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Abstract: In this study, we show that the elliptic biquaternion algebra is algebraically isomorphic to the 2 x 2 total elliptic matrix
algebra and so, we get a faithful 2 x 2 elliptic matrix representation of an elliptic biquaternion. Also, we investigate the similarity
and the Moore-Penrose inverses of elliptic biquaternions by means of these matrix representations. Moreover, we establish uni-
versal similarity factorization equality (USFE) over the elliptic biquaternion algebra which reveals a deeper relationship between
an elliptic biquaternion and its elliptic matrix representation. This equality and these representations can serve as useful tools for
discussing many problems concerned with the elliptic biquaternions, especially for solving various elliptic biquaternion equations.
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1 Introduction

Sir W. R. Hamilton introduced the set of quaternions in 1843 [1], that was one of the his best contribution made to mathematical science. The
set of quaternions can be represented as

H={q=q0+qi+qj+agk: qo,q1,92,93 € R}
where the quaternion bases 1, i, j and k satisfy the multiplication laws
2= =k>=-1, ij=—ji=k, jk=-kj=1i, ki=—ik =j.

W.R. Hamilton introduced complex quaternion algebra ten years later from discovery of quaternions, in 1853 [2]. The set of complex
quaternions is defined by

He ={Q = Qo+ Q1i+ Q2+ Q3k: Qo,Q1,Q2,Q3 € C}

where 1, i, j and k are exactly the same in quaternions. There can be found some studies related to quaternions in [3—10].
A fundamental fact (see e.g., [3-6]) is that complex quaternion algebra is isomorphic to the 2 x 2 total complex matrix algebra M5 (C) by
means of the isomorphism

¢ He — My (C), 9 (ao+aii+ asj+ ask) = Z; + Z;'ZL ac;z_ aCILLzZ
Based on this isomorphism, any complex quaternion x € H¢ has a faithful complex matrix representation ¢ (z) € My (C).

USFE over an algebra can serve as a precious material for investigating various problems concerned with this algebra and their applications.
There can be found some studies which include USFE over various algebras in [11-15].

Recently, we have introduced the set of elliptic biquaternions and presented various studies related to elliptic biquaternions. We refer the
readers to [16-20].

This article is organized as follows. In section 2, we recall the fundamental concepts of elliptic matrices and review the elliptic biquaternions
and their matrices to disambiguate the ensuing sections. In section 3, 2 x 2 elliptic matrix representations of elliptic biquaternions are intro-
duced. In section 4, the similarity of elliptic biquaternions is investigated and USFE for elliptic biquaternions is established. In section 5, the
Moore-Penrose inverses of elliptic biquaternions are discussed with the aid of their aforementioned matrix representations.

Throughout this paper, the following notations are used. C, Cp, HCp, My xn (C), Mmxn (Cp) and My, xrn (HCp) denote the complex
number field, the elliptic number field, the elliptic biquaternion algebra, the set of all m X n complex matrices, the set of all m x n elliptic
matrices and the set of all m x n elliptic biquaternion matrices, respectively. For convenience, the set of all square matrices on Cp, is denoted
by Mn (Cp).
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2  Preliminaries

In this section, we recall some necessary properties of elliptic matrices. Also, we give some notions about elliptic biquaternions and their
matrices. For more details see [16, 20, 21].
In the set of elliptic matrices My, xn (Cp) including m x n matrices with elliptic number entries, the scalar multiplication is defined as

AA =\ [aij] = [/\aij] € Mpmxn (Cp)

where A € Cp and A = [aij] € Mpxn (Cp). Also, the ordinary matrix addition and multiplichﬁon are defined in this set. Let an elliptic
matrix A = [aij] € M xn (Cp) be given. In that case, the complex conjugate of A is defined as A = [afj] € My xn (Cp) where afj is the

usual complex conjugation of a;; € Cp. Also, the conjugate transpose of A is defined as A* = (Z) € Mpxm (Cp).

