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Abstract. In this work, we consider an inverse problem for an elliptic equation which is strongly ill-posed in 

Hadamard sense. We prove the uniqueness of the solution of the problem by using Carleman estimates. 

Keywords: Elliptic equation, Inverse problem, Carleman estimate 

𝐿𝑢 ≡ 𝑥∆𝑢 + 𝑘(𝑥, ′𝑦)𝑢𝑥 = 𝑥𝑓(𝑥, ′𝑦) 

Denklemi için Bir Kuvvetli Kötü Konulmuş Problem 
 
Özet. Bu çalışmada eliptik denklem için Hadamard anlamında kuvvetli kötü konulmuş olan bir ters problem 

ele alınmıştır. Bu problemin çözümünün tekliği Carleman değerlendirmeleri yardımıyla ispatlanmıştır. 

Anahtar Kelimeler: Eliptik denklem, Ters problem, Carleman değerlendirmesi 

 

1. INTRODUCTION 

In this study, a strongly ill-posed inverse problem in Hadamard sense is investigated. In the domain 

𝐷 = {(𝑥, 𝑦)| 𝑥 ∈ (0,1) , 𝑦𝑖 ∈ (0,1) , 𝑖 = 1,2, … , 𝑛}, 

we consider the equation 

𝐿𝑢 ≡ 𝑥∆𝑢 + 𝑘𝑢𝑥 = 𝑥𝑓(𝑥, ′𝑦)        (1) 

and the conditions 

 𝑢|𝑦𝑛=0 = 𝑢0(𝑥, ′𝑦); 𝑢𝑦𝑛
|
𝑦𝑛=0

= 𝑢1(𝑥, ′𝑦),      (2) 

where  ′𝑦 = (𝑦2, 𝑦3, … , 𝑦𝑛).  

Equation 1 is an elliptic equation which has important applications in potential theory, [6]. Moreover, 

recently, inverse and ill-posed problems for differential equations are attracting the interest of many 

scientists because of various applications in science and engineering such as tomography and seismology, 

[1-5]. 
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Additional condition for the solution of Cauchy problem (1)-(2) is 

 𝑢|𝑦1=0 = 𝑢2(𝑥, ′𝑦).         (3) 

 Problem 1: We now aim to get the pair (𝑢(𝑥, 𝑦), 𝑥𝑓(𝑥, ′𝑦)) from equation (1) which satisfies 

conditions (2)-(3). 

 Theorem 1. Problem 1 can have only one solution in the space 𝐶3(𝐷̅) × 𝐶1(𝐷̅) with 𝑢𝜖𝐶3(𝐷̅),

𝑓𝜖𝐶1(𝐷̅). 

Theorem 1 is related with the uniqueness of the solution of problem 1. In general, one can not prove the 

existence of solution for this problem. Because, problem (1)-(3) is strongly ill-posed in Hadamard sense. 

In order to prove the theorem, the following lemmas are needed. 

2. PROOF OF THE MAIN RESULT 

Let us suppose that (𝑢(1), 𝑓(1)), (𝑢(2), 𝑓(2))  are two solutions for problem (1)-(3) in  𝐶3(𝐷̅) × 𝐶1(𝐷̅). 

Then we have 

 𝑥∆𝑢(𝑖) + 𝑘𝑢𝑥
(𝑖)

= 𝑥𝑓(𝑖)(𝑥, ′𝑦),        (4) 

 𝑢(𝑖), 𝑢𝑦𝑛

(𝑖)
|

𝑦𝑛=0
= 𝑢0, 𝑢1 ,         (5) 

 𝑢(𝑖)|
𝑦1=0

= 𝑢2, 𝑖 = 1,2.         (6) 

For 𝑢̅ = 𝑢(2) − 𝑢(1), 𝑓̅ = 𝑓(2) − 𝑓(1) we can write 

 𝑥∆𝑢̅ + 𝑘𝑢̅𝑥 = 𝑥𝑓̅(𝑥, ′𝑦),        (7) 

