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Abstract. In this study, a formula for regularized sums of eigenvalues and nodal points of eigenfunctions for
a discontinuous Sturm-Liouville problem with a constant retarded argument. Contrary to standart problems
the spectral parameter appears not only in the differential equation, but also in one of the boundary conditions.
Thus, we see whether the nodal points of eigenfunctions and the trace change or not.
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Geciken Argiimanh Bir Sturm-Liouville Probleminin Izinin ve
Ozfonksiyonlarinin Diigiim Noktalarinin Hesaplanmasi

Ozet. Biz bu ¢alismada sabit geciken argiimanli siireksiz bir Sturm-Liouville probleminin 6zdegerleri icin bir
iz formiilii ve 6zfonksiyonlari i¢in diiglim noktalar1 elde ettik. Standart problemlerin aksine spektral parametre
sadece diferansiyel denklemde degil ayrica sinir kosullarinin birinde de yer alir. Bdylece bu durumun
ozfonksiyonlarin diigiim noktalarini ve izini degistirip degistirmedigini gérmiis oluyoruz.

Anahtar Kelimeler: Geciken argiimanli diferansiyel denklem, gecis kosullari, spectrum, diigiim noktalari,
diizenli iz.

1. INTRODUCTION

Differential equations with retarded argument is an active research area of delay differential equations.
Each year there is an increase in the number of articles devoted to the study of various applied problems
formulated with the use of delays. However, in an overwhelming majority of applied articles, constant
delays are considered. Such a consideration is an improvement compared with the model of an "ideal”
process which is obtained if it is assumed that there are no delays at all, that the "functioning" takes
place instantly. For linear equations with constant delay, very effective operational methods are
available (e.g., first of all the Laplace transform) [1].

To deal with interior discontinuities, some conditions are imposed on the discontinuous points, which
are often called transmission conditions (see [2-8]), interface conditions (see [9]), or point interactions
(see [10]). The problems with transmission conditions have become an important area of research in
recent years because of the needs of modern technology, engineering, and physics. In this paper, we
consider the boundary-value-transmission problem for the differential equation with a constant retarded
argument

at)y"(t)+qt)yt—0)+ p’y(t) =0, (1)
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on A= [0,§)u(§,n], with boundary conditions

y(0)+ py'(0)=0, )
y'(z)=0 3)
and transmission conditions
T T
y(;—Oj ~sy(Z+0) @
| 7T _ ' Z
y(5—0]—5y(2+0), ©)

where a(t)=a; for te A" =[0,%) and a(t)=a; for te A" =(%,7 |; the real-valued function q(t) is
continuous in A and has finite limits q(gio): lim_ ... q(t), 6 is a non-negative constant such that,

if teA” then t—-0>0;if teA” then t—-62>%; p is a spectral parameter; 6 and a,’s (i=1,2) are

=%,

arbitrary real numbers such that a, #0 (i =1,2).

The goal of this article is to calculate the regularized trace for the problem (1)-(5). We point out that our
results are extension and/or generalization to those in [11-21]. For example, if the retardation #=0 in
(1) and a(t)=1,6 =1 then we have the formula of the first regularized trace for the classical Sturm-

Liouville operator which is called Gelfand-Levitan formula (see [12]). We also want to emphasize that
the problem studied here differs from the standard boundary value problems in that it contains
transmission conditions and the spectral parameter appears not only in the differential equation, but also
in the boundary conditions. Because, it is important in the literature to know when the spectral
parameter is both in the differential equation and one of the boundary conditions, whether the
asymptotic formulas of eigenvalues and the trace change or not.

2. THE SPECTRUM

Let o, (t, o) be a solution of Eq. (1) on A :[0,%], satisfying the initial conditions

,(0,p)=1and & (0, p)=-1. (6)
The conditions (6) define a unique solution of Eg. (1) on A (see [1,22]).

After defining the above solution, then we will define the solution w, (t, o) of Eq. (1) on A =[§,7z]

by means of the solution ¢ (t, p) using the initial conditions
o,(2.p)=5"0(2.p), (% p)=5"a(% p). ()

The conditions (7) define a unique solution of Eg. (1) on AY (see [22]).