On the other hand, the square elliptic matrices A and B with the same dimension over C,, are said to be similar, if there exists an invertible
elliptic matrix P satisfying P~tAP = B, [21].

The set of elliptic biquaternions is represented as

HCp ={Q =Ap+ Aji+ Agj+ Ask : Ag, A1, A2, A3 € Cp}
where i, j and k are the quaternionic units which satisfy
i2=j?=k*=-1, ij=—ji=k, jk=-kj=1i, ki=—ik=]j.
The operations of addition, multiplication and scalar multiplication are given as

Q+R= (Ao + Bo) + (A1 +B1)i+ (A2 + B2) j + (A3 + B3) k
QR = [(AoBo) — (A1B1) — (A2B2) — (A3B3)]
+ [(AoB1) + (A1Bg) + (A2B3) — (A3B2)] i
+ [(AoB2) — (A1Bs3) + (A2Bo) + (A3B1)] j
+ [(AoB3) + (A1B2) — (A2B1) + (A3Bo)] k
AQ = (Mo) + (AA1) i+ (AA2)j+ (M A3) k

where A € Cp and Q = Ag + A1i+ A2j + Ask, R = By + B1i+ Baj + Bsk € HC,. Also, the following equations

QF = A"+ A"i+ A"+ A"k

Q = Ao — A1i— Agj— Azk
Q' =(@Q)" = A0 — A1"i— A"j — A3"k

state the complex conjugate, quaternion conjugate and Hermitian conjugate of (@, respectively. Here the stars given as superscript on
Ap, A1, Ag and Aj indicate the usual complex conjugation. If QJr = @, Q is said to be Hermitian, [16].

As can be seen easily, the meanings of the symbols; star and dagger given as superscript and over bar vary according to terms which they
are applied to. We need to warn the readers about these cases for the rest of the paper.

Another thing that can be of importance is the inner product of two elliptic biquaternions. The inner product of ) and R is defined in the
following way:

(Q,R) = (@R + EQ) = (QE + R@) = ApBo + A1B1 + A2B2 + A3Bs.

N =

1
2
On the other hand, the semi-norm of @ is expressed as follows:

Ng =(Q,Q) = A> + 41* + 42" + 43" =QQ =QQ € .

When Ng # 0, @ has a multiplicative inverse such that Qfl =Q/ Ng, [16].
The set of all m X n type matrices with elliptic biquaternion entries is denoted by M, xpn (HCyp). The ordinary matrix addition and
multiplication are defined in this matrix set. Also, the scalar multiplication is expressed as in the following:

QA = Q [ai;] = [Qaij] € Mmxn (HCp)

where Q € HCp and A = [aij] € Mpmxn (HCp). For A = [aij] € Myxn (HCyp), the Hermitian conjugate of A is defined as Af =
[ajﬂ] € Myxm (HCp) where aj,;Jf is the Hermitian conjugate of a;; € HCp, [20].
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3 Elliptic Matrix Representations of Elliptic Biquaternions
In this section, we get 2 x 2 elliptic matrix representations of elliptic biquaternions and give some properties which are satisfied by these

representations and elliptic biquaternions.
Let us consider the matrix set Ma (Cp) which can be represented as

MQ(CP):{|:§ ?Z] : w,y,z,te(cp}.

In the following lemma, we show that this matrix set can be represented as in a somewhat different form which are used to define the required
isomorphism.

