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Solution of Vector Equation of Transfer in a Finite Plane Parallel Media
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Abstract. Hy method is used for the solution of vector equation of transfer, which includes two Stokes
parameters, with a combination of Rayleigh and isotropic scattering in a finite plane-parallel atmosphere. The
behavior of albedo and transmission factor are obtained according to the slab thickness and reflection
coefficient.
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Sonlu Bir Diizlem Paralel Ortamda Vektor Transfer Denkleminin
Cozimii

Ozet. Bir sonlu diizlem parallel atmosferde Rayleigh ve izotropik sagilma durumunun bir kombinasyonunda, iki Stokes
parametresini igeren vektor transfer denkleminin ¢6ziimii igin Hy metodu kullanilmistir. Albedonun ve iletim faktSriiniin
davranisi slab kalinligina ve yansima katsayina bagli olarak elde edilmistir.

Anahtar Kelimeler: Vektor transfer denklemi, Rayleigh sagilmasi, Stokes parametreleri, albedo, iletim faktori

1. INTRODUCTION

Radiative transfer equation has many applications on the atmosphere and ocean physics. The radiative
transfer equation with polarization is a vector equation and its solution is more complicated than using
one-dimensional radiative transfer equation. This equation is important to define the polarization of light
in the studies including molecular atmosphere, aerosols and clouds. There are many studies on the
calculations of albedo, transmission factor and two-Stokes parameters in finite plane-parallel atmosphere
with different methods [1-5].

The equation of transfer with polarization is given by [1-3].
+1

d
pan (o) + 12, 0) = 5 KGD) f KT () 1(z, 1) i’ 1)
21

Here, I(t, 1) is the vector intensity whose components are 1,(z,u), I,-(t, ) and these components are
related by the two Stokes parameters as

I(T, ”) = I{’(T' Au) + IT(TJ [.l)
Q(T! ‘Ll) = If(Tr ‘Ll) - Ir(T, M) .
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u is the direction cosine of the propagating radiation, T is the optical variable. The scattering process is
characterized by single scattering albedo we[0,1] and the square matrix K(x). KT (w) is the transpose of
K(u) and

; att2(1-c) (2021 p?)
K@ =3 (c+ 2)71/2 )

§(C+2) 0

¢ = 1and w = 1 would yield Chandrasekhar’s conservative Rayleigh scattering case, ¢ = 1 and we[0,1]
allows the general Rayleigh-scattering, ce[0,1] and we[0,1] yields the general mixture of Rayleigh- and
isotropic-scattering [1].

The general solution of Eq.(1) is given by [6]

+1

I(7, 1) = A(no) @ (o, e /Mo + A(=no) P (=1, ™M + f W(n,pw) A(me Mdn . ®)
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where A(+n,) and A(n) are the arbitrary expansion coefficients to be determined from the boundary
conditions of a given problem [2]. The vectors A(n)and W(n,u)are 2x 1and 2 x 2 matrices,
respectively and they are

an =), w0 = @) @ 00) @

®(+ny, 1) and @, (n, 1), @ = 1 or 2, are the discrete and continuum eigenvectors, respectively. These
eigenvectors can be written as

1 (C(l — U, (1) + @, (Uo)) ’

3
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Here, the symbol 2 denotes that all the integrals are to be evaluated with Cauchy principal value and

A =D +3(1 =120 - (-1)B3n*°(1-w), i=1or2
Ao(m) =1 — wntanh™'(n),
() =c(1—n)HAM) +@,(n),

@) =5 (1 0) + 21— ) ©)
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A1) = (=1 +3(1 —1pDAo(1g) — (=1)'3n*(1 —w), i=1lor2
Ag(ng) = 1 — wnotanh™(1/n,),

4
@,(Mo) = 5(1 — )+ 2c(1 — w)ne®.

The orthogonality relations of the discrete and continuum eigenvectors are [7-9]
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2. ANALYSIS

705

(7)

(8)

(9)
(10)

(11)

To apply the Hy method to the problem on the finite plane-parallel atmosphere, the unknown coefficients
in Eq.(3), A(%ny) and A(n), ne(0,1), are calculated [10, 11]. To get these coefficients, firstly, we

consider the surface intensities at T = 0 and t = 1, which can be written from Eq.(3) as
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_ 13(0, —‘Ll)
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+1
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The boundary conditions and the surface intensities are given by [2-4]

1
100, u) = (Eggllg) =3 S(u—ue)F, wypy>0,

1
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where A, is the reflection coefficient, D is the reflective coupling matrix between the two
components and F is a constant matrix. These matrices are given by

1/2
=G (D e

Here, the unknown constants a, and b, are to be determined by using the Hn method.

