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Abstract. In this paper, the concept of Double Deferred Nörlund means is defined and some important results 

are obtained. Particularly, we investigate the rate of uniform approximation by Double Deferred Nörlund means 

of the rectangular partial sums of the double Fourier series of a function  ,f x y  belong to 0 1Lip    

on the two dimensional region ,x y    . We also obtain the rate of uniform approximation by Double 

Deferred Cesáro means. 

2010 Mathematics Subject Classifiction: 40C05, 42A25, 42A10, 44A99 

Keywords: Functions of bounded variation, Ostrowski type inequalities, Riemann-Stieltjes integrals. 

Lipschitz Fonksiyonları için Çift İndisli Fourier Serilerinin Double 

Deferred Nörlund Ortalamasıyla Yaklaşım 

Özet. Bu çalışmada, Double Deferred Nörlund ortalaması kavramı tanımlandı ve bazı önemli sonuçlar elde 

edildi. Özellikle, iki boyutlu ,x y     torus bölgesinde 0 1Lip    sınıfına ait  ,f x y  

fonksiyonunun çift indisli Fourier serisinin dikdörtgensel kısmi toplamlarının çift indisli Deferred Nörlund 

ortalamasıyla düzgün yaklaşım oranını araştırıyoruz. Ayrıca; Double Deferred Cesáro ortalaması yardımı ile 

düzgün yaklaşım oranı elde ediyoruz. 

Anahtar Kelimeler: Sınırlı varyasyonlu fonksiyon, Ostrowski tipli eşitsizlikler, Riemann-Stieltjes integralleri. 

 

1. INTRODUCTION 

In [3], the first study on double sequences was examined by Bromwich. And then it was investigated by 

many authors such as Hardy [7], Moricz [14], Tripathy [19], Başarır and Sonalcan [2]. The concept of 

regular convergence for double sequences was defined by Hardy [7]. Many recent improvements 

containing the summability by four dimensional matrices might be found in [25]. Various approaches of 

the Fourier series have been studied by various authors [8-11, 17, 21-23]. In [4], Deferred Cesáro mean 

,D   (Double Deferred Cesáro mean) for a double sequence  nmx x  is defined and several theorems 

on this subject are given. Let  : , 0,1,jkp j k   be a double sequence of nonnegative numbers 
00 0p 

. Its partial sum is defined as  

 
0 0

, 0,1, .
n m

nm jk

j k

P p m n
 

   
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Let  : , 0,1,jks j k   be a double sequence of complex numbers. The Nörlund means 
nmN  are defined 

by  

,

0 0

.
n m

nm n j m k jk

j k

N p s 

 

  

Let  ,f x y  be a complex valued function of period 2  with respect to each of the variables, and 

integrable defined on the two dimensional real torus 𝒬 ≔ {(𝑥, 𝑦)𝜖ℝ2 ∶  −𝜋 < 𝑥 ≤ 𝜋, −𝜋 < 𝑦 ≤ 𝜋}, 

i.e.,  1f L Q . We consider the double Fourier series of f  defined by    

     , 1.1
i jx ky

jk

j k

f x y c e
 



 

     

where 

 
     2

1
, , , 1,0,1, .

2

i ju kv

jkc f u v e dudv j k

 

 

 

 

      

We write the double sequence of (symmetric) rectangular partial sums for the series (1.1) as follows 

      , , 0,1, .
n m

i jx ky

nm jk

j n k m

s x y c e m n


 

     

We say that the function f  belongs to Lipschitz class of order    for some 0  , if 

 
   

   

 
 

1
2 2 2,

; sup sup , ,

1.2

0

x y Q
u v

w f f x u y v f x y

C







 


 

   

 

   

where the constant C  does not depend on  . The quantity  ;w f  is called the (total) modulus of 

continuity of the function f .  

Clearly, if f Lip  for some 0  , then f  is necessarily continuous everywhere. Only the case 

0 1   is interesting. If 1  , then f x   and f y   exist and are zero everywhere, so f  must be 

a constant.  

