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Abstract. In this paper, the concept of Double Deferred Norlund means is defined and some important results
are obtained. Particularly, we investigate the rate of uniform approximation by Double Deferred Norlund means

of the rectangular partial sums of the double Fourier series of a function f (X, y) belong to Lipa O<a<l

on the two dimensional region —7 < X, Y < 77 . We also obtain the rate of uniform approximation by Double

Deferred Cesaro means.
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Lipschitz Fonksiyonlari i¢in Cift Indisli Fourier Serilerinin Double
Deferred Norlund Ortalamasiyla Yaklasim

Ozet. Bu calismada, Double Deferred Norlund ortalamasi kavrami tanimlandi ve bazi énemli sonuclar elde
edildi. Ozellikle, iki boyutlu —7 <X,y <7 torus bdlgesinde Lip N O<a <1 smifina ait f (X, y)

fonksiyonunun ¢ift indisli Fourier serisinin dikdortgensel kismi toplamlarinin ¢ift indisli Deferred Norlund
ortalamasiyla diizgiin yaklagim oranini arastirtyoruz. Ayrica; Double Deferred Cesaro ortalamasi yardimu ile
diizgiin yaklagim orani1 elde ediyoruz.

Anahtar Kelimeler: Sinirli varyasyonlu fonksiyon, Ostrowski tipli esitsizlikler, Riemann-Stieltjes integralleri.

1. INTRODUCTION

In [3], the first study on double sequences was examined by Bromwich. And then it was investigated by
many authors such as Hardy [7], Moricz [14], Tripathy [19], Basarir and Sonalcan [2]. The concept of
regular convergence for double sequences was defined by Hardy [7]. Many recent improvements
containing the summability by four dimensional matrices might be found in [25]. Various approaches of
the Fourier series have been studied by various authors [8-11, 17, 21-23]. In [4], Deferred Cesaro mean

D, (Double Deferred Cesaro mean) for a double sequence X = (Xnm) is defined and several theorems

on this subject are given. Let { P J,k=0,1,.. } be a double sequence of nonnegative numbers p,, >0
. Its partial sum is defined as

P =P (mn=0.1,...).

=0 k=0
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Let { : ), k=0,1,.. } be a double sequence of complex numbers. The Nérlund means N, are defined
by

n m
= zz Pr-jmkSik -
j=0 k=0
Let f (X, y) be a complex valued function of period 2z with respect to each of the variables, and
integrable defined on the two dimensional real torus Q := {(x,y)eR?: —-t <x <m, - <y < m},
e, f eL'(Q).We consider the double Fourier series of f defined by

o0

(xy)= > i c e (1.1)

j=—00 k=—00

where

2

[ ] (uv)e®*dudv (jk=...,-1,0,1...).

We write the double sequence of (symmetric) rectangular partial sums for the series (1.1) as follows
n m .
=> > ¢, e (mn=01...).
j=—n k=-m
We say that the function f belongs to Lipschitz class of order & for some « >0, if

w(o;f) = sup  sup |f(x+u,y+v)-f(xy)
(X’y)EQ{uervz}%s& (12)

< co (5>0)

where the constant C does not depend on & . The quantity W(5; f) is called the (total) modulus of
continuity of the function f .

Clearly, if f €Lipa for some « >0, then f is necessarily continuous everywhere. Only the case

0 < a <1lisinteresting. If o >1, then of /8X and of /8y exist and are zero everywhere, so f must be
a constant.

Condition (1.2) can be rewritten as
‘f (x+u,y+v)—f (x, y)‘SC{u2 +v2}%
for every real X, Y,U,V; or equivalently,
| (x+u,y+v)—f(xy) < C<|u|“ +|v|“).
From above inequalities yield

|p(u,v)|< C(|u|“ +|v|“). (1.3)

We will use some well-known estimates.
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D, (u) is the Dirichlet kernels in terms of u

1 J ﬁn(j+2ju
D, (u)==+> cosou=——7"4— (i=01...).
2 o3 Zﬁn}u
2
For j=0,1,...,
D; (u)| < j+1 for every u. (1.4)

For a,b=0,1,...;a<b,

b (.1 cosau—cos(b+1)u
Esm(1+—ju= .
= 2

j=a

Zﬁnlu
2
By the following inequalities
sinu _ 2 V4
—_—>— O<u<—, @.5)
u V4 2
we have
b (.1 7
D sin j+§lJS— for O<u<z (1.6)
= u

and we obtain

cosau—cos(b+1 2
_ oosau —cos( j)”s T forO<u<nr. (L.7)
( ! 1 j
2sin=u
2

2u°
Motivating by Moricz [13] we make the following definition.

