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1. Introduction
Following inequality is well known in the literature as Hermite-Hadamard’s inequality:

Theorem 1.1. Let f : I ⊆ R→ R be a convex function defined on the interval I of real numbers and a, b ∈ I with a < b.
The following double inequality holds

f

(
a+ b

2

)
≤ 1

b− a

b∫
a

f(x)dx ≤ f(a) + f(b)

2
. (1.1)

In [8], Tseng et al. established the following Hadamard-type inequality which refines the inequality (1.1).

Theorem 1.2. Suppose that f : [a, b]→ R is a convex function on [a, b]. Then we have the inequalities:

f

(
a+ b

2

)
≤ 1

2

[
f

(
3a+ b

4

)
+ f

(
a+ 3b

4

)]

≤ 1

b− a

b∫
a

f(x)dx (1.2)

≤ 1

2

[
f

(
a+ b

2

)
+
f(a) + f(b)

2

]
≤ f(a) + f(b)

2
.

The third inequality in (1.2) is known in the literature as Bullen’s inequality.
In what follows we recall the following definition.

Definition 1.1. A function f : I ⊆ R→ R is called an M -Lipschitzian function on the interval I of real numbers
with M ≥ 0, if

|f(x)− f(y)| ≤M |x− y|
for all x, y ∈ I.
Received : 04–March–2015, Accepted : 22–February–2016
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For some recent results connected with Hermite-Hadamard type integral inequalities for Lipschitzian functions,
see [2–4, 9, 10].

In [9], Tseng et al. established some Hadamard-type and Bullen-type inequalities for Lipschitzian functions as
follows.

Theorem 1.3. Let I be an interval in R, a ≤ A ≤ B ≤ b in I , V = (1 − α)a + αb, α ∈ [0, 1] and let f : I→ R be an
L-Lipschitzian function with L ≥ 0. Then we have the inequality∣∣∣∣∣∣αf(A) + (1− α)f(B)− 1

b− a

b∫
a

f(x)dx

∣∣∣∣∣∣ ≤ LVα(A,B)

b− a
, (1.3)

where

Vα(A,B)

=



(A− a)
2 − (A− V )

2
+ (B − V )

2
+ (b−B)

2
,

a ≤ V ≤ A ≤ B ≤ b,
(A− a)

2
+ (V −A)

2
+ (B − V )

2
+ (b−B)

2
,

a ≤ A ≤ V ≤ B ≤ b,
(A− a)

2
+ (V −A)

2
+ (b−B)

2 − (V −B)
2
,

a ≤ A ≤ B ≤ V ≤ b

.

Theorem 1.4. Let I be an interval in R, a ≤ A ≤ B ≤ C ≤ b in I , V1 = (1−α)a+αb, V2 = γa+(α+ β) b, α, β, γ ∈ [0, 1],
α+ β + γ = 1, and let f : I→ R be an L-Lipschitzian function with L ≥ 0. Then we have the inequality∣∣∣∣∣∣αf(A) + βf(B) + γf (C)− 1

b− a

b∫
a

f(x)dx

∣∣∣∣∣∣ ≤ LVα,β,γ(A,B,C)

b− a
, (1.4)

where Vα,β,γ is defined as in [9, Section 3].

We give some necessary definitions and mathematical preliminaries of fractional calculus theory which are used
throughout this paper.

Definition 1.2. Let f ∈ L [a, b]. The Riemann-Liouville integrals Jαa+f and Jαb−f of order α > 0 with a ≥ 0 are
defined by

Jαa+f(x) =
1

Γ(α)

x∫
a

(x− t)α−1 f(t)dt, x > a

and

Jαb−f(x) =
1

Γ(α)

b∫
x

(t− x)
α−1

f(t)dt, x < b

respectively, where Γ(α) is the Gamma function defined by Γ(α) =
∞∫
0

e−ttα−1dt and J0
a+f(x) = J0

b−f(x) = f(x) (see

[5]).

In the case of α = 1, the fractional integral reduces to the classical integral. For some recent results connected
with fractional integral inequalities, see [1, 6, 7, 11].