Condition (1.2) can be rewritten as  

      2 2 2, ,f x u y v f x y C u v


      

for every real , , ,x y u v ; or equivalently, 

     , , .f x u y v f x y C u v
 

      

From above inequalities yield 

   , . (1.3)u v C u v
 

     

We will use some well-known estimates. 
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 jD u  is the Dirichlet kernels in terms of u  

   
1

1
sin

1 2
cos 0,1, .

12
2sin

2

j

j

j u

D u u j

u




 
 

       

For 0,1,j   ,  

  1 for every . (1.4)jD u j u    

For , 0,1, ; ,a b a b    

 cos cos 11
sin .

12
2sin

2

b

j a

au b u
j u

u

  
  

 
  

By the following  inequalities 

sin 2
0 , (1.5)

2

u
u

u




     

we have  

1
sin for 0 (1.6)

2

b

j a

j u u
u






 
    

 
   

and we obtain  

  
  2

2 2

cos cos 1
for 0 . (1.7)

21
2sin

2

b

j

j a

au b u
D u u

u
u






 
   

 
 
 

   

2. MAIN RESULTS 

Motivating by Moricz [13] we make the following definition. 

Let        , ,  and n n m ma b t r  are sequences of nonnegative integers satisfying the conditions 

,n n m ma b t r   and lim , lim .n m
n m

b r
 

     Let  : , 0,1,jkp j k   be a double sequence of 

nonnegative numbers such that 
00 0p  . Then 

nmP
 is defined as follows, 

 
1 1

, 0,1,
n m

n m

b r

nm jk

j a k t

P p n m

   

     

where    ,n nn a b   and    ,m mm t r  .   

Now, we have the following definition 

Definition 2.1. Let  : , 0,1,jks j k   be a double sequence of complex numbers;  Double Deferred 

Nörlund means nmD N  is defined as follows 

,

1 1

1
.

n m

n m

n m

b r

nm b j r k jk

j a k tnm

D N p s
P



   

   

    
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It is clear that nmD N method is regular. 

The nmD N method for the double sequence   ,nms x y  are defined as  

     ,

1 1

1
, , , 0,1, .

n m

n m

n m

b r

nm b j r k jk

j a k tnm

D N x y p s x y n m
P



   

   

     

The following representation is important, for , 0,1,n m    

       2

1
, , , 2.1nm nmD N x y f x u y v D K u v dudv

 
 

 

 


 

     

where  nmD N -kernel  of  ,nmD K u v

  
is defined by 

       ,

1 1

1
, , 0,1, .

n m

n m

n m

b r

nm b j r k j k

j a k tnm

D K u v p D u D v n m
P



   

   

     

From (2.1), we have  

         2

0 0

4
, , , , 2.2nm nmD N x y f x y u v D K u v dudv

 
 

 


      

where  

            
1

, , , , , 4 , .
4

u v f x u y v f x u y v f x u y v f x u y v f x y               

We will use the notations for , 0,1, ,j k    

10 1,

01 , 1

,

,

jk jk j k

jk jk j k

p p p

p p p





  

    

and 

11 1, , 1 1, 1.jk jk j k j k j kp p p p p         

The double sequence  jkp  is nondecreasing if 
10 0jkp   and 

01 0jkp  , and is nonincreasing if 

10 0jkp   and 
01 0jkp   for every , 0,1,j k  . We also set,  for , 0,1,n m   

1 1

1 1
, .

m n

n m

m n

r b

nm b k nm jr

k t j anm nm

D q p D r p
P P

 

  
   

    

Let us consider the case where  jkp  is nondecreasing. Then  
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 
 

 
1

1 1

2.3

 

1
1

m

n

m

n m

n m

r
n n

n n nm b k

k tnm

b r

jk

j a k tnm

b a
b a D q p

P

p
P



 



 

   


 

 



 

  

and similarly,   

   1. 2.4 m m nmr t D r    

We also have  

    , 0,1, .
n mnm n n m m b rP b a r t p n m       

In the sequel, we need the opposite inequality: 

 
  

   1 . 2.5n mn n m m b r

nm

b a r t p
O

P

 
   

The opposite inequality is proved for the following sequence defined below,  

     1 1 , 0 .jk n mp b j r k
 

        