2. MAIN RESULTS

Let (a,).(b,).(t,) and (r,) are sequences of nonnegative integers satisfying the conditions

a,<b,t <r and limb =oo, limr, =o. Let {pjk: j,k=0,1,...} be a double sequence of

n—oo m—oo

nonnegative numbers such that p,, > 0. Then P27 is defined as follows,

bn rm
Pn%: Z Z Pix (n,m=0,l,...)
j=a, +1k=t +1

where £#(n)=(a,,b,) and (m)=(t,.r,).
Now, we have the following definition

Definition 2.1. Let {sjk D) k= 0,1,...} be a double sequence of complex numbers; Double Deferred

Norlund means DgN - is defined as follows

1 b, [
D;Nnm:W Z Z pbn—j,rm—ksjk'

nm j:an +1 k:Im +1

583
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Itis clear that DgN . method is regular.

The D;N,, method for the double sequence {snm (X, y)} are defined as

bn Tm

1
D/yiNnm(Xf y) P Z Z pbn,j’rm,ksjk (X, y) (n,m=0,1,...).

nm j=a,+lk=t,+1

The following representation is important, for n,m=0,1,...

DiN,, (X, Y) —%I I f(x+u,y+v)D;K, . (u,v)dudv (2.1)

where D/N,-kernel of DJK_ (u,v) is defined by

D/K,, (u,v)= )D (V) (n,m=0.1...).
an j=a,+1k=t +1
From (2.1), we have
D/N,, (X, y)—f _%Mqﬁ (u,v)D;K (u,v)dudv (2.2)

where
¢(u,v):%{f (x+u,y+Vv)+ f (x=u,y+v)+ f(x+u,y—v)+ f (x—u,y—v)-4f (x,y)}.
We will use the notations for j,k =0,1,...,

]_Op]k Pik = Pjaaks
Olpjk = Pi = Pj ks

and

AP =P = Pjak — Py T Pjara
The double sequence {pjk} is nondecreasing if A, p; <0 and A, p, <0, and is nonincreasing if
APy 20 and Ay p; >0 for every J,k=0,1,... . Wealso set, for nm=0,1,...

m

1
D;qnm_ P z pbnk’ ﬂnm= Pﬁy Z pjl‘ '

nm k=t,+1 nm j=a,+1

Let us consider the case where { pjk} is nondecreasing. Then
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(bn —a, ) D;'qnm = npﬂ]/ Z pbnk

\Y2
9
~
g
=
Il

and similarly,

We also have

In the sequel, we need the opposite inequality:

(bn _an )(rm _tm) pbnrm
R

~0(1) .

The opposite inequality is proved for the following sequence defined below,
pjk:(bn_j+1)a(rm—k+1)p (O‘,,OZO).

Condition (2.5) implies that

(bn - an ) D;qnm = n) z pbnk

and

(r,—t,) DI, = O(1).

In particular, the conditions of regularity are satisfied:

lim Dgq,, = lim D;r, =0.

n,m—oo n,m—o0 ﬂ nm
Thus, we may assume that

Diq,, <7 and Djr <z (n,m=0.1,...).

If {pjk} is nonincreasing, then

(b,-a,)D}q,,<1 and (r,-t,)Djr,, <1

pgnm —
In the special case where

lim p,. >0,

n,m—oo

(2.4)

(nm=0.1...).

(2.5)

(2.6)

(28)

(2.9)
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we have

1 < pan+1,tm+l — O(l) and 1 < pa"+l'tm+l = O(l) (210)

(bn - an) D;qnm - pbnr (rm _tm ) D;rnm pbnrm

m

The following result is analogue of a result of Moore [12, page 39] which follows almost the same lines,
so the details are omitted.