Consequently, the function a)(t,p) is defined on A Dby the equality

3 ot p), teA,
w(t'p)_{a)z(t,p), teA”
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is a solution of (1) on A, which satisfies one of the boundary conditions and the interface conditions
(4)-(5) Then the following integral equations hold:

a)l(t,p)zpcosﬁt—ﬁsinﬁt
. a ) a (8)
———|q(z)sin=(t—7)w,(r -6, p)dr,
Pa (F)sin (=)ol )
1 (x P 7). &o(5.0) P( ”j
t,p)=—o,| —, |7 [t —sin—|t—-—
a,(t, p) 5(01(2 pjcosaz( 2j+ pr sin y >
L )
——|q(7)sin—(t—7)w,(r -6, p)dr.
P8, ( ) az( ) 2( )

2
Solving the equations (8)-(9) by the method of successive approximation, we obtain the following
asymptotic equalities for |p| — oo:

t
a)l(t,p)=pcosﬁt-isin£t—ijq(r)sinﬁ(t—e)dr
a, p & 2y 2,

—ijq(r)siné(t—(2r—9))dr+o[%} (10)

Differentiating (10) with respect to t, we get
2 t
a)l'(t,p)=—p—sin£t—cosﬁt—%jq(r)cosﬁ(t—G)dr
8 a4 a 28 &

—%iq(r)cosg(t—(2r-9))dr+o[ij. (11)

Using the fact that,
a(r)sin2(2c-0)dz, teA;

q(r)cos (27 -0)dr, te A

— - Ot O

g(z)sin %(ZT—Q)dr, te F;

z

NN — N

q(T)COS£(22' -0)dz, te A
(see [1]), (10) and (11) we have

a)z(t,p):Bcosﬁ[M_,_t]_isinﬁ(ﬂ'(az_ai)_i_tJ
5 a, 23, po A,

—M{[B(%,p, 9j+ D(t,p,H)}sin ﬁ[MH]

20a,a,
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{A(%,p, j+C(tp9)}cosaz( (azzalai) j}m(%} (12)

Here,
t 0 - t 0 -
A(t,p,@):jq(r)sin%dr teA; B(t,p,@):jq(r)cos%dr teA;

t
C(t,p.0) J'q(r)sm—dr teA’; D(t,p,0) =_[q(r)cos—dr teA”.

NN
N

Differentiating (12) with respect to t, we get

a);(t,p):—p—zsinﬁ M+t _icosﬁ ”(az_ai)+t
o

a, a, 23, oa, a,

i [(zoo) ornaleng 5520

—[A(Z,p,0)+C(t,p,0)}sin£(7z(a2—w+t]}+0(lj. (13)
2 a, 28, P

The solution w(t, o) defined above is a nontrivial solution of (1) satisfying conditions (2) and (4)-(5).
Putting w(t, p) into (3), we get the characteristic equation

©(p)=a'(7, p) =0. (14)

The set of eigenvalues of boundary value problem (1)-(5) coincides with the set of the squares of roots
of (14), and eigenvalues are simple (see [23]). From (12), (13) and (14), we obtain

0(p) = pﬂ( a1+1] a pn[ a1+1j
5a2 a, | 2a 0a, a, | 2a

—"’(ai—@{s(f,pﬂ} D(ﬂ,p,H)}COSﬁ[M +1j
20a,a, 2 a, | 2a

—[A(z,p, 9J+C(7r,p,6’)}sin EL% — +1j}+0(1j.
2 a, | 2a P

2 prfa,-
O, (p) = —;—asm p—(% +1].
2 2

Define

Denote by p° = i’“‘f‘;" neZ, zeros of the function ®,(p). It is simple algebraically except for o, and

we have
1
Phn Npr? +O(Ej
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Denote by C, the circle of radius, O<e&<4%, centered at the origin p; and by ry, the

n

counterclockwise square contours with four vertices

K=N,+&+Nj, L=-N,—¢e+ N,

M =-N, —&—Nyi,, N=N,+&—Nyi,
where i=+-1 and N, is a natural number. Obviously, if peC, or pel,, then
0, ()| =M|p[e"™* (M >0) by using a similar method in [16]. Thus, on peC, or pel , we

have

O(p) _,, a+a,
O,(p)  2paa,

XKB(Z,pﬁ)+ D(xz, p, G)Jcotﬁ(u +1]—(A(z,p, 9)+C(7r,p),l9j:| +o[i2j.
2 a | 2a 2 P

In @(p) :i{ai+a2 {(B(z,p,H}L D(ﬁ,p,@)jcotﬁ[uwﬂj
0,(p) | 283, || |2 8, | 24,
—(A(%, p,aj+c:(7z,p,9)m
1 [[a+a, L oaor(a,-a
2,7 ﬂ 20z, [B(Z,p 6’]+ D(x, p, H)J} cot 2, ( 2, +1]
(a1+a) E (£p6]+C(ﬁp¢9)jz
4a’a’ 2 o