Condition (2.5) implies that  

 
 

  
 

 
1

 

2.6

1

m

n

m

n m

r
n n

n n nm b k

k tnm

n n m m

b r

nm

b a
b a D q p

P

b a r t
p O

P



 



 


 

 
 


  

and  

      1 . 2.7m m nmr t D r O

    

In particular, the conditions of regularity are satisfied: 

, ,
lim lim 0.nm nm

n m n m
D q D r 

 
 

   

Thus, we may assume that  

 and    , 0,1, .nm nmD q D r n m 

      

If  jkp  is nonincreasing, then  

     1     and     1. 2.8n n nm m m nmb a D q r t D r 

       

In the special case where  

 
,
lim 0,      2.9nm

n m
p


   
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we have  

 
 

 
   

1, 1 1, 11 1
1     and    1 . 2.10n m n m

n m n m

a t a t

n n nm b r m m nm b r

p p
O O

b a D q p r t D r p 

 

   
   

 
  

The following result is analogue of a result of Moore  12, 39page  which follows almost the same lines, 

so the details are omitted.  

Theorem 2.2. If  00: , 0,1, , 0jkp j k p  , then the necessary and sufficient conditions for the 

regularity of the nmD N -method of summability are  

 ,
,

1

1
lim 0 0,1, ;

m

n

m

r

b j k n
n m

k tnm

p j b j
P 


 

    

and 

 ,
,

1

1
lim 0 0,1, ; .

n

m

n

b

j r k m
n m

j anm

p k r k
P 


 

    

Lemma 2.3. Let  0 : , 0,1,jkp j k   be a nondecreasing double sequence such that 
11 jkp  is of 

fixed sign. Then  

       

   

   

 

2

1, 1 0,2
1

2

1, 1 ,02
1

4

2 2

, 1 1 , , 2.11

1 ,  and 0 2.12
2

1 ,  and 0 2.13
2

5
, 0 , . 2.14

4

m

n n m m

m

n

n m m n

n

n m

nm n m

r

b a r k r k

k tnm

b

b j r t b j

j anm

b r

nm

D K u v b r u v

k p p v u
u P

j p p u v
v P

p
u v

u v P




















    

 

    

 

    

       

       

  




  

Proof. From (1.4), 

     

  

  

  

,

1 1

,

1 1

1 1

1
,

1
1 1

1 1

1 1

n m

n m

n m

n m

n m

n m

n m

n m

b r

nm b j r k j k

j a k tnm

b r

b j r k

j a k tnm

b r
n m

jk

j a k tnm

n m

D K u v p D u D v
P

j k p
P

b r
p

P

b r



 





 

   

 

   

   



  

 


  

 

 

 

 

which is (2.11). 

Again from (1.4), we have  
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     

   

,

1 1

,

1 1

,

(2.15)

1 .

m n

n m

m n

m n

n m

m n

r b

nm nm b j r k j k

k t j a

r b

b j r k j

k t j a

P D K u v p D u D v

k p D u

 

  

   

 

   



 

 

 

  

If we apply the Abel’s transformation to the inner sum, for each k   

     

     

1

, , 10 ,

1 0 0 1 0

1

0, 10 , 0,

0 1 0 0

.

n n m n

n m n m n m

n

n n n

m n m m

b b r b j

b j r k j b j r k j b j r k l

j a j k j l

b a aj

r k l b j r k l r k l

l j l l

p D u p D u p D u

p D u p D u p D u



     

     



   

   

 
     

 

   

    

   

 

Since we consider  jkp  as nondecreasing in j  and (1.7), we obtain 

 
2

, 10 , 0, 0, 10 ,2
1 1 1

2 2

10 , 1, 0,2 2
1

2

. (2.16)
2 2

n n n

n m n m m m n m

n

n

n m n n m m

n

b a b

b j r k j b j r k r k r k b j r k

j a j j

b

b j r k b a r k r k

j a

p D u p p p p
u

p p p
u u



 

       

   

     

 

 
      

 

     

  



  

If we write (2.15) again, we have  

   
2

1, 0,2
1

, 1 . (2.17)
2

m

n n m m

m

r

nm b a r k r k

k tnm

D K u v k p p
P u



 