 𝑢̅, 𝑢̅𝑦𝑛
|
𝑦𝑛=0

= 0,         (8) 

 𝑢̅|𝑦1=0 = 0.           (9) 

Taking derivative of both sides of equation (7) with respect to 𝑦1 , we get 

 𝑥∆𝑢̅𝑦1
+ 𝑘𝑢̅𝑦1𝑥 = 0.         (10) 

In equation (10), if we take 𝑤 = 𝑢̅𝑦1
 we have 

 𝑥∆𝑤 + 𝑘𝑤𝑥 = 0         (11) 

and conditions (8) become 

 𝑤, 𝑤𝑦𝑛
|
𝑦𝑛=0

= 0.          (12) 

Let us first consider the following general problem, 

 |∆𝑥,𝑦𝑧| ≤ 𝐶(|𝑧| + |∇𝑧|),         (13) 

 𝑧(𝑥,′ 𝑦, 0) = 0, 𝑧𝑦𝑛
(𝑥,′ 𝑦, 0) = 0.        (14) 
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It is easy to prove that there is only zero solution of problem (11)-(12) in 𝐶2(𝐷̅) if (13)-(14) has only zero 

solution in 𝐶2(𝐷̅). 

We now attempt to prove that problem (13)-(14) can have zero solution in 𝐶2(𝐷̅) using the Carleman 

method. 

For the sake of simplicity we have 

 𝑦𝑛 = 𝑢1, 𝑥 = 𝑢2, 𝑦𝑖 = 𝑢2+𝑖, 𝑖 = 1,2,3, … , 𝑛 − 1.  

Let 

 Ω(𝑢0) = {𝑢: 𝑢1 > 0, 0 < 𝛿𝑢1 < 𝛾 −
1

2
∑ (𝑢𝑖 − 𝑢𝑖

0)
2

, 𝛿 > 1, 𝛾 < 1𝑛+1
𝑖=2 } 

and 

 𝜓(𝑢) = 𝛿𝑢1 +
1

2
∑ (𝑢𝑖 − 𝑢𝑖

0)
2

+𝑛+1
𝑖=2 𝛼0, 𝛼0 > 0, 𝛾 + 𝛼0 = 𝜂 < 1. 

If we choose 

 𝑢0 = (𝑢2
0, 𝑢3

0, … , 𝑢𝑛+1
0 )𝜖𝐷1, 𝐷1 = {(𝑥, 𝑦): (𝑥, 𝑦1, … , 𝑦𝑛−1)𝜖(0,1)𝑛} , 

then it is clear that 

 𝛼0 < 𝜓(𝑢) < 𝜂 in the domain (0, 𝑢0𝜖Ω(𝑢0)) ⊂ 𝐷 and Ω(𝑢0). 

Let 𝐻 = 𝑒𝑥𝑝(𝜆𝜓−𝜈), where 𝜆, 𝜈 are positive parameters. 

Lemma 1. For every 𝜑𝜖𝐶2(𝐷̅) 

−𝜑∆𝜑𝐻2 = [|∇𝜑|2 − ∑ (2𝜆2𝜈2𝜓−2𝜈−2𝜓𝑢𝑖
2 + 𝜆𝜈(𝜈 + 1)𝜓−𝜈−2𝜓𝑢𝑖

2 + 𝜆𝜈𝜓−𝜈−1𝜓𝑢𝑖𝑢𝑖
)𝑛+1

𝑖=1 𝜑2]𝐻2  

            +𝑑1(𝜑)          (15) 

where 

 𝑑1(𝜑) = − ∑ (𝜑𝜑𝑢𝑖
𝐻2 + 𝜓−𝜈−1𝜆𝜈𝜓𝑢𝑖

𝜑2𝐻2)
𝑢𝑖

 .𝑛+1
𝑖=1  

Proof. From the definition, we have 

 −𝜑∆𝜑𝐻2 = −𝜑(∑ 𝜑𝑢𝑖𝑢𝑖

𝑛+1
𝑖=1 )𝑒2𝜆𝜓−𝜈

. 