To get the unknown coefficients A(£7,), we multiply both sides of Egs. (12a-b) by u®T (n,, —p)
and integrate over p, u € [—1,1]. Using the orthogonality relations for the discrete and
continuum modes, the boundary conditions and surface intensities in Eqs.(13), we obtain
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Similarly, we find the unknown coefficients A;(+n) and A,(£n) multiplying Egs.(12a-b) by

/,td>;T(r], —u), B = 1,2, and integrating over pu, 4 € [—1,1] as

A(m) = 2 N( )[ zz(n)d)f(n o) — N12(77)¢2T(77 Ho)]F
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Now, multiplying the surface intensities in Egs.(12a-b) by u™*1, integrating over u € (0,1) and
using Egs.(13-17), we obtain
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3. NUMERICAL RESULTS

The unknown constants a, and b, can be obtained from Eqgs.(18,19) and then we can calculate
the albedo [3]

1
1
A =— [ u11:0, =) + 1,00~ 1 du (20)
Ho
0
and the transmission factor
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Figure 1. Albedo and transmission factors versus slab thickness for ¢ = 1, 4, = 0 and different values of w
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Figure 2. Albedo and transmission factors versus reflection coefficients forw = 0.9, c =1landt =1
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Figure 4. The behavior of the two Stokes parameters according to the optical variable for w = 0.9, ¢ = 1 and different values of

Ao

4. CONCLUSIONS

The vector equation of transfer is solved by using Hx method for a combination of Rayleigh and
isotropic scattering case in a finite plane-parallel atmosphere. Albedo and transmission factors
are obtained for different values of optical variable and reflection coefficient. These values are
agreement with Refs.[3,4]. In Figure 1, the behavior of albedo and transmission factors are given
according to optical variable for general Rayleigh scattering case and A, = 0. The effect of
reflection coefficient to the albedo and transmission factors can be seen in Figure 2 for r = 1 and
general Rayleigh scattering case. Albedo and transmission factors depending on optical variable
are obtained for general mixture of Rayleigh- and isotropic-scattering for A, = 0.1 and given in
Figure 3. Figure 4 shows the two-Stokes parameters according to reflection coefficient for w =
09,c=1.



Senyigit / Cumhuriyet Sci. J., Vol.39-3 (2018) 703-713

REFERENCES

[1] Chandrasekhar S., Radiative Transfer, Oxford U.P., London (1950).

[2] Siewert C. E., On Using the Fn Method for Polarization Studies in Finite Plane-Parallel
Atmospheres, J. Quant. Spectrosc. Radiat. Transf., 21 (1979) 35-39.

[3] Maiorino J. R. and Siewert C. E., The Fy Method for Polarization Studies-11 Numerical Results, J.
Quant. Spectrosc. Radiat. Transf., 24, (1980) 159-165.

[4] Ganapol B. D., A 1D Radiative Transfer Benchmark with Polarization via Doubling and Adding,
J. Quant. Spectrosc. Radiat. Transf., 201 (2017) 236-250.

[5] Kaskas A., Hy Yontemini Diizlem Geometrideki Polarizasyon Problemlerine Uygulanmasi, Firat
Universitesi Fen ve Miihendislik Bilimleri Dergisi, 19-4 (2007) 449-453.

[6] Burniston E. E. and Siewert C. E., Half-Range Expansion Theorems in Studies of Polarized Light,
J. Math. Phys., 11 (1970) 3416-3420.

[7] Schnatz T. W. and Siewert C. E., Radiative Transfer in a Rayleigh-Scattering Atmosphere with
True Absorption, J. Math.Phys., 11 (1970) 2733-2739.

[8] Karahasanoglu Senyigit M. and Kaskas A., The Hy Method for Milne Problem with Polarization,
Astrophys Space Sci, 310 (2007) 85-91.

[9] Senyigit M., Half Space Albedo Problem for The Nonconservative Vector Equation of Transfer
with A Combination of Rayleigh and Isotropic Scattering, Astrophys Space Sci, 361 (2016) 1-6.

[10] Tezcan C., Kaskas A., Giile¢yliz M. C., The Hy Method for Solving Linear Transport Equation:
Theory and Applications, J. Quant. Spectrosc. Radiat. Transf., 78 (2003) 243-254.

[11] Kaskas A., Giilegyiiz M. C., Tezcan C., The Slab Albedo Problem Using Singular Eigenfunctions

and The Third Form of the Transport Equation, Ann Nucl. Energy, 23 No. 17 (1996) 1371-1379.