The aim of this paper is to establish some Hadamard-type and Bullen-type inequalities for Lipschitzian functions
via Riemann–Liouville fractional integral. The results obtained herein is a generalization of the results obtained in
Theorem 3 and Theorem 4 via fractional integrals.
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2. Hadamard-type inequalities for Lipschitzian functions via fractional integrals

Throughout this section, let I be an interval in R, a ≤ x ≤ y ≤ b in I and let f : I → R be an M -Lipschitzian
function. In the next theorem, let λ ∈ [0, 1], V = (1− λ)a+ λb, and Vα,λ, α > 0, as follows:

(1) If a ≤ V ≤ x ≤ y ≤ b, then

Vα,λ(x, y) = (V − a)
α

[
x− a
α
− V − a
α+ 1

]
+

2 (b− y)
α+1

α (α+ 1)
+ (b− V )

α

[
b− V
α+ 1

− b− y
α

]
(2) If a ≤ x ≤ V ≤ y ≤ b, then

Vα,λ(x, y) =
2 (x− a)

α+1

α (α+ 1)
+ (V − a)

α

[
V − a
α+ 1

− x− a
α

]
+

2 (b− y)
α+1

α (α+ 1)
+ (b− V )

α

[
b− V
α+ 1

− b− y
α

]
.

(3) If a ≤ x ≤ y ≤ V ≤ b, then

Vα,λ(x, y) =
2 (x− a)

α+1

α (α+ 1)
+ (V − a)

α

[
V − a
α+ 1

− x− a
α

]
+ (b− V )

α

[
b− y
α
− b− V
α+ 1

]
.

Theorem 2.1. Let x, y, α, λ, V, Vα,λ and the function f be defined as above. Then we have the inequality for fractional
integrals ∣∣∣∣λαf(x) + (1− λ)αf(y)− Γ(α+ 1)

(b− a)
α

[
JαV−f(a) + JαV+f(b)

]∣∣∣∣ ≤ αMVα,λ(x, y)

(b− a)
α . (2.1)

Proof. Using the hypothesis of f , we have the following inequality∣∣∣∣λαf(x) + (1− λ)αf(y)− Γ(α+ 1)

(b− a)
α

[
JαV−f(a) + JαV+f(b)

]∣∣∣∣
=

α

(b− a)
α

∣∣∣∣∣∣
V∫
a

[f(x)− f(t)] (t− a)
α−1

dt+

b∫
V

[f(y)− f(t)] (b− t)α−1 dt

∣∣∣∣∣∣
≤ α

(b− a)
α

 V∫
a

|f(x)− f(t)| (t− a)
α−1

dt+

b∫
V

|f(y)− f(t)| (b− t)α−1 dt


≤ αM

(b− a)
α

 V∫
a

|x− t| (t− a)
α−1

dt+

b∫
V

|y − t| (b− t)α−1 dt

 . (2.2)

Now using simple calculations, we obtain the following identities
∫ V
a
|x− t| (t− a)

α−1
dt and

∫ b
V
|y − t| (b− t)α−1 dt.

(1) If a ≤ V ≤ x ≤ y ≤ b, then

V∫
a

|x− t| (t− a)
α−1

dt = (V − a)
α

[
x− a
α
− V − a
α+ 1

]

and
b∫

V

|y − t| (b− t)α−1 dt =
2 (b− y)

α+1

α (α+ 1)
+ (b− V )

α

[
b− V
α+ 1

− b− y
α

]
.

(2) If a ≤ x ≤ V ≤ y ≤ b, then

V∫
a

|x− t| (t− a)
α−1

dt =
2 (x− a)

α+1

α (α+ 1)
+ (V − a)

α

[
V − a
α+ 1

− x− a
α

]
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and
b∫

V

|y − t| (b− t)α−1 dt =
2 (b− y)

α+1

α (α+ 1)
+ (b− V )

α

[
b− V
α+ 1

− b− y
α

]
.

(3) If a ≤ x ≤ y ≤ V ≤ b, then

V∫
a

|x− t| (t− a)
α−1

dt =
2 (x− a)

α+1

α (α+ 1)
+ (V − a)

α

[
V − a
α+ 1

− x− a
α

]

and
b∫

V

|y − t| (b− t)α−1 dt = (b− V )
α

[
b− y
α
− b− V
α+ 1

]
.

Using the inequality (2.2) and the above identities
∫ V
a
|x− t| (t− a)

α−1
dt and

∫ b
V
|y − t| (b− t)α−1 dt, we derive the

inequality (2.1). This completes the proof.

Under the assumptions of Theorem 2.1, we have the following corollaries and remarks:

Remark 2.1. In Theorem 2.1, if we take α = 1, then the inequality (2.1) reduces the inequality (1.3) in Theorem 1.3.