On the other hand, 

 −𝜑𝜑𝑢𝑖𝑢𝑖
𝐻2 = −(𝜑𝜑𝑢𝑖

𝑒2𝜆𝜓−𝜈
)

𝑢𝑖
+ 𝜑𝑢𝑖

2 𝑒2𝜆𝜓−𝜈
− 2𝜆𝜈𝜑𝜑𝑢𝑖

𝑒2𝜆𝜓−𝜈
𝜓𝑢𝑖

𝜓−𝜈−1 

and 

 −2𝜆𝜈𝜓−𝜈−1𝜓𝑢𝑖
𝐻2𝜑𝜑𝑢𝑖

= −(𝜆𝜈𝜓𝑢𝑖
𝜓−𝜈−1𝐻2𝜑2)

𝑢𝑖
− 2𝜆2𝜈2𝜓𝑢𝑖

2 𝜓−2𝜈−2𝐻2𝜑2 

 −𝜆𝜈(𝜈 + 1)𝜓𝑢𝑖
2 𝐻2𝜓−𝜈−2𝜑2 + 𝜆𝜈𝜓−𝜈−1𝜓𝑢𝑖𝑢𝑖

𝐻2𝜑2, 𝑖 = 1,2,3, … , 𝑛 + 1.  
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By the last two equations, (15) is obtained. 

Lemma 2. 

For 

 𝜈0 =
(𝑛+2)𝜂

𝛿(1−𝜂)
, 𝜆0 = 2(𝜈 + 2)2(𝛿2 + 𝛾2)2 + 2 , 

if 𝜈 ≥ 2 + 𝜈0 , 𝜆 ≥ 𝜆0 , then for any 𝜑𝜖𝐶2(𝐷̅) the inequality 

 𝜓𝜈+1(∆𝜑)2𝐻2 ≥ 3𝜆3𝜈4𝛿4𝜓−2𝜈−2𝐻2𝜑2 − 2𝜆𝜈|∇𝜑|2𝐻2 + 𝑑2(𝜑)   (16) 

is valid, where 

 𝑑2(𝜑𝐻) = ∑ 𝑑2𝑖(𝜑𝐻) ,4
𝑖=1  

 𝑑21(𝜑𝐻) = 4𝜆𝜈 ∑ [𝜓𝑢𝑖
(𝜑𝑢𝑖

− 𝜆𝜈𝜓𝑢𝑖
𝜓−𝜈−1𝜑)(𝜑𝑢𝑖

− 𝜆𝜈𝜓𝑢𝑖
𝜓−𝜈−1𝜓)]

𝑢𝑗

𝑛+1
𝑖,𝑗=1  

         −2𝜆𝜈 ∑ [𝜓𝑢𝑖
(𝜑𝑢𝑖

− 𝜆𝜈𝜓𝑢𝑖
𝜓−𝜈−1𝜑)]

𝑢𝑖
+ 2𝜈2𝜆2 ∑ (𝜓−𝜈−1𝜓𝑢𝑖

𝜑2)
𝑢𝑖

𝑛+1
𝑖=1  𝑛+1

𝑖,𝑗=1 , 

 𝑑22(𝜑𝐻) = 2𝜆3𝜈3(𝜓−2𝜈−2𝜑2|∇𝜓|2 ∑ 𝜓𝑢𝑖

𝑛+1
𝑖=1 )

𝑢𝑖
 , 

 𝑑23(𝜑𝐻) = −2𝜆2𝜈2(𝜈 + 1) ∑ (|∇𝜓|2𝜓−𝜈−2𝜓𝑢𝑖
𝜑2)

𝑢𝑖

𝑛+1
𝑖=1  , 

 𝑑24(𝜑𝐻) = 2𝜆2𝜈2 ∑ (𝜓𝑢𝑖
𝜓−𝜈−1𝜑2)

𝑢𝑖

𝑛+1
𝑖=1  . 