Theorem 2.2. If {pjk D, k=01..., Py >0}, then the necessary and sufficient conditions for the

regularity of the D/,N__-method of summability are
£ nm

1 & ]
nlﬂwﬁ D Pk =0 (i=01,...;b,>j)
nm k=t,+1
and
1 &
n,lrLToo 77 D P =0 (k=0,1,...;r, = k).

nm j=a,+1

Lemma 2.3. Let {pjk >0: j,k= 0,1,...} be a nondecreasing double sequence such that A;,p;, is of
fixed sign. Then

ID; K, (u,V)| <(b, +1)+(r, +1), vu,v (2.11)
2 '

< #ﬂﬁmﬂ;ﬁl(k +1)[ Py, o 1r 1 — Por ] vwandO<u<rz (2.12)

2 b,
SZZT—W > (j+1)|:pbn—j—l,rm—tm—l_ anf,-,o} VuandO<v<z (2.13)
v an j=a,+1
572'4pbnrm

_W, O<U,VS7Z'. (214)

Proof. From (1.4),

1 b, |
‘D;Knm(u,v)‘ < o7 Z z pbn—j,rm—k‘Dj(u)HDk(V)‘
nm j=a,+lk=t,+1
b, |
<

pﬁ7 Z Z (j+1)(k+1) pbn—j,rm—k

nm j=a,+lk=t,+1

(b, +1)(r, +1) & &

P77 > 2 Py

j=a,+1k=t,+1
(b, +1)(r, +1)

which is (2.11).

Again from (1.4), we have
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Pnﬁwy ; nm(u'v)‘ < kz Z pb e k ‘D ‘
t,+1] j=a,+1 b (215)
S kZ (k+1)| 2 PyjrD; (u)).
=t +1 j=a,+1

If we apply the Abel’s transformation to the inner sum, for each k

b, b, '
Z pbn—j,rm—ij(u) = (z Z jpb —jfn k ZAlopb —jfn kZD
j=a, 1 =0 k=0

b,

+Po,, « %‘, D, (u) + Z;,Alo Po,—i.r—« ; ) (u) + po,rm—k%: D (u)
- = - -

Since we consider { pjk} as nondecreasing in j and (1.7), we obtain

bn
2. Py inkDj(u)

7[2 a,
:I(Z 10Ps —jr -k ~ Por -« T Por, —« ZAmpb —jr kj

j=a,+1 j=L =t
2 b 2
T L T
<. Z Aj Po,-irk =52 [pbn—an—l,rm—k - pO,rm—k]' (2.16)
PV 2u

If we write (2.15) again, we have
2

‘DV (u v)‘ ZP}U k; (k +1)[pbn_an_1‘rm_k - poyrm_k]. (2.17)

(2.13) can be shown similarly. We perform the double Abel’s transformation to prove (2.14)

Pn'ffD;Knm (u,v)

Il
M
M
=

|
E_{._T.
=
O
—
[
~
O
—~~
<
~

j=a,+1k=t,+1
bnil =1 j-1 k-1 T
= Z llpb —ir kzD u) DI Z Alopb ]OZD u) DI
j=a,+1k=t,+1 i=0 1=0 j=a,+1 1=0
b1 t k -1
_zAlOpb —july—to, 1ZD IZDI kz AOlpOr kzD | DI
j=a,+1 t+1 =0
. k "
Z Alpb —-a,-Lr, kZD DI(V)+pbnrmZDi(u)le(v)
k=t,+1 I 0 i=0 1=0
b, tn
pb —a,-Lr, Z D z DI - pbn,rm—tm—lz Di (U)Z DI (V)
1=0 i=0 1=0
a, tn
+ pbn—an—l,rm—tm—l DI IZ DI
i=0 =0

from (1.7)
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Pnlriy‘D;Knm( ‘ 2 2 [

11pb =y k‘—i_ Z A10pb -j,0

j=a,+1k=t +1 j=a,+1

bn rm rrn
- Z A10 pbn—j,rm—tm—1+ Z AOlpO,rm—k - Z AOlpbn—an—l,rm—k

j=a,+1 k=t,+1 k=t,+1

+ pbnrm - pbn,rm—tm—l - pbn—an—l,rm—tm—l - pbn—an—l,rm ) (218)

