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Abstract
In this paper, new Hermite-Hadamard-Fejer type integral inequalities for quasi-geometrically convex
functions in fractional integral forms are obtained.
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1. Introduction

Let f : I C R — R be a convex function defined on the interval I of real numbers and a,b € I with a < b. The

inequality
b b b

is well known in the literature as Hermite-Hadamard’s inequality [2].

The most well-known inequalities related to the integral mean of a convex function f are the Hermite Hadamard
inequalities or their weighted versions, the so-called Hermite-Hadamard-Fejér inequalities.

In [1], Fejér established the following Fejér inequality which is the weighted generalization of Hermite-Hadamard
inequality (1.1):

Theorem 1. Let f : [a,b] — R be a convex function. Then the inequality

() /b swie < [ sogrte < OO [y 12)

2

holds, where g : [a, b] — R is nonnegative, integrable and symmetric to (a + b)/2.
For some results which generalize, improve and extend the inequalities (1.1) and (1.2) see [3, 12-14].

Definition 1. [10, 11]. A function f : I C (0, 00) — R is said to be GA-convex (geometric-arithmetically convex) if
faty'™) <tf(2) + (1 -1) f(y)
forall z,y € Tand t € [0,1].
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Definition 2. [5]. A function f: I C (0,00) — R is said to be quasi-geometrically convex on I if

Flaty'™") <sup{f (2), f ()}
forallz,y € Iand t € [0, 1].

In [9], Latif et al. established following Hermite-Hadamard-Fejer type inequality for GA-convex functions as
follows:

Theorem 2. Let f : I C (0,00) — R be a GA-convex function and a,b € I with a < b. Let g:[a, b] — [0, 00) be continuous
positive mapping and geometrically symmetric to \/ab. Then

f(\/@/abgiw)dxg/abf(x)xg(x)dxgf(a);f(b)/a”g(x)dx. (1.3)

In [8], Kunt et al. established following Hermite-Hadamard and Hermite-Hadamard-Fejer type inequality for
GA-convex function in fractional integral forms as follows:

Theorem 3. Let f : [a,b] C (0,00) = R be a GA-convex function with a < band f € L [a, b], then the following inequalities
for fractional integrals holds:

f(a)+ 1 (b)

5 (1.4)

1 (Vab) = 5 e [ @0+ 00 0] <

with o > 0.

Theorem 4. Let f : [a,b] C (0,00) = R be a GA-convex function with a < band f € Lla,b]. Ifg : [a,b] >R is
nonnegative, integrable and geometrically symmetric with respect to /ab, then the following inequalities for fractional
integrals holds:

7 (Vab) [15-0 @ + T5m 0 )] < [T50_ (F0) () + T, (F0) ()]
< M T 9(@) + T, g ()] (1.5)

with a > 0.

Lemma 1. [8]. Let f : [a,b] C (0,00) — R be a differentiable mapping on (a,b) witha < band f' € L[a,b]. Ifg : [a,b] = R
is integrable and geometrically symmetric with respect to \/ab then the following equality for fractional integrals holds:

[ f%@) [J@E_g(aHJ&mg(bq ] ! { LI (S )™ gl9)%2) £ (1) e ] (1.6)

I (F9) @+ T50 () ®)] | T@ | 4 0 () (2)* ™ g(9)%) (1)t

with o > 0.

The following definitions and mathematical preliminaries of fractional calculus theory are used further in this
paper.
Definition 3. [7]. Let f € L [a,b]. The Hadamard integrals J¢, f and J{*_ f of order o > 0 with a > 0 are defined by

1 [®/ xyo-l  d 10 omt g
Jg+f(x)_r(a)/a (n2) f(t);,waandjg_f(x)_w/x (mi) f(t)%,:c<b

respectively, where T'(«) is the Gamma function defined by T'(c) = [ et~ dt.

Because of the wide application of Hermite-Hadamard type inequalities and fractional integrals, many re-
searchers extend their studies to Hermite-Hadamard type inequalities involving fractional integrals not limited to
integer integrals. Recently, more and more Hermite-Hadamard inequalities involving fractional integrals have been
obtained for different classes of functions; see [4-6, 15, 16].

In this paper, we obtain some Hermite-Hadamard-Fejer type integral inequalities for quasi-geometrically convex
functions in fractional integral forms.
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2. Main results

Throughout this section, we write ||g|| ., = sup |g(t)|, for the continuous function g : [a, b] — R.
te(a,b]

Theorem 5. Let f : I C (0,00) — R be a differentiable function on I°, the interior of I, such that f' € L|a,b], where
a,b € Iand a < b. If |f’| is quasi-geometrically convex on [a,b], g : [a,b] = R is continuous and geometrically symmetric
with respect to \/ab, then the following inequality for fractional integrals holds:

” f %ﬁ) [ om0 (@) + oo ﬂ

a+1
] Mol Un2) ™ o) sup {177 @), 17 B}

= |Ta (f9) (@) + T5o (f9) (B) D(a+1)
where 1
Cile) = [ " a7 ' du
0
with o > 0.