 

Proof. For the auxiliary function 𝑤 = 𝐻𝜑, we have 

 𝜑𝑢𝑖𝑢𝑖
= 𝐻−1(𝑤𝑢𝑖𝑢𝑖

+ 2𝜆𝜈𝜓𝑢𝑖
𝜓−𝜈−1𝑤𝑢𝑖

+ 𝜆𝜈𝜓−𝜈−1𝜓𝑢𝑖𝑢𝑖
𝑤 − 𝜆𝜈(𝜈 + 1)𝜓𝑢𝑖

2 𝜓−𝜈−2𝑤 

   +𝜆2𝜈2𝜓−2𝜈−2𝑤𝜓𝑢𝑖
2 ).  

Multiplying both sides of the last expression with H and adding from 1 to (n+1) with respect  

to i, we obtain 

 𝐻2(∆𝜑)2 = (∑ 𝑤𝑢𝑖𝑢𝑖
+ 2𝜆𝜈𝜓−𝜈−1𝑛+1

𝑖=1 ∑ 𝜓𝑢𝑖

𝑛+1
𝑖=1 𝑤𝑢𝑖

+ 𝜆𝜈𝜓−𝜈−1𝑤 ∑ 𝜓𝑢𝑖𝑢𝑖

𝑛+1
𝑖=1  

          −𝜆𝜈(𝜈 + 1)𝑤𝜓−𝜈−2 ∑ 𝜓𝑢𝑖
2𝑛+1

𝑖=1 + 𝜆2𝜈2𝜓−2𝜈−2𝑤 ∑ 𝜓𝑛+1
𝑖=1 𝑢𝑖

2
)2. 

The both hand sides of the last equality are multiplied with 𝜓𝜈+1, we get 

 𝜓𝜈+1𝐻2(∆𝜑)2 = 𝜓𝜈+1(∆𝑤 + ∑ (𝜆2𝜈2𝜓−2𝜈−2𝜓𝑢𝑖
2𝑛+1

𝑖=1  

       −𝜆𝜈(𝜈 + 1)𝜓−𝜈−2𝜓𝑢𝑖
2 + 𝜆𝜈𝜓−𝜈−1𝜓𝑢𝑖𝑢𝑖

)𝑤 + 2𝜆𝜈𝜓−𝜈−1 ∑ 𝜓𝑢𝑖

𝑛+1
𝑖=1 𝑤𝑢𝑖

)2. 

Having 

 𝑎 = ∆𝑤 + ∑ (𝜆2𝜈2𝜓−2𝜈−2𝜓𝑢𝑖
2𝑛+1

𝑖=1 − 𝜆𝜈(𝜈 + 1)𝜓−𝜈−2𝜓𝑢𝑖
2 + 𝜆𝜈𝜓−𝜈−1𝜓𝑢𝑖𝑢𝑖

)𝑤, 
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 𝑏 = 2𝜆𝜈𝜓−𝜈−1 ∑ 𝜓𝑢𝑖

𝑛+1
𝑖=1 𝑤𝑢𝑖

 

and applying the inequality (𝑎 + 𝑏)2 ≥ 2𝑎𝑏 to the last expression, it is obvious that 

