006), 8-12.

Ambartsumyan,V. A. Uber eine frage der eigenwerttheorie. Zeitschrift fiir Physik,53 (1929), 690-
695.

Marchenko,V. A. Sturm-Liouville Operators and Applications. AMS Chelsea Publishing, (1986).
Yurko,V. A. Inverse spectral problems for linear differential operators and their applications.
Gordon and Breach, New York, (2000).

Yurko,V. A. Introduction to the Theory of Inverse Spectral Problems. Fizmatlit, Moscow, Russia,
(2007).

Fulton,C. T.Singular eigenvalue problems with eigenvalue parameter contained in the boundary
conditions, Proc. R. Soc. Edinburgh, A87, (1980),1-34.

863