Proof. From Lemma 1 we have
| (Vab) [155_9(@) + Johg )] = [I5- (F9) (@) + T, (f9) 0)]|
L LY (i sy gl 2) 1 (0)) e
I(a) +fr(ft nt)*” 1 9()| L) | (1) dt

<

||g|| Y (f (m2) 1d5)|f’ (1) dt
(@) +fr(ff< Bt | @)de |
Setting t = a'~“b" and dt = a'~*b*In () du gives
7 (Va )[Jr 9(a) +ng )] - [7% ()+J3a—+(fg)(b)H
ol [ Jo (1 %)\ al=59)| ('~*5%) In (2) du
< % _ +0f§ (ffliubu d?) |f/ 1— “bu al~ ubu) ln( )du ]

a

|

1 (1n i)a l—upu 1 1—upu 1—wrw b
I I e A A G S I DR O
F(Oé) +f%1 ((lné)a b ) |f/ (alfubu)| (alfubu) In (g) du

L « al—u,b'u,
W u® | f (al=b%) | (al~ub%) du 1 . 2.1)

+f 1 —u)” |f’ (a 1*“b")| (a'~"b") du

Since | f'| is quasi-geometrically convex on [a, b], we have
| (a' 76| < sup {|f" (a)], £ (B)]} - (2.2)
If we use (2.2) in (2.1), we have
£ (Vab) [755_9 (@) + J%g(b)} — [I5m (F9) (@) + T3, (F9) 0)]|

o ol BT e sup (17 @)1 B (a0 du ]
S Tt | ST sup I @)1 B} (@) du

b

_M Ji we (@) du | /
- Pzt +Ofo o (apio) g | 2P 17 @LLT O

gl (&) T r3

ﬁ /02 uOé [alf’ubu 4 aublfu] du] Sup{|f’ (CL)| ’ |f/ (b)|} '

::5
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This completes the proof. O

Corollary 1. In Theorem 5:

(1) If we take o« = 1 we have the following Hermite-Hadamard-Fejer inequality for quasi-geometrically convex functions
which is related to the left-hand side of (1.3):

‘f(x/%/ /f ) g

(2) If we take g (x) = 1 we have the following Hermite-Hadamard inequality for quasi-geometrically convex functions in
fractional integral forms which is related to the left-hand side of (1.4):

<ol () Civysu 17 @117 01

n(t
< gf:ﬁ Cu(@)sup {If (@), 1 ()]},

|f (Vab) - m (7505 (@) + TS £ )]

(3) If we take o« = 1 and g () = 1 we have the following Hermite-Hadamard inequality for quasi-geometrically convex
functions:
LM (@)
‘f (vab) -5z [ %

Theorem 6. Let f : I C (0,00) — R be a differentiable function on I°, the interior of I, such that f' € L|a,b], where
a,b € Tand a < b. If |f'|?, ¢ > 1, is quasi-geometrically convex on [a,b], g : [a,b] — R is continuous and geometrically
symmetric with respect to \/ab, then the following inequality for fractional integrals holds:

F(va) 1555 9@ + 9,0 0] [] ol (B a0t
e G @+ I (G0 ®)] || T 2 D@ )

< () cisw dIr @1 ).

Q=

a) [sup {[f" (@), [ (0)|"}]

where

with a > 0.

Proof. Using Lemma 1, we have

£ (Vab) 159 (@) + Jaﬁg ()] = [752_ (F9) (@) + T, (f9) 0)]|

[ ) 9(5)| %) 11" (D] dt
Pa) +fr<ftb 9(s)| %) I (1) at

IN

||g|| (7 n al(“)lf’(t)ldt
(@ +fr(ftb Bt o |

Setting t = a'~“b" and dt = a'~*b* In () du gives

| (Vab) [155_9 (@) +Jf+g )| = [19m- (f9) (@ )+Jr+ (f9) ]|
||g|| [ I (f;“ () 1%)\f’ -upe) | (=56 In (2) du |
@ | 4 L (S D)™ 42) |57 (@ =0%) | (@=0) b () du |

_ ||g||ooln(a)[fo2 (J"a b’“anz) ) rf'<a1—"bu>r<a1—ub">du'
D) | [y (S )7 2 £ (0t | (a2 0%) du |
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Using power mean inequality we have

[ (Vab) [150_9(@) + TS 0 )] = [Tom_ (f9) (@) + TS, (F9) )] |
[ B ) )]
Nt () | [ (T ) T ) | ()| (@)
S @ 10 (e ) )]
o (e D)™ ) g (@t [ (@) du

lgllo It (%)
2 t(1-3) (4 + 1) "7 T(a + 1)

[ | @) ? (@t ]

Q=

Q=

- (2.3)
[ = [ (@) | (@) du]
Since | | is quasi-geometrically convex on [a, b], we know that for u € [0, 1]
£ (@0 < sup {If (@) 1F 0"} (24)

If we use (2.4) in (2.3), we have

£ (Vab) [1555_9 (@) + I 0 0)] = [I50- (F9) (@) + T55, (F9) )]
@)

a

9] In
glet1)(1-3) (a+ 1)17% I'a+1)

[ usup {1 @I, 7 O} (@) du]*
_~_U (1—u sup{|f’ |q |f" (b |}( - ubu) }

lglloo " ()
20+D(1=3) (a4 1) T(a + 1)

X “/O u® (a'0")? du

_ ol 1 (2) wup 17 @ 1 ()71
M e T S CRCIROI

%a 1—upu)q _uoéalfuuqu%
XH/Ou(a ) du| + | [ (1w b)dH.