 𝜓𝜈+1𝐻2(∆𝜑)2 = 𝜓𝜈+1(∆𝑤 + ∑ (𝜆2𝜈2𝜓−2𝜈−2𝜓𝑢𝑖
2𝑛+1

𝑖=1  

      −𝜆𝜈(𝜈 + 1)𝜓−𝜈−2𝜓𝑢𝑖
2 + 𝜆𝜈𝜓−𝜈−1𝜓𝑢𝑖𝑢𝑖

)𝑤 + 2𝜆𝜈𝜓−𝜈−1 ∑ 𝜓𝑢𝑖

𝑛+1
𝑖=1 𝑤𝑢𝑖

)2  

      ≥ 4𝜆𝜈(∑ 𝜓𝑢𝑖

𝑛+1
𝑖=1 𝑤𝑢𝑖

) [∆𝑤 + ∑ 𝜆𝜈𝜓−𝜈−1(𝜆𝜈𝜓−𝜈−1𝜓𝑢𝑗
2𝑛+1

𝑗=1  

            −(𝜈 + 1)𝜓−1𝜓𝑢𝑗
2 + 𝜓𝑢𝑗𝑢𝑗

)𝑤] .      (17) 

Now let us consider each term in (17) respectively: 

1.  4𝜆𝜈 ∑ 𝜓𝑢𝑖

𝑛+1
𝑖,𝑗=1 𝑤𝑢𝑖

𝑤𝑢𝑗𝑢𝑗
= 4𝜆𝜈 ∑ (𝜓𝑢𝑖

𝑤𝑢𝑗
𝑤𝑢𝑖

)
𝑢𝑗

−𝑛+1
𝑖,𝑗=1 4𝜆𝜈 ∑ 𝜓𝑢𝑖

𝑛+1
𝑖,𝑗=1 𝑤𝑢𝑗

𝑤𝑢𝑖𝑢𝑗
 

    = 4𝜆𝜈 ∑ (𝜓𝑢𝑖
𝑤𝑢𝑗

𝑤𝑢𝑖
)

𝑢𝑗

− 2𝜆𝜈 ∑ (𝜓𝑢𝑖
𝑤𝑢𝑗

2 )
𝑢𝑖

+ 2𝜆𝜈 ∑ 𝑤𝑢𝑖
2𝑛+1

𝑖=1
𝑛+1
𝑖,𝑗=1

𝑛+1
𝑖,𝑗=1  . 

Additionally, since 

 𝑤 =  𝜑𝐻 = 𝑒𝜆𝜓−𝜈
𝜑, 

 𝑤𝑢𝑖
=  𝐻(𝜑𝑢𝑖

− 𝜆𝜈𝜓−𝜈−1𝜓𝑢𝑖
𝜑) , 𝜈 ≥ 2, 𝛿 > 1 

then, 

4𝜆𝜈 ∑ 𝜓𝑢𝑖

𝑛+1
𝑖,𝑗=1 𝑤𝑢𝑖

𝑤𝑢𝑗𝑢𝑗
= 4𝜆𝜈 ∑ [𝜓𝑢𝑖

𝐻(𝜑𝑢𝑖
− 𝜆𝜈𝜓−𝜈−1𝜓𝑢𝑖

𝜑)𝐻 (𝜑𝑢𝑗
− 𝜆𝜈𝜓−𝜈−1𝜓𝑢𝑗

𝜑)]
𝑢𝑗

𝑛+1
𝑖,𝑗=1   

 −2𝜆𝜈 ∑ [𝜓𝑢𝑖
𝐻2 (𝜑𝑢𝑗

− 𝜆𝜈𝜓−𝜈−1𝜓𝑢𝑗
𝜑)

2
]

𝑢𝑗

+ 2𝜆𝜈 ∑ 𝐻2 (𝜑𝑢𝑗
− 𝜆𝜈𝜓−𝜈−1𝜓𝑢𝑗

𝜑)
2

𝑛+1
𝑖=1

𝑛+1
𝑖,𝑗=1  

 = 𝑑21(𝐻𝜑) + 2𝜆𝜈|∇𝜑|2𝐻2|∇𝜓|2 + 2𝜆3𝜈3𝜓−2𝜈−2𝐻2𝜑2|∇𝜓|2 

             −2𝜆2𝜈2 ∑ (𝐻2𝜓−𝜈−1𝜑2𝜓𝑢𝑖
)