   

 

       

(2.13) can be shown similarly. We perform the double Abel’s transformation to prove  (2.14) 

     

       

       

,

1 1

1 1 11 11

11 , 10 ,0

1 1 0 0 1 0 0

1

10 , 1 01 0,

0 0

,
n m

n m

n m

n m n m

n m n

n m n

n

n m m m

b r

nm nm b j r k j k

j a k t

b r b rj jk

b j r k i l b j i l

j a k t i l j a i l

bj

b j r t i l r k i l

i i l

P D K u v p D u D v

p D u D v p D u D v

p D u D v p D u D v

 

  

   

   

  

         



   

 



   

   

 

      

 

       

       

   

1 1 1

1 0 1 0

1 1

01 1,

1 0 0 0 0

1, , 1

0 0 0 0

1, 1

0 0

n m m

n m

m n n m

n n m n m

m

n m n m

n n m n m m

n m

n n m m

b t r k

j a l k t

r a b rk

b a r k i l b r i l

k t i l i l

a r b t

b a r i l b r t i l

i l i l

a t

b a r t i l

i l

p D u D v p D u D v

p D u D v p D u D v

p D u D v

  

     

 

  

     

   

   

   

 

  

 



   

    

   

  ,

  

from (1.7) 
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 

  

4

11 , 10 ,02 2
1 1 1

10 , 1 01 0, 01 1,

1 1 1

, 1 1, 1 1,

,
4

. 2.18

n m n

n m n

n m n

n m m

n m m m n n m

n m m

n m n m m n n m m n n m

b r b

nm nm b j r k b j

j a k t j a

b r r

b j r t r k b a r k

j a k t k t

b r b r t b a r t b a r

P D K u v p p
u v

p p p

p p p p

 




  

     

      

     

       


   



     

   

  

    

Since 
11 jkp  is fixed, we get  

11 , , ,0 0, 00

1 1

n m

n m n n m m n n m m

n m

b r

b j r k b a r t b a r t

j a k t

p p p p p     

   

      . 

According to  (2.18),  if  
11 0jkp  , we obtained  

   
4

, , 1 1, 1, 1 ,2 2

4

,2 2

,
4

5

4

n n m m n m m n n m n n m m n m

n m

nm nm b a r t b r t b a r b a r t b r

b r

P D K u v p p p p p
u v

p
u v

 







             



 

and if 
11 0jkp  , we obtained  

 
4

2 2

3
, .

4 n mnm nm b rP D K u v p
u v

 




  

Lemma 2.4. Let  0 : , 0,1...jkp j k   be a nonincreasing double sequence such that 
11 jkp   is  fixed 

and let    1/ , 1/p u v   where  .  means the integral part. Then 

      

,

1 0

,

1 0

2 2

, 1 1 , , 2.19

( 1) 1
( 1) , 0 (2.20)

2

( 1) 1
( 1) , 0 (2.21)

2

(1 2 3 )
, 0 , . (2.22)

4

m

m

m

n

n

n

nm n m

r p

j r k

k t jnm

b

b j k

j a knm

p

nm

D K u v b r u v

k p v and u
P u

j p u and v
P v

p
u v

P uv















 


 


  




  



  

   


    


    

 
  

 

 
  

Proof. Equation  2.19  coincides with (2.11)  as we remarked in the proof of Lemma 2.3.   

From (2.15)  and (1.5),   

  ,

1 1

1

,

1 0

, ( 1) ( )

1
( 1) sin( ) . (2.23)

2 2

m n

n m

m n

m n n

n m

m

r b

nm nm b j r k j

k t j a

r b a

b j r k n

k t j

p D K u v k p D u

k p b j u
u

 





 

   

 

 

  

 

   

 

 
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By a simple estimate the inner sum can be written as follows for each k,  

1

,

0

1

, ,

0 1

1
sin( )

2

1
sin( ) . (2.24)

2

n n

n m

n n

n m m

b a

b j r k n

j

b ap

b j r k j r k n

j j p

p b j u

p p b j u

 

 



 

  

  

 

   



 

  

From the Abel’s transformation, we have 

 