""1*6‘2[ (Z,p, +D(7rp,0)j( Z 50 +C(7rp,6’)J

aa,
xCcot— '0 }

Using the well-known Rouche Theorem, we get that ©(p) has the same number of zeros inside Iy, as

0, ( p) (see [24]). Using the residue theorem, we have

o(p)
—-p = In——d
Py p” 27[19S O(p) P

cotZ |24 4
=_L' [a1+a2(3(%,p,9)+D(n,p,9) }Mdp
p

21i e 2a1a2
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b AT YT 5o+ cirp.0) |22
27i ¢ 2aa, 2 P

2 2 pr [ a,—a
cot +1
_,_L. {u[lg[%’p,gj_,_D(mp,g)ﬂ Mdp

2rwin | 2aa, 2p

2 2
1 (a1+a2) T dp
+—O¢—-=—| 4| —,p,0 [+ C(7,p,0) | —
27Zi<£ 4a’a; 2 P (7.p-0) 2p°

1 ra+a,|a+a b3
+—0¢p—2| 12| B| —,p,8 |+ D(x,p.,0
271'1'4) aa, [2a1a2[ (2 P j (7.p )H

CVI

Pr (=3
x[A(z,p.0j+C(ﬂ,p.0)jMdp+o( 1) (15)
2 2p°

Thus, using (15) and residue calculation we have proven the following theorem.

Theorem 2.1. The spectrum of the problem (1)-(5) has the

Po=Pn pﬁﬁ{%(B(; Pas j+D(7z pn,g)ﬂ
+( 1) {aia:-aa [A(z’pn! )+C(7Z',P,?:9)] |:a21a—:; (Bizapni j+D(7Z',pr?,0)J:|}
Pn ]
L &+ pfr o o )| 4ol L
(pﬁ){ 2a,2, (B(z’p”’gjw(””’"’g)ﬂ +O(n3]

asymptotic distribution for sufficiently large |n).

3. THE REGULARIZED TRACE FORMULA

In this section, we will get regularized trace formula for the problem (1)-(5).
The asymptotic formula (15) for the eigenvalues implies that for all sufficiently large N,, the numbers

p, With |n| <N, are inside ', , and the numbers p, with |n|> N, are outside T', . It follows that

N,

ot 3 (oA oo

0#£n==N,

1 a+a T
=—— 2| D% B Z 0.6 |+ D(m,p,0
2mi ] [2a1a2[ [2’) ] (7.p )ﬂ

weot P 2 | ap e o] At A(ﬁ,p,9]+cm,p,e) dp
a, 2a, 27rl 2a,a, 2
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p

2 2 pr [ a—q
cot +1
b {al+a2LB(%D,B}DM,/D,B))] Ldp

2 2
+i.<ji(a1 +2a22) [A(%,p,0]+ C(n,p,@)] %”

1 ra+ala+a T
+—0¢p—2| 12| B| —,p,8 |+ D(x,p,0
272:1'?S aa, {Zalaz( [2 p J (m.p )J]

LAL e qJ +C(p,r q)jmdr +OL_J

by calculations, which implies that

Pl + P+ Z P2 (%)

0#n=-N,
2 & |a+a, (7[ ) a +a, (7[ j

= —— B -, y D ,0 _1010 D 10!0
7r0¢nz_Ni 2a1a2( 5 P8 |+D(x. £}, 0) 2o | Blz200 )" (7,0,6)

N

o @, +a,|a +a, (_ j H
+ L2\ L 21 Bl =, p°% 0 |+D(r,p°,0)
MZ—:NO 8,8, |:2a1a2( g

g
r

— +R
Pn

{_ai+a2(B(E,O,ejJrD(;z,O,H)ﬂ 2ol (A(E,QH}C(%O,H)} +O(i}, (16)
2a,a, 2 4a; 2 N,

R=Res,, {M{M(B(Z,p, 9) + D(ﬂ,p,H)ﬂ
aa, | 2a3, 2
tﬂ” A3 1
x(A[E,p,HJ+C(ﬂ,p,9)jMdp}
2 p