Since Ay, p;, is fixed, we get

Ay pbn—j,rm—k‘ = ‘ pbn—an,rm—tm - pbn—an,o - pO,rm—tm + poo"

j=a,+1k=t +1
According to (2.18), if A, p; =0, we obtained

4

B D”K
F:’n ‘D U V)‘ 4 (pb —a,, Iy —ty pbn,rm—tm—l + pbn—an—l,rm + pbn—an—l,rm—tm—l + pbn,rm)
5 4
<—- id P
4u2 2 Fb,.r,

and if A, p; <0, we obtained
4
pnﬂy ‘D;f U V)‘ 37 -

4u’v

Lemma 2.4. Let { Py >0:j k= 0,1...} be a nonincreasing double sequence such that A, p;, is fixed

and let p=[1/u],n=[1/v] where [.] means the integral part. Then

‘D7 uv)‘ < (b, +1)(r, +1) , vu,v (2.19)
< ”(”2+1)P§y Zm:(k+1)2p” . WvandO<u<z (2.20)
k=t +1

bn
”(”;1) P;V Z(Hl)Zpb L VuandO<v<z (2.21)
j=a,+1

7°(L+27+37%) Py,
4 P/ uv

IN

O<uv<or. (2.22)

Proof. Equation (2.19) coincides with (2.11) as we remarked in the proof of Lemma 2.3.

From (2.15) and (1.5),

rrn bn
pir DKo (UV)) < D (kD) D0y, Dy ()
k=t +1 j=a,+1
P n b,-a,-1 1
< — Z (k+1) Z pb_jr_ksin(bn—j+—)u. (2.23)
2u, S i 2
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By a simple estimate the inner sum can be written as follows for each k,

b,-a,-1

. .1
Z Po,— i, —« sin(b, — ] +E)U

j=0

p b,—-a,-1 ) l
<Y Py ekt Z Pj. L sin(o, — j+>)ul. (2.24)
j=0 j=p+1 2
From the Abel’s transformation, we have
b,-a,-1 b,—-a,-2
Z Pir —« sin(b, - j+ )U = Z AP r—k z sin(b, _J+_)u
j=p+1 =p+l I=p+1
+ pb —a,-1,r, -k z Sln(b —J+—)U (225)
I=p+1
. - L 1
From (1.6), {pjk} is nonincreasing in j and — < p+1 we have
u
bn—an—l ] . 1 T P
Z Po,—j.r,—k SIN(D, — ] "‘E)U < m Poiv« S z(p+1) Poisk S ”Z Pi (2.26)
]=p+l JZO
Combining (2.18), (2.24) and (2.26) yield (2.20).
(2.21) can be proved similarly. Now, let’s prove (2.22) beginning the following inequality,
b, I
P DK (U )] =| 2 D% Py 4D (U) D (V)
j=a,+1k=t +1
b, —a,—1 -ty -1
=2 2. PuDy(u)D, (V) (227)
j=0 k=0

2
< —

b,-a,-1b,-a,-1

h —dn h —n . i 1 . 1
E E pysini b, —j+=|usinir —k+=|v

quv| T 2 2

We divide the double sum into four parts:

b,—a,-1b,—a,-1 ) ] 1 . 1
> > pjksm(bn—J+§jusm(rm—k+§j

0 k=0 j=0 k=0 k=0 | j=p+1
iy~ 1 b, —a,-1r,—t,-1 1
+Z Z pjksm(r —k+= J Z Z pksm(b —j+= USin(rm—k+—)v
=0 k=n+l 2 j=p+1 k=n+1 2 2
- Pp77+A1+A2 +A3- (2.28)

For A we can perform the Abel’s transformation similar to (2.25) and conclude that
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b,-a,-1 b,—a,-2

D Py Sin(b, - j+ )u< Z APy Zsm(b S i )u
j=p+1 j=p+1 I=p+1
b,-a,-1 1
+ Py o x| 2, Sin(b, —1+>3)u
o I=p+1 2
T
SE Pk < (,D+1) Pyiik —”Z Pi
j=0
Thus we have the following inequation
A<zP,. (2.29)
So similarly,
A, <rP, . (2.30)
For A3, we perform the double Abel's transformation:
b,—a, -1, —t,—1
> pjksin(bn—j+1jusin(rm—k+1jv
j=p+1 k=n+1 2 2
b,-a,-2 r,-t, -2 1 k l
Z z Aupy z sm( —i+—ju > sin(rm—l+—jv
j=p+1 k=n+1 i=p+1 2 I=n+1 2
b,-a,-2 1 Mn—tn—2 1
+ D App, Zsm( —i+= J > sin(rm—l+—jv
j=p+1 i=p+1 2 l=n+1 2
I’m—tm—Z bn a,— -2 l
+ D AubPy D, sin( —i+= j ZSIH(I’ 1+ jv
k=n+1 i=p+1 l=p+1 2
b,—a,-1 o —tn—1
+ Py, D, sin( —i+= J Z sm[r —l+ j
" i=p+1 l=n+1