Result 1. The set of 2 X 2 elliptic matrices can be represented as

Xo4+ —=IX; —Xyp— ——1IX3
M) =1 |y, ey *{'?}Xl :Xi=a;+ Iz €Cp, 0<i<3y. )
Vpl VIpl

# #
21t Izl# z2 122# be an arbitrary 2 X 2 elliptic matrix where z1, 21#, 29, 22#, 23, 23#, z4 and 24# are real
z3+ Iz3 z4 +1zg

numbers. Then, we can write

Proof: Let A = [

0 — / x/)+1 xo + 2L (—x + a:')—i—[ e ””3)
(0 |p| 1 0 \/m 2 |p|3 2 \/m

A= )
T + :r’)+[ xo) — 23 (x—|— :r/)—|—I x’—i)
( 2 |p| 3 2 \/m 0 |p| 1 0 \/m
such that
/ # #
o = 21+ 24 2! = a? + 2 o = i (21 T ) o = HATA g
2 2 ’ 2 ’ 2¢/[pl
/ # o
gy BT 237 — 2o - |p|(z2 + e ) o = 2% o p
2= T, T2 = g, == g = :
: 2 ’ 2 T 2/l
It can be easily seen that the arbitrary 2 x 2 elliptic matrix in (2) is equal to the matrix
Xo+ —+—=IX1 -Xo———IX
T R R
X9 — ——=IX Xo— ——=IX
R Y/
where X; = z; + Iz;' € Cp, 0 < i < 3.
Conversely, it is clear that the matrix given in (1) is a 2 X 2 elliptic matrix. O
Let us take into account the function
o H(Cp — Mo ((Cp)
Ag+ ——=TIA; —Ay— —}—1IA3
Q= Ao+ Ati+ Asj+ Ak o (@ = |, v NP
SRV TR O Vel !
The function o comprises the properties
c(Q+R)=0(Q)+0(R), 0(QR)=0(Q)o(R)
where ) and R are any elliptic biquaternions. Also it is bijection. So, o is a linear isomorphism.
Corollary 1. For an arbitrary 2 x 2 elliptic matrix A, Q € HCp satisfying the equality o (Q) = A is existence and uniqueness.
Proof: The proof is obvious from the linear isomorphism ¢ and Lemma 1. ]

Definition 1. Let Q = Ay + A1i+ Aaj + Ask € HCy be an arbitrary elliptic biquaternion where Ao, A1, Aa, A3 € Cp, in that case the
elliptic matrix

Ag+ ——TA; —Ay——L T4
- (Q) = O Yl SR/
Ay — ﬁmg Ao — ﬁml

p p

which corresponds to Q) is called 2 X 2 elliptic matrix representation of Q.
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Next two theorems include some properties which are satisfied by elliptic biquaternions and their 2 x 2 elliptic matrix representations.
Theorem 1. Let Q = Ag + A1i+ Asj+ Ask, R = By + B1i+ Baj+ Bsk € HCp and A € Cp, be given. In this case

det (0 (Q)) = NQ = A02 + A12 + A22 + 14;327

Q is invertible if and only if o (Q) is invertible, then o (Q71> =c(@Q) tand Q7! = %EQ (0 (Q) Bt
QZR@O—(Q):O—(R)7

0 Q+R)=0(Q)+0c(R), 0(QR)=0(Q)o(R), 0 (A\Q)=0(QN) =X (Q), 0 (1) =I2,

Q = 1E20 (Q) EaT,

S

1 e 1
where Eo = [1— WII J"‘mlk} € Miyx2 (HCp).

Proof: The proof of 3 and 4 are obvious due to the aforementioned linear isomorphism o. On the other hand, the proof of 5 can be completed
by direct calculation. Now, we will prove 1 and 2.

Ao + LIAl —Ay — LIA:),

1. We know that o (Q) = Ay \/FIA;), Ay — \{‘?‘IAl . Then we obtain
Vvl Vel
I? I?
det (0’ (Q)) = A02 - A127 + A22 — Ang
Ip| lpl
:A027A12 p +A227A32 p
(=p) (=p)

= Ag® + A1 + A2 + A5

2. For an elliptic biquaternion (), we know that @ is invertible if and only if Ng 7 0. Therefore, by means of the first property in this theorem,
we can write