1 2

, 10

1 1 1

1,

1

1 1
sin( ) sin( )

2 2

1
sin( ) . 2.25

2

n n n n

m m

n

n n m

b a b a j

j r k n j r k n

j p j p l p

b

b a r k n

l p

p b j u p b j u

p b j u

   

  

     

  

 

     

  

  



 

From (1.6),  jkp  is nonincreasing in j  and 
1

1
u

    we have   

   
1

, 1, 1, ,

1 0

1
sin( ) 1 2.26

2

n n

n m m m m

b a

b j r k n r k r k j r k

j p j

p b j u p p p
u



 


  

 

      

  

        

Combining (2.18), (2.24) and (2.26) yield (2.20). 

 (2.21) can be proved similarly. Now, let’s prove (2.22) beginning the following inequality,  

     

     

,

1 1

1 1

0 0

1 12

0 0

,

2.27

1 1
sin sin .

4 2 2

n m

n m

n m

n n m m

n m

n n n n

b r

nm nm b j r k j k

j a k t

b a r t

jk b j r k

j k

b a b a

jk n m

j k

P D K u v p D u D v

p D u D v

p b j u r k v
uv

 





 

   

   

 

 

   

 





   
       

   

 

 

 

 

We divide the double sum into four parts:  

1 1 1

0 0 0 0 0 1

1

0 1 1

1 1 1
sin sin sin

2 2 2

1 1 1
sin sin sin

2 2 2

n n n n n n

m m m m

b a b a b a

jk n m jk jk n

j k j k k j

r t r t

jk m jk n m

j k k

p b j u r k v p p b j u

p r k v p b j u r k v

  





 

     

      

   

    

     
            

     

     
            

     

    

 

 

1 1

1

1 2 3. 2.28

n nb a

j

P A A A





 

 

   

   

For 
1A  we can perform the Abel’s transformation similar to (2.25) and conclude that 
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 

1 2

, 10

1 1 1

1

1,

1

1, 1,

0

1 1
sin( ) sin( )

2 2

1
sin( )

2

1

n n n n

n m

n n

n n

b a b a j

b j r k n jk n

j p j l p

b a

b a k n

l p

k k jk

j

p b j u p b l u

p b l u

p p p
u





 


  

   

 

     

 

 

 

 



     

  

   

  





 

Thus we have the following inequation 

 1 . 2.29A P   

So similarly,  

 2 . 2.30A P   

For A3, we perform the double Abel's transformation: 

1 1

1 1

2 2

11

1 1 1 1

10

1 1

1 1
sin sin

2 2

1 1
sin sin

2 2

1 1
sin sin

2 2

n n m m

n n m m

m

m

b a r t

jk n m

j k

b a r t j k

jk n m

j k i l

rj

jr n m

i l

p b j u r k v

p b i u r l v

p b i u r l v

 

   

 

   

   

   

       

   

   
      

   

   
        

   

   
        

   

 

   


2 2

1

2 2

01

1 1 1

1 1

1 1

1 1
sin sin

2 2

1 1
sin sin .

2 2

n n m

m m n n

n n m m

n m

b a t

j

r t b a k

jk n m

k i l

b a r t

b r n m

i l

p b i u r l v

p b i u r l v



  

 

   

 

   

     

   

   

   
        

   

   
       

   

 

  

 

 

By (1.6), 

 

1 1

1 1

1 1 2 22

11 10 01

1 1 1 1

2

1, 1 11

2

1,

1 1
sin sin

2 2

0

2 2

n n m m

n n m m n n m m

m n n m

n m m

b a r t

jk n m

j k

b a r t b a r t

jk jr b k b r

j k j k

jk

b r r

p b j u r k v

p p p p
uv

p p
uv

p p
uv

 

   

 









   

   

       

       

 



   
      

   

  
       

  

  

  

 

   

   
2

, 1 1, 1 1, 1 11

3
2 0 .

nb jkp p p p
uv

    


        

 

Hence, the following inequality is obtained  

    
2

2 2 2

3 1, 1 1, 1

0 0

3
3 1 1 3 3 . 2.31jk

j k

A p p p P
uv

 

    


       

 

       
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If we consider (2.28)-(2.31) together, we obtain 

 
1 1

2

0 0

1 1
sin sin 1 2 3 .