Corollary 2.1. 1. In Theorem 2.1, let δ ∈
[
1
2 , 1
]
, x = δa+ (1− δ)b and y = (1− δ)a+ δb. Then, we have the inequality∣∣∣∣λαf(δa+ (1− δ)b) + (1− λ)αf((1− δ)a+ δb)− Γ(α+ 1)

(b− a)
α

[
JαV−f(a) + JαV+f(b)

]∣∣∣∣
≤ ML (α, λ, δ) (b− a)

α+ 1
(2.3)

where

L (α, λ, δ)

=



λα [(1− δ) (1 + α)− λα] + 2 (1− δ)α+1
+ (1− λ)

α
[(1− λ)α− (1− δ) (1 + α)] ,

λ ≤ 1− δ
4 (1− δ)α+1

+ λα [λα− (1− δ) (1 + α)] + (1− λ)
α

[(1− λ)α− (1− δ) (1 + α)] ,
1− δ ≤ λ ≤ δ

2 (1− δ)α+1
+ λα [λα− (1− δ) (1 + α)] + (1− λ)

α
[(1− δ) (1 + α)− (1− λ)α] ,

δ ≤ λ.

2. In Theorem 2.1, if we take x = y = V , then we have the inequality∣∣∣∣[λα + (1− λ)α] f(x)− Γ(α+ 1)

(b− a)
α

[
JαV−f(a) + JαV+f(b)

]∣∣∣∣ (2.4)

≤ M
(x− a)

α+1
+ (b− x)

α+1

(α+ 1) (b− a)
α .

Corollary 2.2. We have the following weighted Hadamard-type inequalities for Lipschitzian functions via Rieamnn-liouville
fractional integrals

(1) In the inequality (2.3), if we take δ = 1, then we have∣∣∣∣λαf(a) + (1− λ)αf(b)− Γ(α+ 1)

(b− a)
α

[
JαV−f(a) + JαV+f(b)

]∣∣∣∣
≤ αM (b− a)

λα+1 + (1− λ)
α+1

α+ 1
,
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in this inequality, specially if we choose λ = x−a
b−a for x ∈ [a, b], then∣∣∣∣ (x− a)

α
f(a) + (b− x)

α
f(b)

(b− a)
α − Γ(α+ 1)

(b− a)
α

[
Jαx−f(a) + Jαx+f(b)

]∣∣∣∣
≤ αM

(x− a)
α+1

+ (b− x)
α+1

(α+ 1) (b− a)
α ,

(2) In the inequality (2.4), if we take x = δa+ (1− δ)b, δ ∈ [0, 1], then∣∣∣∣[λα + (1− λ)α] f(δa+ (1− δ)b)− Γ(α+ 1)

(b− a)
α

[
JαV−f(a) + JαV+f(b)

]∣∣∣∣
≤ M (b− a)

δα+1 + (1− δ)α+1

(α+ 1)
,

in this inequality, specially if we choose λ = 1
2 , then∣∣∣∣f(δa+ (1− δ)b)− 2α−1Γ(α+ 1)

(b− a)
α

[
Jα( a+b

2 )−f(a) + Jα( a+b
2 )+f(b)

]∣∣∣∣
≤ 2α−1M (b− a)

δα+1 + (1− δ)α+1

(α+ 1)
,

(3) In the inequality (2.4), if we take λ = 1
2 and δ = 3

4 then∣∣∣∣12
[
f

(
3a+ b

4

)
+ f

(
a+ 3b

4

)]
− 2α−1Γ(α+ 1)

(b− a)
α

[
Jα( a+b

2 )−f(a) + Jα( a+b
2 )+f(b)

]∣∣∣∣
≤ M (b− a)

1 + 2α−1(α− 1)

2α+1 (α+ 1)

3. Bullen -type inequalities for Lipschitzian functions via fractional integrals

Throughout this section, let I be an interval in R, a ≤ x ≤ y ≤ z ≤ b in I and f : I → R be an M -lipschitzian
function. In the next theorem, let λ+ η + µ = 1, λ, η, µ ∈ [0, 1], V1 = (1− λ)a+ λb, V2 = µa+ (λ+ η) b, and define
Vα,λ,η,µ, α > 0, as follows:

1. If V1 ≤ V2 ≤ x ≤ y ≤ z or V1 ≤ x ≤ V2 ≤ y ≤ z, then

Vα,λ,η,µ(x, y, z) = (V1 − a)
α

[
x− a
α
− V1 − a

α+ 1

]
+ (V2 − V1)

α

[
y − V2
α

+
V2 − V1
α+ 1

]
+

2 (b− z)α+1

α (α+ 1)
+ (b− V2)

α

[
b− V2
α+ 1

− b− z
α

]
.