𝑢𝑖
− 2𝜆2𝜈2(𝜈 + 1)𝜑2𝜓−𝜈−2𝐻2|∇𝜓|2 +𝑛+1

𝑖=1 2𝜆2𝜈2𝜑2𝜓−𝜈−1𝐻2 

           ≥ 𝑑21(𝐻𝜑) + 2𝜆𝜈|∇𝜑|2𝐻2 + 2𝜆3𝜈3𝜓−2𝜈−2|∇𝜓|2𝜑2𝐻2.        (18) 

 

2. From the conditions |∇𝜓| ≥ 𝛿 > 1, 𝜂−1 < 𝜓−1, 𝜈 >
(𝑛+2)𝜂

𝛿(1−𝜂)
, we have the inequality is 

 𝜓−1 −
𝑛+2

2𝜈
|∇𝜓|−2 > 1 and 

4𝜆𝜈 ∑ 𝜓𝑢𝑖

𝑛+1
𝑖,𝑗=1 𝑤𝑢𝑖

𝜆2𝜈2𝜓−2𝜈−2𝜓𝑢𝑗
2 𝑤 = 2𝜆3𝜈3 ∑ (𝜓𝑢𝑖

𝜓𝑢𝑗
2 𝜓−2𝜈−2𝑤2)

𝑢𝑖

𝑛+1
𝑖,𝑗=1   

  +4𝜆3𝜈3(𝜈 + 1)𝜓−2𝜈−3|∇𝜓|4𝑤2 − 2𝜆3𝜈3𝜓−2𝜈−2|∇𝜓|2𝑤2 − 4𝜆3𝜈3𝜓−2𝜈−2(∑ 𝜓𝑢𝑖
2𝑛+1

𝑖=2 )𝑤2  

 ≥ 𝑑22(𝑤) + 4𝜆3𝜈4𝜓−2𝜈−2|∇𝜓|4𝑤2 (𝜓−1 −
𝑛+1

2𝜈
|∇𝜓|−2)  
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        ≥ 𝑑22(𝑤) + 4𝜆3𝜈4𝛿4𝜓−2𝜈−2𝑤2 

           = 𝑑22(𝐻𝜑) + 4𝜆3𝜈4𝛿4𝜓−2𝜈−2𝜑2𝐻2.                                                                             (19) 

3.   

 −4𝜆𝜈 ∑ 𝜓𝑢𝑖

𝑛+1
𝑖,𝑗=1 𝑤𝑢𝑖

𝜆𝜈(𝜈 + 1)𝜓−𝜈−2𝜓𝑢𝑗
2 𝑤 = −2𝜆2𝜈2(𝜈 + 1) ∑ (𝜓𝑢𝑖

𝜓𝑢𝑗
2 𝜓−𝜈−2𝑤2)

𝑢𝑖

𝑛+1
𝑖,𝑗=1  

  +2𝜆2𝜈2(𝜈 + 1)𝜓−𝜈−2|∇𝜓|2𝑤2 + 4𝜆2𝜈2(𝜈 + 1)(∑ 𝜓𝑢𝑖
2𝑛+1

𝑖=2 )𝜓−𝜈−2𝑤2 

  −2𝜆2𝜈2(𝜈 + 2)(𝜈 + 1)𝜓−𝜈−3|∇𝜓|4𝑤2 

  ≥ 𝑑23(𝑤) − 2𝜆2𝜈2(𝜈 + 2)(𝜈 + 1)𝜓−𝜈−3|∇𝜓|4𝑤2 

    = 𝑑23(𝐻𝜑) − 2𝜆2𝜈2(𝜈 + 1)(𝜈 + 2)𝜓−𝜈−3|∇𝜓|4𝜑2𝐻2.                       (20) 

4.  