2 2

n n m mb a r t

jk n m

j k

p b j u r k v P 
   

 

   
         

   
   

Thus (2.27) implies (2.22). 

Theorem 2.5. Let  0 : , 0,1...jkp j k   be a nondecreasing double sequence such that 
11 jkp   is fixed 

and condition (2.5) is satisfied. If f Lip  for some 0 1  , then   

 
   

    
 

,

sup , ,

, 0 1

2.32

ln ln , 1.

nm
x y

nm nm

nm nm

nm nm

D N x y f x y

O D q D r

O D q D r
D q D r





 
 

 

 

  

 



 






   



   
      

 

Proof. We start with representation (2.2).  Let 

   

   

 

2

0 0 0 0

1 2 3 4

, ,
4

, ,

. 2.33

nm nm nm nm

nm nm nm nm

nm

D q D r D r D q

D q D r D q D r

D N x y f x y

u v K u v dudv

I I I I

   
   

   
   





   











 
 

    
  

   

          

 ,u v  will be taken as estimated in (1.3) and the appropriate estimate of Lemma 2.3 is substituted for 

the kernel  , .nmD K u v

  From (2.11), for 0    

    

       

1

0 0

1 1

1
1 1 .

1

nm nmD q D r

n m

n m nm nm nm nm

I b r u v dudv

b r D q D r D q D r

 
 

 

 
   

   


   

   


 
 

By (2.6) and (2.7), 

      1 . 2.34nm nmI O D q D r
  

     

By (2.12),  

 
2

2 1, 0, 2
1 0

1
2

nm
m

n n m m

m
nm

D rr

b a r k r k

k tnm D q

u v
I k p p dudv

P u







  




   

 


        

for 0 1  ,  
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 
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2 1 1
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 
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for 1  , 
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With the help of (2.7) 
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
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So,  
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Similarly, using (2.13),  
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By (2.14),  

4

4 2 2

5

4
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for 1  ,  
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From (2.3), (2.4) and (2.5), 

  
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As a result,  
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Collecting (2.33)-(2.37) together yields (2.32).  

Theorem 2.6. Let  0 : , 0,1...jkp j k   be a nondecreasing double sequence such that 
11 jkp   is  fixed 

and condition (2.5) is satisfied. If f Lip  for some 0 1  , then  
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Proof . We use (2.33) with nmD q  and nmD r that are replaced by  1nb   and   1mr  , 

respectively. The right-hand side of (2.38) is denoted by .nm   

From (2.19), for 0     

 

    
  

   
 

1 1

1

0 0

2

1 1

1 1
. 2.39

1 1 1

n mb r

n m

n m

I b r u v dudv

b r

 

 



 





 



   

 
  

    

 
  

Since 
jkp  is nonincreasing, we clearly have  
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and similarly, 
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Combining (2.39) with the last two inequalities, we have  

   1 . 2.40nmI O   

By (2.20),  
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In each integration,  replace u  by 1 w   (remembering that   1 u   ) to get 
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The first sum on the right is equal to 
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Using the following inequality  
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we can write   

       

       
 

,

1 1
0 0 0 0 0 0

1 1
0 0 0 0

1 1 1

1 11 1

1 1
. 2.43

1 1 1 1

n m m n m

m

n m n m

b r r k b rl
l r k

js

l k j s l km nm m nm

b r b r

lk lk

l k l km nm nm k

P
A p

r P r Pl l

P P

r P Pl l r

  

  




 
     

 
   

 
  

 
   

  

 

  

The second sum at  the right hand side of (2.42) can be dominated in a similar manner: 
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From (2.42)-(2.44) it follows that 

   2 . 2.45nmI O   

Similarly, by (2.21)  
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   3 . 2.46nmI O   

Using that (2.22),  
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We replace y   by 1 y , v  by 1 w , keeping in mind that  1 u   and  1 v  . As a result, we obtain  
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Combining (2.33), (2.40), (2.45)-(2.47) results in (2.38). 
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