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In this study we consider the Bénard problem involving Voight regularizing terms. We
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1. INTRODUCTION

We study continuous dependence of solutions on the coefficients u and ». Continuous dependence of
solutions is a type of structural stability. This type of stability reflect us the effect of small changes in
coefficients of equations on the solutions. Some of the results on this subject for linear and nonlinear
partial differential equations can be reached (see e.g. [1,2-4,5]).

Our main aim here to study the structural stability for the following system of equations in Q = (0,L;) X
(0,L,) x (0,1)

ot —viu - pdu, + (V) + Vp' = €36 in Q% (0,7) (1)
% —KA0 — %00, + W.V)0 —us =0 in Q x (0,7) ()
Vu=0 in Q 3)

where T > 0, e is the third component of the canonical basis of R3, us is the third component of w.
u(x,t) the velocity of the fluid in the box Q, p’ =p'(x,t) is modified pressure given by p’ =p —

2
(x3 + %3) here p is pressure of the fluid, 6(x,t) is the scaled fluctuation which is given by 6 =T —

(TT"T —x3) here T = T(x,t) is the temperature of the fluid inside the box Q, T, and T; are the
o~ 11
temperature of the fluid at the bottom and the top respectively. v, y, k and » are positive constants and

x = (x4, x5, x3). Now we state boundary and initial conditions for (1)-(3) in the following

u=06=0atx3=0x3=1, (4)

%,% (i = 1,2) are periodic in the x; directions which means that

p(x,t) = o(x+ Lie;, t) i =12 Vx € R3, vt > 0 for a generic function ¢, (5)

pu0,
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u(x,0) = uo(x), 6(x,0) = o (x). (6)

The Bénard problem in the absence of the use of regularization terms has been previously studied by
many authors [6-11]. In [7] the existence of global attractor with a finite fractal dimension are proved in
2D and some partial results are given in 3D. In [9] the authors was studied asymptotic behaviour of the
weak solutions of this system in 3D. They reported lack of the uniqueness of the Cauchy problem and the
continuity of the weak solutions. In [10] we add some Voight regularizing terms to this system and gave
the existence-uniqueness and continuity results on the weak solution for the system in 3D. The idea to add
these terms to our system comes from Kelvin Voight system (Navier Stokes Voight system). It was given
by Oskolkov in [12]. Global regularity for Navier-Stokes Voight system was studied by Kalantarov,
Levant and Titi in [13-15].

This outline of the paper is arranged as follows. In section 2 we give some preliminaries and the
functional setting of the Bénard problem. In section 3 we prove that solutions of the Bénard problem with
some regularizing terms continuously depend on parameters p, and .

2. PRELIMINARIES

In this section some preliminaries and notations usually used them in the mathematical study of
hydrodynamics models. Further discussion on this topic, we refer [16,17,18-20].

Let LP(Q) and HK(Q) = W*2(Q) be denote the usual Lebesque space and Sobolev space respectively
1 <p < oo, k € R and we define the following spaces.

V={ue (C°°(!2))3,u =0atxs = 1,x3 = 0,u, —Lare periodic in x; direction i = 1,2

axi
Vu=0inQ}

- ol7j
V:={f€C”(),0 =0atx3 =1,x3=0,0 '35 are periodic in x; directioni = 1,2 }

L
H, == the closure of V in (12(2))°,
V, := the closure of V in (H1(2))’,
H, = the closure of V in L2(2),
V, = the closure of ¥ in H1(Q).
The inner product on H4 and H, are given by
(wv) = X, [, wv; dedydz ,(6,9) = ¥i, [, 6;9; dxdydz
respectively, the associated norms are

1 1
lully, = (w,w)? and (|01l = (6,6)* .
We also define the inner product on V4 and V5 by
((u, 17)) = ?,j=1 fﬂ ajuiajvi dXdde, ((9,19)) = ?=1 f_Q 61916119[ dXdde
respectively, the associated norms are

1 1
llully, = ((w,w)* . 16lly, = ((6,6))* .
Let A; = —A be linears operators from D(4;) into H; respectively for i = 1,2 defined by
(A, v) = ((wv)) Yu,v e D).
A; are adjoint and positive defined with compact inverse where
D(4;) = (H*(M)* nVy, D(4;) = H*(Q) NV,
We define the bilinear form w,v € V4, y €V,
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B1(w,v) = P1((u.V)v), B2(u,0) = P2((u.V)0),
here
P1:(L2(2))3 > Hq, P,: L*(2) - H,

are the projections. It is easy to check that these bilinear operators have the following algebraic properties
(see e.g. [19-20]).

<Bl(ul v)'W)Vll = _(Bl(ul W)’U)Vl, (7)
(B2(w,9),2)y; = —(B2(1,2),¥)yy (8)
<Bl(ul ‘U),U)Vl’ = 0, (BZ(u' J/); y)V2’ = 0. (9)
Using the bilinear form B; and the linear operator A; (i = 1,2), we rewrite the system (1)-(3)
% + vAju + pAju+B1(u,u) = Py (e30) (10)
2+ KA,0 + #A0,+ B3 (11,0) = P (u5) (11)
u(x, 0) = up(x), 8(x,0) = 0y (x). (12)
We recall the following 3D interpolation and Sobolev inequalities [21]
1 1
lolls < clloll Lloll,/? (13)
1
lolls < cligll /2 (14)

for every ¢ € H1 ().

The Poincaré inequality

loll? <27 IVell? (15)
forallp € V.

We recall the existence uniqueness and continuity results of the weak solutions which are given in the
following theorems [10].