By (1.6),

b,-a,-1r,—t,—-1

h —%n m_'m . i 1 . 1
> > pysin|b,—j+= |usin|r, —k+= |v
j=p+1 k=n+1 2 2

b, —a, -1, ~t, -1 b,-a,-2 M=t —2
< SN APt D APyt D APyt Py

j=p+1 k=n+1 j=p+1 k=n+1
2

T

= u_v pp+l,77+l (An pjk 2 0)

2 2
V4 3
= U_V(_Z pbnrm +2 pp+l,l’m +2 pbn,n+1 - pp+l,77+1) < U_V pp+1,;7+1 (All pjk < 0)

Hence, the following inequality is obtained

p
A S Dy S37 (P 1) (141) Dty <3772 ) Py =377, (2.31)

j=0 k=0
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If we consider (2.28)-(2.31) together, we obtain

b —a,-1r,—-t,-1 1
Z Z pjksm(b —j+ ]usin(rm—k+zjv

j=0 k=0

o’

£(1+27r+37r2)P

Thus (2.27) implies (2.22).

Theorem 2.5. Let { Py >0:j k= 0,1...} be anondecreasing double sequence such that A, P; s fixed

and condition (2.5) is satisfied. If f e Lipa for some 0 <« <1, then

sup ID)N,,, (%)~ f (% Y)

(x,y)ed
O (D7) +(Djr)’) . O<a<l
= (2.32)
T
O{D;qnml +D/§ r.In y—] ,  a=1
Dﬂqnm D,Brnm
Proof. We start with representation (2.2). Let
—‘DV (x,y)—f(x y)‘
Dj%m Djlim 7z Difm  Ditm £ 4 T
< _[ _[ '[ _[ + .[ + .[ _[ ‘¢(u,v)HK/§(u,v)‘dudv
0 0 Dﬂqnm 0 Dﬁ"nm ngnm Dgrnm
=1+, + 1+, (2.33)

¢(u,v) will be taken as estimated in (1.3) and the appropriate estimate of Lemma 2.3 is substituted for

the kernel DK (u,v). From (2.11), for & >0

D/};qnm D,Zrnm

I, <(b, +1)(r, +1) I I(u“+v“)dudv

0 0
1 a
=m(b +1)( +1) Dyqnm B nm ((qunm) (D; nm) )
By (2.6) and (2.7),
I, = o((D;qnm) (D, )) (2.34)
By (2.12),
2 T DZr"m ua+va
I2 2Pﬂ ktz1 k+1 [pb —a,-1,n,—k pOr k:l J. J. uz dudv
nm + 0

D%0um

for O<a <1,
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=t +1 l-«a l+a

: D7 — y D}/qnm ‘ D7Qnm ‘
|2£27FTW qunm kz (k+1)':pbnanlvrmk_p0,fmk:l{( a ) +( b ) ]

for o =1,

72'2 Dgr nm Z 1
I, < zpﬂy qunm kz (k +1)|: Po,-a, 11, ~ po,rmk]LD;qnm D' —_—t+—= > D; nmj

t,+1 50nm

With the help of (2.7)

