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Abstract. In this study, the diffusion operator with discontinuity function and the jump conditions is considered. 

Under certain initial and discontinuity conditions, integral equations have been derived for the solutions. 

Integral representations, which is too useful for this type equation, have been presented. 

Keywords: Diffusion Operator, Jump condition, Sturm-Liouville Equation. 

Sıçrama Şartlarına Sahip Süreksiz Difüzyon Operatörünün Çözümleri 

için Integral Gösterilim 

Özet. Bu makalede süreksizlik fonksiyonuna ve sıçrama şartlarına sahip difüzyon operatörü incelenmiştir. 

Belirli başlangıç ve süreksizlik koşulları altında çözümler için integral denklemler üretilmiştir. Bu tip difüzyon 

operatörler için oldukça kullanışlı olan integral gösterilimler elde edilmiştir. 

Anahtar Kelimeler: Difüzyon Operatör, Sıçrama şartı, Sturm- Liouville denklemi. 

 

1. INTRODUCTION 

 

Let’s define the following boundary value problem; 

             2

1 1 2 2: 2 , 0, , ,l y y p x q x y x y x p p p p               (1) 

       0 0,V 0U y y y y            (2) 

   1 1 10 0y p y p           (3) 

     1 1 1 1 10 0 0y p y p i y p             (4) 

   2 2 20 0y p y p           (5) 

     2 2 2 2 20 0 0y p y p i y p             (6) 
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where   and   are real numbers. 

The spectral theory of differential operators has an important role in applied sciences, mathematics and 

engineering. In geophysical engineering, determination of underground mines according to the 

distribution characteristics of the elements underground is example of an inverse problem. In the 

literature, the Sturm-Liouville equation is defined as follows: 

   
d dy

p x q x y y
dx dx

  
 
 
 

. 

There are many direct and inverse problems for this equation studied in various publications. The first 

study of inverse problem was published by Ambartsumyan in 1929 26 . The next important work was 

done by Borg in 1945.  Borg showed that the coefficients of the operator can be determined by two spectra. 

This result has been generalized to various  7 26 . Direct and inverse spectral problems for the 

continuous problems have been studied in  19,22,24 . For some spectral problems of diffusion equations 

on a finite interval when
  1x 

, we refer to  9,10,16,17 . In these works the integral representations 

of the solutions are derived and some properties of the kernel functions are examined. The spectral 

problem of the Sturm-Liouville equation with discontinuous coefficient is  investigated  detail in  21 . 

Eigenvalues of an operator with boundary conditions depend on the parameter are defined by Naimark

 5 . Basic spektral properties of these types boundary value problem for Sturm-Liouville equations was 

established by Fulton in   30 . He defined the operator corresponding to the problem and obtained some 

properties of the eigenvalues of the operator. Guliyev obtained the Gelfand- Levitan- Marchenko type 

principal equation for the Sturm-Liouville inverse problem with parameter dependent boundary 

conditions and gave the complete solution of this problem in 2005  20 . 

In the present study, the diffusion operator with discontinuous coefficient and jump conditions in the finite 

interval is considered. First, integral equations of the solutions were obtained. Second, by using the 

method of successive approximations, integral representations of solutions were obtained. In addition, the 

inequalities provided by the kernel functions were obtained. (This work is supported by the Scientific 

Research Project Fund of Cumhuriyet University under the project number SMYO-020).  

Integral equations of solutions. 

Let  ,x   be the solutions of  1  satisfying the following conditions; 
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 ) ,i x   are absolutely continuous in    1 1 20, , ,p p p ,  2 ,p   ; 

   2) 0,ii l L   , 

)iii  ,x   satisfies the initial conditions; 

   0, 1, 0, 0              (7) 

)iv   ,x   satisfies the jump conditions    3 6 . 

Therefore, the following lemma is obtained. 

Lemma. 

For the function  ,x   the following integral equations holds; 

if 
10 x p   ; 

       
0

1
, sin t,
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i xx e x t J t y dt   


         (8) 
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1 2p x p  ; 
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 (9) 

if 
2p x    ; 
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(10) 

where      2t p t q tJ   ,   1 1x x p p      , 1

1 1

1

2


 



  
  

 
 , ,    2 2b x x p p     

   2 2s x x p p        2

2 2

1
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, 1 2 2
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1
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. 

The proof of this lemma is easily follows by using the well-known method of variation of parameters. 

Theorem. Let    1

2 0,p x W  ,    2 0,q x L   and let    ,y x   be solutions of  1 , satisfying 

boundary-jump conditions    2 6 . Then the following relation holds  

     0, , , t

x

i t

x

y x y x K x e dt

   


     1,3   

where 
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and         
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where  10,x p   
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If we apply the integral equation successive approximation method for  1 ,K x k ; 
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obtained. Let us apply the integral equation successive approximation method for  3 , tK x ; 
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we get the needed inequalities . 
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