Theorem 2.1 [10] Let (uq,6y) €V =V; XV, and T > 0. The problem (1)-(6) has at least one weak
solution (u, @) satisfying:

u € L?(0,7,V;) N L*(0,1,V,),

0 € 12(0,7,V,) N L*(0,1,V,) for any T > 0.

Theorem 2.2 [10] Letuy € H2NVy, 6, € H2 NV, 7 > 0. The solution u and 6 of the problem (1)-(6)
isin C([0,7]; V1) n C([0, t]; V,). Furtermore we have

luell® + pllVuell® + 16117 + 2 V6.11* < c. (16)
where the constant c is the generic constant depending on the initial datas and the paremeters of (1)-(6).

3. CONTINUOUS DEPENDENCE ON THE COEFFICIENT OF THE VOIGHT
REGULARIZATION TERMS

In this section we have studied continuous dependence of the solutions of (1)-(6) on the parameters p and
u. The standard energy methods are employed for the proof. Now we will give the following main
theorem.
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Theorem 3.1 Let (uy,6;), (uz6;) be weak solutions of (1)-(6) corresponding to the coefficients of
Voight regularization terms p,, 4, and u,, , respectively. Then for any t > 0 we have

lull* +116]1> -0  as P12 Po, My D Ky
and
IVull® + [[VO]|* = 0 as U1 = U, M1 = Ky

Whel’e u= ul_uz 9 = 91 - 92.

Proof. To prove continuous dependence on p and », let (u;6;) and (uz@,) are the solutions of the
following boundary initial-value problems for different py, »#; and u,, »,.

duy

i + vAjuq + pyAqug B (ug, ug) = Pi(e36;)
do,

W + KA291 + K1A291t+32(u1, 91) = Pz(u13)

u(x,0) = uy(x), 6,(x,0) = 0y(x),

duz

W + VAluZ + H2A1u2t+31(u2; uZ) = Pl (6392)
a6,

? + K'Azez + %2A292t+32(u2, 92) = Pz(u23)

Uy (x, 0) = uO(x): Qz(x; 0) = eO(x)'
Since B; (i = 1,2) are bilinear, we will write
B1(uy,uy) — By(up, up) = By(w, uq) + By (up, ),
1
B, (uq,6;) — By (uy,6,) = E{ B,(u,6;) + By (u, 65)+B,(uq, 0)+B,(uy, 6)}.
Now we determine the difference variables u=u;-u,, 6=60:-0,, u = pu; — uy and » =x,- 1, then (u,6)
satisfy

du
dt
deo 1

E + KA29 + %Azelt + %2A26t+5{ Bz(u, 91) + Bz(u, 92)+Bz(u1, 9)+Bz(u2,9)} = Pz(ug)
u(x,0) =0, 8(x,0) = 0.

+ vAu + pAqug i Aju + By (w, uq) + B (up, u) = Py(e30)

We take the inner product of the last two equations with u and 6 respectively and using the (9) we can
write

d
E(Ilull2 + o [|Vul|?) + 2v[|Vull? < 2[(udiug,, u)| + 21(B1(w up), u)l + 2(Py(e36), u)

d
E(H@ll2 + 1, |IVO11) + 2k ||VO1? < 2|(A4264,,0)| + I(B2(w, 61),0)| + (B2 (u,65),6)]
+2(Pyus, 6)
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We can estimate the terms on the right side of the last two inequalities. To do these we use Holder,
Cauchy-Schwarz, Young and Poincaré inequalities. And then we substitute these estimates to the
equations and add them together we obtain

d 2 2 2 2 2 2 1 1

Ul + o lITul® + 10112 + 5, 1901 + lull* Ay = &5 = 2) + 1101 (k2 —— = —)
3 7

Ve 2 ve)?  c? ||Vu1||2>

2h e JZ 266 &

& &
VoI (k— e =5 =) < —||Vu1t|| v,

+ [|Vul|? <V —& — & —

where c is the generic constant. Since (u4, 81), (U2, 82) are the weak solutions of the problem, let

Sup (IIVull®) < dy, Sup (IVOII*) < d,, d =max{d,,dy},

ostst ostst

for positive constants d; and d,.

For k> 1, kA, 2v >4,

J_

a
— (lull? + g l1Vull? + 16117 + 2, 11VO 1) +

2 2
a(llull® + pIVull® + 16112 + 2, 1IVO112) < 2p4%||Vuy, ||” + 222 || V6, || 17)
where
(w11 Kk v—4 1 ( . 4c2d> 1 (— 1)).
a=min(——,———,—|v—1- — (kK —
1z H2 A

From the Theorem 2.2 we acquire the continuity result for the weak solution (u,,6;) therefore using
(16) we write

sup ([, |y <=, sup (Ve | < = (18)
Using (18) right side of (17) we get

d
g UIull® + IVl + 11011% + 22 VO 11) +
allull® + pIVull? + 116117 + 32, V61|?)
c

< 2G40 — 12)? + Gu = 12)%)

Hence, using the Gronwall's lemma we achieve

1ell? + g Vel + 10117 + 2,1 V611* <
2(0+5(1 = €7D — p2)* + Gy — 1)’ (19)
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From (19) we obtain

c
lull® + N6 < 2(—‘*‘%—1)(1 — e ) [(u1 — 1) + (1 — #3)?]

J251

1 1 —
IValZHIVE1I? < 26+ )G+ 501 — e ™) [ = 12)? + G = 12)°)
2 27 M1 M

Hence the statement of the theorem holds. Provided that pq, u, and 34, 2, are not too small we arrive at
the continuous dependence of the solution on the parameters.
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