Qisinvertible & Ng # 0 < det (0 (Q)) # 0 & 0 (Q) isinvertible.
Suppose that @ and o (Q) are invertible. In this case, from the inverse property, the equality
QQ'=Q7'Q=1
is satisfied. Then, by means of the third and fourth properties in this theorem, the equalities
oo (@) =c(eR™") =c) =1
and

(@) e@=0(Q'Q)=c()=1

are obtained. It means that (o (Q))f1 =0 (Qfl). Therefore, by considering the fifth property in this theorem, we obtain Q' =
1E2(0 Q) B O

Theorem 2. Let QQ = Ag + A1i+ A2j + Ask € HCy, be given. In this case

—~
—
~
~

Lo@=|% ole@ ]}
20 @)= "

o
3. 0 (QT) = (0’ (Q))T = (0 (Q))* where Q' is the Hermitian conjugate of Q.

T {0 Bl] where Q is the quaternion conjugate of Q,

Q) [(1) _01] where Q* is the complex conjugate of Q,

Proof: 2 and 3 can be easily shown, Now, we will prove 1.
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1. For Q@ = Ag + A1i+ Asj+ Ask, we can write Q = Ag — A1i — Asj — Ask. In this case, we get

Ag — L[Al A2+#1A3

0) = Vipl Vpl
7 (@) = —A2+\/ﬁ[z43 Ao-&-\/ﬁﬂh

On the other hand, it is clear that

Q)" = Vi e
Ag — ﬁmg Ag — ﬁml

. Ag — L]Al Ao + LIA?, -
N L e e IR/ G B )
Vel Vel

4 Similarity of Elliptic Biquaternions and USFE for Elliptic Biquaternions

In this section, we investigate the similarity of elliptic biquaternions with the aid of their elliptic matrix representations and establish universal
similarity factorization equality for elliptic biquaternions.

4.1  Similarity of elliptic biquaternions

One of the natural questions concerned with elliptic biquaternions is the similarity of two elliptic biquaternions. By analogy with the classic
quaternion case, the next definition is given.

Definition 2. For Q, R € HCy, if there exists an invertible elliptic biquaternion X such that X_lQX = R, Q and R are called similar
elliptic biquaternions. This case is denoted by (Q ~ R.

By considering Definition 2, a simple result, which characterizes the similarity of two elliptic biquaternions, can be given as follows.

Theorem 3. Let QQ, R € HCy, be given. In this case,
Q~R&o(Q)~c(R). 3)

Proof: Q ~ R if and only if there is an invertible elliptic biquaternion X such that X ~1QX = R. Then, we have

Q~Roo (X—lQX) = o (R)

S0 (X_1> o (Q)o (X) =0 (R)
& (o (X))

Q
S
Q
g
Il
Q
=

from Theorem 1 (2), (3) and (4). O

As a consequence of Theorem 3, we can give the following theorem.
Theorem 4. Ler Q = Ag + A1i+ Asxj + Ask € HCy, be given where Q ¢ Cp.

1. gf A ;— Ax? + A3% £ 0, in that case Q ~ Ay +~(Q)i where v (Q) is an elliptic number satisfying the equality v* (Q) = A2 +
As” + A3z~
2. If A1 + A9% + A3% = 0, in that ~Ag— 2+ LTIk

If A1” + A2” + As in that case Q 0 2J+2\/m
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Proof: For a given elliptic biquaternion Q = Ay + A1i+ Aaj + Ask € HCp, we have its 2 x 2 elliptic matrix representation o (Q). We can
calculate its characteristic polynomial as follows:

I I
—A Ay + ——A3
VIl

A— Ag —
’ NG

Mz — 0 (Q)] = 7 L[ =007 AT A7 47
— A+ ——A43 A—Ag+ —=4;
Vpl VIl
For A1% + A2 + A32 # 0, we can get the roots of the above characteristic polynomial as A1 2 = Ag &= ﬁ[*y (Q). Thus, we
P

immediately have

Ag+ ——1v(Q) 0
o (Q) ~ ’ \/‘?’y Ao — —17(Q) =0 (Ao +7(Q)1). “
0 \/m’y

For A12 + A2 + A3% =0, we can get the roots of the characteristic polynomial of o (Q) as A1 2 = Ap. Then, considering the Jordan
canonical form of o (Q), we can write the following