4𝜆𝜈 ∑ 𝜓𝑢𝑖

𝑛+1
𝑖,𝑗=1 𝑤𝑢𝑖

𝜆𝜈𝜓−𝜈−1𝜓𝑢𝑖𝑢𝑗
𝑤 = 2𝜆2𝜈2 ∑ (𝜓𝑢𝑖

𝜓−𝜈−1𝑤2)
𝑢𝑖

𝑛+1
𝑖=1 − 2𝜆2𝜈2𝜓−𝜈−1𝑤2  

  +2𝜆2𝜈2(𝜈 + 1)𝜓−𝜈−2|∇𝜓|2𝑤2 

 ≥ 𝑑24(𝑤) − 2𝜆2𝜈2𝜓−𝜈−1𝑤2 

          = 𝑑24(𝐻𝜑) − 2𝜆2𝜈2𝜓−𝜈−1𝜑2𝐻2.                                                                                               (21) 

By inequalities (17)-(21), we obtain 

𝜓𝜈+1𝐻2(∆𝜑)2 ≥ 𝑑2(𝜑𝐻) + 2𝜆𝜈|∇𝜑|2𝐻2  

 +𝜆2𝜈2𝜑2𝐻2(4𝜆𝜈2𝛿4𝜓−𝜈−1 − 2 − 2(𝜈 + 1)(𝜈 + 2)𝜓−2|∇𝜓|4)𝜓−𝜈−1.   (22) 

Since 

 𝜆𝜈2𝛿4𝜓−𝜈−1 − 2(𝜈 + 1)(𝜈 + 2)𝜓−2|∇𝜓|4 − 2 ≥ 0 

for 𝜆 ≥ 𝜆0, then (16) results from inequality (22). Thus Lemma 2 is proven. 

Lemma 3. 

Let the conditions of Lemma 2 be satisfy and let 

 𝜈 ≥ 𝜈1 = 𝑚𝑎𝑥{𝜈0 + 𝑛 + 1, 4(𝑛 + 1) + 8(𝑛 + 1)(𝛿2 + 𝜂2) + 1}. 

Then 

−2(𝑛 + 1)𝜆𝜈𝜑(∆𝜑)𝐻2 + 𝜓𝜈+1(∆𝜑)2𝐻2  

  ≥ 2𝜆3𝜈3𝜓−2𝜈−2𝜑2𝐻2 + 2𝜆𝜈𝑛|∇𝜑|2𝐻2 + 2(𝑛 + 1)𝜆𝜈𝑑1(𝜑) + 𝑑2(𝜑).    (23) 

Proof. 

Multiplying equation (15) with 2(𝑛 + 1)𝜆𝜈 and adding the resulting expression with (16), one gets 

−2(𝑛 + 1)𝜆𝜈𝜑(∆𝜑)𝐻2 + 𝜓𝜈+1(∆𝜑)2𝐻2  
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 ≥ 2𝜆𝜈𝑛|∇𝜑|2𝐻2 + (3𝜆3𝜈4𝛿4𝜓−2𝜈−2 − 4(𝑛 + 1)𝜆3𝜈3𝛿3𝜓−2𝜈−2|∇𝜓|2 

 −2(𝑛 + 1)𝜆2𝜈2(𝜈 + 1)𝜓−𝜈−2 ∑ 𝜓𝑢𝑖
2𝑛+1

𝑖=1 + 2(𝑛 + 1)𝜆2𝜈2𝜓−𝜈−1)𝜑2𝐻2 

 +2(𝑛 + 1)𝜆𝜈𝑑1(𝜑) + 𝑑2(𝜑).  

Since 𝜈 ≥ 𝜈1, (23) is obtained from the last inequality. This proves Lemma 3. 

Proof of Theorem 1. 