72_2 D7 ™

ﬂ nm
ZPﬁy qunm k%l(k +1)|: pb"_a"_l'rm_k B pO,rm—k]
2 D; I 72 D’r '
< —— nm k +1 — 1 B nm_ nm
2Pﬂ7 qunm ktZ:ﬂ( + ) pbn,rmfk (rm + )Zpﬂ;/ qunm ktZ:Jrl pbn,rm—k
(r +1) D; - —O(l).
So,
0 (Dsa)" (038 ) 0<as
I, = (2.35)
O| D}d,, IN——+Djr,. . a=1.
Dﬁqnm
Similarly, using (2.13),
O((ngnm) (D; nm)a) ) O<axl
1= (2.36)
O(D;qnm +Dyr, In—= J . a=1
Dyl
By (2.14),
572' pbr u® +v~*
- pﬁi/ J. .[
nm qunm Dﬁ -
for ¢ =1,
57z° Por. D V4 T
In DZr | :
4(1-@) D;qnm D;rnmpnfwy( ﬂqnm Dﬂqnm Dlg,, ﬂrnm " D,Brnm}
From (2.3), (2.4) and (2.5),
pbr _ (bn_an)(rm_ )pbr

= =0(1).
D/};qan?’r pAr (bn—an)D;qnm( )D7 ()

A nm" nm £ nm
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As a result,

O((qunm) (D; nm)a) ) O<axl

|, = i i (2.37)
O(D;qnml ——+Dgr In ] , a=1
Dﬂ nm

Dﬂ (.

Collecting (2.33)-(2.37) together yields (2.32).

Theorem 2.6. Let { Py >0:j,k= 0,1...} be anondecreasing double sequence such that Ay Py s fixed
and condition (2.5) is satisfied. If f e Lipa for some 0 <« <1, then

sup ID)N,,, (%)= f (%)

xyeD

(2.38)

b o P P,
{Pnf( ,ZZ[ J+1)‘”1(k+1)+(j+1)(k+1)“+1}

Proof . We use (2.33) with Djq,, and Djr, that are replaced by 7z/(b,+1) and z/(r,+1),

respectively. The right-hand side of (2.38) is denoted by ‘¥ ..

From (2.19), for ¢ >0

7/(by+1) 7/(1, +1)
< (b, +1)(r, +1) I I (u“+v“)dudv

0 0

ﬂ_a+2 1 1
:a+1((bn+1)a +(rm +1)QJ. (2.39)

Since p,, is nonincreasing, we clearly have

(b +1)(r +1) p,, (j.k=01...).

Thus

tzﬂ(b +1)(rk +1)

(rk +1)

and similarly,

IA

(r,+1)"  Pa j_an+lk_tzm+l(bj +1)(rk +1)
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Combining (2.39) with the last two inequalities, we have
Il=O(‘an). (2.40)

By (2.20),

—+

T o1
_ a_zp,-rmkdu} (241)
In each integration, replace u by I/w (remembering that p =[1/u] ) to get

= i(l)ri(kﬂ){ Y NS

nm k=t +1 r +1| =0 (I +1

R
+ _ ) 2.42
+ a+l z | +1 —~ pJv"m*k ( )
The first sum on the right is equal to

1 o > 1
S PRTEP I LAE) 2 P
1 b, 1 |
:(r +1)P Z 12 (k+1) pj,rm—k'

Using the following inequality

\ |
—~
=
v
T
o
~
J
3
+
JuN

' M Tk
2 (k+1)p;, < Pjs »
k=t +1 k=0 s=0
we can write
1 b, | o,k b, Ty PI .k
A —
(I’ +1)Pm€17 1=0 (l +1 aﬂk: ,Z_(;s P = ( Pnﬁ]y ;k | 1 o
. 2.43
( +1) Pnﬁ]}/ ;; I 1 a+1 Pnﬁl}/ ;; )a+1( +1) ( )
The second sum at the right hand side of (2. 42) can be domlnated in a similar manner:
1
(I’].)TPMZ Z Z pl I k nﬁ]}/ ;; |+1 ( 1)a+1' (244)
From (2.42)-(2.44) it follows that
|2:O(‘an). (2 45)

Similarly, by (2.21)
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1, =0(¥,,). (2.46)

Using that (2.22),

0 [ (£ oy

4~ opr
an 7/(,+1) 7/ (1, +1) uv

We replace y by 1/y, v by 1/w, keeping in mind that p =[1/u] and 7 =[1/v]. As a result, we obtain

0 (1) (by+1)/7 (1 +1)/7 1 1
L=2r [ [ | ey e | Podydw
nm U U y yW

I, = pAr Zi{ . : JPJK :O(\an)

(G+1)"(k+1) (J+1)(k+1)"

Combining (2.33), (2.40), (2.45)-(2.47) results in (2.38).
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