Ag 1| _ 1, 1
If we apply Theorem 3 to (4) and (5), we can easily prove the first part and second part of this theorem, respectively. O

4.2  USFE for elliptic biquaternions

There is a deeper relationship between an elliptic biquaternion @ and its elliptic matrix representation o (@) which appears with USFE over
the elliptic biquaternion algebra.

In [11], Tian presents a general result on the universal similarity factorization of elements over any algebra as follows:
Let A be an algebra over an arbitrary field ' and My (A) be the matrix algebra which includes all n x n matrices with elements in A. Also,
let {7;; } be the basis of A that satisfies the following rules

Tit J=35 .
TijTst = { . y 4,8, t= 17.4.,1’1/. (6)
0 j#s

n
In this case,any Q@ = > a;;7i; €A (aij € F) satisfies the following USFE

ij=1
Q ailr a2 - Gln
Q . a1 a2 - agq
P ) P = . ) ) . @)
Q apl Gnp2 - Gnn

where P has the following independent form

T11 T21 o Tnpl

. T2 T2 ot Th2
P=p = . ) : - (3

Tin T2n - Tnn

By basing on the general result indicated above, we establish USFE for elliptic biquaternions as follows.

Theorem 5. Let QQ = Ag + A1i+ Aazj+ Ask € HC,, be given. In this case, the elliptic biquaternion matrix {%2 C%

:| satisfies the following
USFE

1 1
I L P R G R PRTA ©
Vvl Vvl
where P is in the following independent form:
popt oLV e € My (HCy) (10)
2 —Hﬁlk 1+ﬁ[i 2 (Hbp)-
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Proof: Let Q = Ag + A1i+ Aaj + Aszk € HC,, be an arbitrary elliptic biquaternion and let us consider the elliptic biquaternions
1

2v/Ipl

I . 1, 1. I
i, T2 =—2j+ To1 = zj+ ——=k, T2 =

1 I
z —k,
22yl 27 2/lpl 27 2/l

It is clear that the system {711, 712, 721, 22 } is a base of elliptic biquaternion algebra from the equalities

Jr

1 = i. (11)

N[ =

1, (s=p)A (t=9q), st,p,q=1,2
<TstaTPQ>:

07 (S#p)\/(t#q)7 S7t7p7q:172

and

Al Asl Asl Al
Q= (Ao + 1) T11 + (—A2 — 3> T12 + (Az - 3) To1 + (Ao - > T22.
Vpl Vpl Vpl VIpl

For the case n = 2, it is easy to verify that these new bases in (11) satisfy the multiplication rules in (6). Then, if we consider the last equality
above and (11) in (7) and in (8) by keeping the case n = 2 in mind, we get (9) and (10). O

If Lemma 1 is considered, by means of USFE for elliptic biquaternions, it can be said that every 2 x 2 elliptic matrix is uniformly similar to
the diagonal matrix diag (@, Q) where @ is the elliptic biquaternion which corresponds to this 2 x 2 elliptic matrix.
5 Moore-Penrose Inverses of Elliptic Biquaternions
In this section, we define the Moore-Penrose inverse of any elliptic matrix and show that it always exists uniquely. Afterwards, we give the
similar definition for elliptic biquaternions as well. Then, the existence and uniqueness of the Moore Penrose inverse for an elliptic biquaternion
Q are determined by the matrix o (Q) € Ms (Cp).
Definition 3. Let an arbitrary elliptic matrix A € My, xn (Cp) be given. If the equations

AXA=A, XAX =X, (AX)"=A4X, (XA)"=XA (12)

have a common solution X € My, xm (Cp), in this case this solution is called Moore-Penrose inverse of A. It is showed with X = At

Theorem 6. Let A € My, xn (Cp) be given. In this case the Moore-Penrose inverse of A is existence and uniqueness.