Passing to the limitas N, — o in (16), we have

Pt pit Y {pn ~(p0) + {aﬁa [B(Z,pn, ]+D(ﬂ,p§,9)ﬂ

0#£n=—0 2a1a2

_ata {aﬁa [B[ oL, j+D(mpﬁﬂ)ﬂ(A(zapﬁ)ﬂJ+C(”’pr?’9)J % }
aa, | 2aa 2 2 .
:_£|:a1+az(B(z,o,gj-fD(ﬂ',O,e)j}-i-R

| 23, 2

X <A (g,pg, 0) + C(m, p3, 6)

where,
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{_aﬁa{s(%,o,a} D(ﬂ,O,H)H +M(A(%,O,0j+c(ﬂ,0ﬂ)J - @an

2a,a, 4a/a;
The series on the left side of (17) is called the regularized trace of the problem (1)-(5).

4. THE NODAL POINTS
In this chapter, following [16], we will find nodal points of eigenfunctions of the problem (1)-(5).

Let us rewrite the equation (10) and replace p by p,:

sin&t t
o, (t, p,) = p, cos Al —ﬁsinp—”t——alj.Q(T)cos{pLe]dr
a p, & 28 a

cos 2t t
+—2 [q(7)sin (M]dr + O(izj
28, a P

0 n

Let us assume that t/ are the nodal points of the eigenfunction a)l(t,pn). Taking sin(%;‘) #0 into
account for sufficiently large n, we get

cot(p—”tJ[lJr A(“Pwﬂ: B“'Pn’é’ho[ L j

a 2p,a 2p,a o8

It follows easily that

B(t,p,.0
tan[p—”t+zj=—w+0£i2j. (18)
a 2 2P P
Thus, solving the equation (18), one obtains
C(j-1 B(t),p,.0
p Uz (2'02 )+o[i3j. (19)
Pn Pn Pn
Note that
3an(B(5.£1,0)+D(7, p,.,6)
p;l:io+|:212( (2 )3 ):|+o(i4j (20)
Pn (pr?) T n
and
_ 1 1
pn2 = o2 +O(—4j (21)
(o) A"

Substituting (20) and (21) into (19) we have

(- (=93] 52(8(5.77.0)+ D@1 0) |

' P ()
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B((j‘%z”al ,pr(])) -
A Y +o[i3} j=1H. (22)
n
Similarly, from (12), we get

sw,(t,p,) = p, cos&[Mﬂj_ism&(n(az -a) H]
2 28, o

—M{B(Z,pnﬂj+ D(t,pn,e)}sin &(MH]
2a,a, 2 a, 23,

J{A(Z,pn,6)+C(t,pn,0)}cos&(M+t]}+o(i2}.
2 a, 28, P

For nodal points of ,(t, p,) , again, taking sinZ—Q(MH);ﬁO into account for sufficiently large n,

28

we get
cot&[”(az_ai)ﬂ] 1_(A(g,pn,H)JrC(t,pn,e))(ai+a2)
a, 28, 2p,a,a,
_(a+3,)(B(5.p.0)+ D(t,pn,H))_i_O(i]
2pna'la2 prf
and thus

tan [&(M+t] +£J
a, 23, 2

(23)
:_<a1+a2>(8<z,pn,e>+D(tpn,e»m[i]
2pna1a2 pr?
Thus, solving the equation (23), one obtains
ti = ”(az_al)+(l 3)73,
28, Py
+a,)(B(%,p,,0)+D(t),p,.0
_(a1 2)( (2 P : ) ( P ))+O i3 . (24)
20,3, Pi

Substituting (20) and (21) into (24) we have
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(i-3)a| % (B(5.90.0)+ Dz, p5.0))
(o)

(a1+a2)[B(g’pr?’6)—:D((j/%Jz’ﬂaz ,pg’g))}+0[ L jy J:H: (25)
2(p?) &, ?

Thus we have proven the following theorem:

Theorem 4.1. For sufficiently large n, we have the formulas (22) and (25) of the nodal points for the
problem (1)-(5).
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