 Considering Lemma 3 and inequality (13), we have 

 [(𝑛 + 1)2𝜆2𝜈2𝑧2 + 2𝑐2(𝑧2 + |∇𝑧|2)]𝐻2 + 2𝜓𝜈+1𝐻2(|𝑧|2 + |∇𝑧|2)𝐶2 

   ≥ ((𝑛 + 1)2𝜆2𝜈2𝑧2 + (∆𝑧)2)𝐻2 + 𝜓𝜈+1(∆𝑧)2𝐻2 

   ≥ 2(𝑛 + 1)𝜆𝜈|𝑧||∆𝑧|𝐻2 + (∆𝑧)2𝐻2𝜓𝜈+1 

   ≥ −2(𝑛 + 1)𝜆𝜈|𝑧||∆𝑧|𝐻2 + 𝜓𝜈+1𝐻2(∆𝑧)2 

   ≥ −2𝜆3𝜈3𝜓−2𝜈−2𝑧2𝐻2 + 2𝜆𝜈𝑛|∇𝑧|2𝐻2 + 2(𝑛 + 1)𝜆𝜈𝑑1(𝜑) + 𝑑2(𝜑) 

or 

 0 ≥ 𝐻2𝑧2(2𝜆3𝜈3𝜓−2𝜈−2 − [(𝑛 + 1)2𝜆2𝜈2 + 2𝐶2 + 2𝜓𝜈+1𝐶2] 

   +𝐻2|∇𝑧|2(2𝜆𝜈𝑛 − 2𝐶2𝜓𝜈+1 − 2𝐶2) + 2(𝑛 + 1)𝜆𝜈𝑑1(𝜑) + 𝑑2(𝜑).   (24) 

If we take 𝜈 ≥ 𝜈1, then it is clear that there exists 𝜆0
̅̅ ̅ such that 

 2𝜆3𝜈3𝜓−2𝜈−2 − [(𝑛 + 1)2𝜆2𝜈2 + 2𝐶2 + 2𝜓𝜈+1𝐶2] ≥ 𝜆, 

 2𝜆𝜈 − 2𝐶2𝜓𝜈+1 − 2𝐶2 ≥ 𝜆 

for 𝜆 > 𝜆0
̅̅ ̅. 

In addition, in the domain Ω(𝑢0), 𝐻 ≥ 1. Then in Ω(𝑢0) for 𝜆 ≥ 𝜆0
̅̅ ̅, it is possible to write the 

following inequality from (24): 

 0 ≥ 𝜆(𝑧2 + |∇𝑧|2) + 4𝜆𝜈𝑑1(𝑧𝐻) + 𝑑2(𝑧𝐻).      (25) 

Integrating (25) over Ω(𝑢0) and taking the limit for 𝜆 → ∞ of the resulting inequality, then  

from the definition of the function H and conditions (14) we have 

 ∫ (𝑧2 + |∇𝑧|2)𝑑Ω(𝑢0) ≤ 0.
Ω(𝑢0)

 

That is, in the domain Ω(𝑢0), we get 𝑧 ≡ 0. 

Varying the point 𝑢0 at the boundary of the domain D where {𝑦𝑛 = 0}, one can prove that 𝑧 = 0 

in the set of points which satisfy the condition 0 ≤ 𝑦𝑛 ≤ 𝛿. 

Similarly, we can prove that 𝑧 = 0 for the remaining part of 𝐷. 
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To complete the proof of theorem 1, it is necessary to show that every solution of problem (11)-(12) 

satisfies the conditions of problem (13)-(14) at 𝐷 for points 𝑥 > 0. 

Obviously each solution of (11) satisfies inequality (13) in the domain Ω(𝑢0) and for 𝐶 dependent on the 

constant 𝑘. A similar case is valid for conditions (12)-(14). That is, the solution 𝑤 of problem (11)-(12) 

satisfies conditions (13)-(14). Then, 𝑤 ≡ 0 in the domain 𝐷. Moreover, 𝑢̅ ≡ 0 in 𝐷 from the equality 𝑤 =
𝑢̅𝑦1

 and condition (9). On the other hand we see that 𝑓 ≡ 0 from (7). Thus theorem 1 is proven. 
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