This completes the proof. O

X

Q=

Q=

[sup {If" (a)|", 1 (®)"}]

Q=

1
+

o

Q=
1

(1—u)” (ak“b“)q du]

1
a

N\H\
A

Corollary 2. In Theorem 6:
(1) If we take o = 1 we have the following Hermite-Hadamard-Fejer inequality for quasi-geometrically convex functions
which is related to the left—hand side of (1.3):
< lglles . 1
* L9 ey fp {17 @171 B}

p(va) [ 40 [T s

(2) If we take g (x) = 1 we have the following Hermite-Hadamard inequality for quasi-geometrically convex functions in
fractional integral forms which is related to the left-hand side of (1.4):

< DG o s {IF @17 G
T2 (a4 1)

7 (Vab) - 2““(1“) (79 £ (@) + I, £ )]
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(3) If we take o = 1 and g (x) = 1 we have the following Hermite-Hadamard type inequality for quasi-geometrically
convex functions:

f(\/%) 1 f()

i), =

< “(330 1) fsup {|f (@), [ B} 7.

Theorem 7. Let f : I C (0,00) — R be a differentiable function on I°, the interior of I, such that f' € L|a,b], where
a,b € ITand a < b. If |f'|?, ¢ > 1, is quasi-geometrically convex on [a,b], g : [a,b] — R is continuous and geometrically
symmetric with respect to /ab, then the following inequalities for fractional integrals holds:

atl—g (g)

a

1 (Vab) [15m_9 (@) + TS, 9 )] = [T (f9) (@) + T, (F9) ®)] | < gl aln

) 25 (ap + 1)7 ¢iT(a + 1)
x [sup {|f" (@), [ (®)|" }]% “( )21 (Z)q@)gr]’

witha >0and 1/p+1/q=1.
Proof. Using Lemma 1, Holder’s inequality and (2.4), setting t = a'~“b* and dt = a'~“b" In (£) du, we have

| (Vab) [155_9 (@) + thg )] = [752_ (F9) (@) + T, (f9) ()]

< L £ (M (i ) I‘“)If’()\dt
0z (17 02" lg()l 22) 1 (1) at
i \/7 t a 1 ds / d
. fq("i : (fab . ) 1ol
)| ﬁ(ft —) (1)) dt
gl fo (L )™ ) | (al-0v)| (a6 In (2) du
I(a 3(fi’1 oo (02" LY |7 (@) (a2 In () du |
_ HgHooln (g) J"O (fa “p* (]n Z)a_l %) ‘f/ (al—ubu)‘ (al—ubu) du
rer [+ (firope D)™ ) £ (@06 | (al—b%) du |
(T ) )
< HgHooln(g) (f |f/ 1— ubu} (aliubu)p du):
F(OZ) (al ubu 1 Q)afl %) du>p
(f |f/ 1— ubu ( 17ubu)qdu>a ]
gl () (o 11 (=) [ (o))
9Bt (ap + 1)%1“(04—&—1) |+ (f;l £/ (at=upv) | (a1—ubu)qdu>a
R 18 T ) (JiF sup {1 @117 )1} (a+0%)" )1
2% (ap+1)? T(a+1) i ( sup {1/ ()|, 1" (b)|*} (a'~ ubu) )5
gl aln (Y o -
= o= o Jsup {|f" (a)|", £ B)"}] "
2 »p (ap+1) qu(a )[ p{| Al 170 H

1

Je-T- o]
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This completes the proof. O

Corollary 3. In Theorem 7;
(1) If we take o = 1 we have the following Hermite-Hadamard-Fejer inequality for quasi-geometrically convex functions
which is related to the left-hand side of (1.3):

|f(\/%) /bg(x)dx—/bf(x)g(x)dx < 0o
AT [e-07

27 (p+1)
(2) If we take g (x) = 1 we have the following Hermite-Hadamard inequality for quasi-geometrically convex functions in
fractional integral forms which is related to the left-hand side of (1.4):

n*5 (b z
Ioloc a7 () 1oy 115" )12, 1 )17}

qq

=

1
q

+

)

a nl_% b
[ r s

ey H )

(3) If we take o« = 1 and g () = 1 we have the following Hermite-Hadamard inequality for quasi-geometrically convex
functions:

[sup {|f (a)|, 1 £ (®)|"}]7

S =

“(ap+1 q%

Q

<M ) (1 @) 1 )]

'f(\/%) 1 f()x

lnf T
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