Proof: We define a function between the space of m X n elliptic matrices and the space of m X n complex matrices as follows:
6 . Man (Cp) — Man ((C)
a1+ Ib11 ... ain+ Ibin a1l +1 (bm/\p\) co Al ti (bln\/W)

: . — : . : .
am1 4+ ITbmi -+ amn + Tbmn a1 + i (bml \p\) oo a4 d (bmn\/m)
As can be seen easily, the function § is bijection and so we can write
A=B & 5(A) =4(B) (13)
for A, B € My, xn (Cp). Also, it comprises the following properties
0(A+B)=6(A)+6(B), 6(AB)=056(A)d(B) (14)
and
§(A%) = (3 (A)" (15)
where A* is the conjugate transpose of A € My, xr (Cp) and (6 (A))* is the conjugate transpose of § (A) € My xp, (C) . From (13) and (14),

it is clear that ¢ is an isomorphism.
Thanks to (13), (14) and (15), the elliptic matrix equation system (12) is equivalent to the following complex matrix equation system:

§(A)5(X)6(A)=46(4), §(X)6(A)8(X)=0d(X), a6
(0(A)8(X))" =06(A)d(X), (B(X)d(A)" =d(X)d(A).
According to the complex matrix theory (see [22] for more details) the four equations

S(A)YS(A)=38(A), YS(AY =Y, B(AY) =35(A)Y, (Y6(A)* =Y4(A)

have a unique common solution Y = (& (A))™ which is called the Moore-Penrose inverse of d (A). Thus, if we take into account the system
(16) we can immediately obtain § (X) = (6 (4))". From the definition of isomorphism , it is clear that the matrix X € M, xn, (Cp) which
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satisfies § (X) = (8 (A))™T is existence and uniqueness. In this case, with the aid of the equalities (13), (14) and (15), we conclude that the
elliptic matrix X, which is indicated above, is the unique solution of the elliptic matrix equation system (12). (]

Definition 4. Let an elliptic biquaternion Q € HCp be given. If the equations

QXQ=0Q, XQX=X, X=X, xQ'=xq (7
have a common solution X € HCyp, in this case this solution is called Moore-Penrose inverse of Q. It is showed with X = Qt.

Theorem 7. Let Q € HCy. In that case, its Moore-Penrose inverse QT is existence and uniqueness. Also Q7 satisfies the following equalities
1
o (QY) = (@), @ = Fae (@) "B

1 7 - 1
where Ey = [1— ﬁll J+ﬁfk] € Mix2 (HCp).

Proof: If we consider Theorem 1 (3), (4) and Theorem 2 (3), we can easily see that the elliptic biquaternion equation system (17) is equivalent
to the following elliptic matrix equation system:

18)

According to Definition 3 and Theorem 6, the four equations

c (@Yo (@) =0(Q), Yo(@QY=Y,
@@Y) =0(@QY, (Yo(@) =Yo(Q)

have a unique common solution Y = (o (Q))" € My (C;) which is called the Moore-Penrose inverse of o (Q). Thus, if we take into account
the system (18) we can write o (X) = (o (Q))". From Corollary 1, we know that the elliptic biquaternion X € HC, which satisfies o (X) =
(o (Q))+ is existence and uniqueness. In this case, with the aid of Theorem 1 (3), (4) and Theorem 2 (3), we conclude that the elliptic
biquaternion X, which is indicated above, is the unique solution of the system (17). According to Definition 4, we denote this X by X = Q™.
Thus, it is clear that o (Q+) = (¢ (Q)) ™. From this last equality and Theorem 1 (5), Q* = iEQ (o (Q))" Ey' can be easily obtained. [
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