2. If V1 ≤ x ≤ y ≤ V2 ≤ z, then

Vα,λ,η,µ(x, y, z) = (V1 − a)
α

[
x− a
α
− V1 − a

α+ 1

]
+

2 (V2 − y)
α+1

α (α+ 1)
+ (V2 − V1)

α

[
V2 − V1
α+ 1

− V2 − y
α

]
+

2 (b− z)α+1

α (α+ 1)
+ (b− V2)

α

[
b− V2
α+ 1

− b− z
α

]
.

3. If V1 ≤ x ≤ y ≤ z ≤ V2, then

Vα,λ,η,µ(x, y, z) = (V1 − a)
α

[
x− a
α
− V1 − a

α+ 1

]
+

2 (V2 − y)
α+1

α (α+ 1)

+ (V2 − V1)
α

[
V2 − V1
α+ 1

− V2 − y
α

]
+ (b− V2)

α

[
b− z
α
− b− V2
α+ 1

]
.
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4. If x ≤ V1 ≤ V2 ≤ y ≤ z, then

Vα,λ,η,µ(x, y, z) =
2 (x− a)

α+1

α (α+ 1)
+ (V1 − a)

α

[
V1 − a
α+ 1

− x− a
α

]
+ (V2 − V1)

α

[
y − V2
α

+
V2 − V1
α+ 1

]
+

2 (b− z)α+1

α (α+ 1)
+ (b− V2)

α

[
b− V2
α+ 1

− b− z
α

]
.

5. If x ≤ V1 ≤ y ≤ V2 ≤ z, then

Vα,λ,η,µ(x, y, z) =
2 (x− a)

α+1

α (α+ 1)
+ (V1 − a)

α

[
V1 − a
α+ 1

− x− a
α

]
+

2 (V2 − y)
α+1

α (α+ 1)

+ (V2 − V1)
α

[
V2 − V1
α+ 1

− V2 − y
α

]
+

2 (b− z)α+1

α (α+ 1)
+ (b− V2)

α

[
b− V2
α+ 1

− b− z
α

]
.

6. If x ≤ V1 ≤ y ≤ z ≤ V2, then

Vα,λ,η,µ(x, y, z) =
2 (x− a)

α+1

α (α+ 1)
+ (V1 − a)

α

[
V1 − a
α+ 1

− x− a
α

]
+

2 (V2 − y)
α+1

α (α+ 1)

+ (V2 − V1)
α

[
V2 − V1
α+ 1

− V2 − y
α

]
+ (b− V2)

α

[
b− z
α
− b− V2
α+ 1

]
.

7. If x ≤ y ≤ V1 ≤ V2 ≤ z, then

Vα,λ,η,µ(x, y, z) =
2 (x− a)

α+1

α (α+ 1)
+ (V1 − a)

α

[
V1 − a
α+ 1

− x− a
α

]
+ (V2 − V1)

α

[
V2 − V1
α+ 1

− V2 − y
α

]
+

2 (b− z)α+1

α (α+ 1)
+ (b− V2)

α

[
b− V2
α+ 1

− b− z
α

]
.

8. If x ≤ y ≤ V1 ≤ z ≤ V2 or x ≤ y ≤ z ≤ V1 ≤ V2, then

Vα,λ,η,µ(x, y, z) =
2 (x− a)

α+1

α (α+ 1)
+ (V1 − a)

α

[
V1 − a
α+ 1

− x− a
α

]
+ (V2 − V1)

α

[
V2 − y
α

− V2 − V1
α+ 1

]
+ (b− V2)

α

[
b− z
α
− b− V2
α+ 1

]
.

Theorem 3.1. Let x, y, z, λ, η, µ, V1, V2, Vα,λ,η,µ and the function f be defined as above. Then we have the inequality∣∣∣∣λαf(x) + ηαf(y) + µαf(z)− Γ(α+ 1)

(b− a)
α

[
JαV1−f(a) + JαV1+f(V2) + JαV2+f(b)

]∣∣∣∣
≤ αMVα,λ,η,µ(x, y, z)

(b− a)
α (3.1)

Proof. Using the hypothesis of f , we have the inequality∣∣∣∣λαf(x) + ηαf(y) + µαf(z)− Γ(α+ 1)

(b− a)
α

[
JαV1−f(a) + JαV1+f(V2) + JαV2+f(b)

]∣∣∣∣
=

α

(b− a)
α

∣∣∣∣∣∣
V1∫
a

[f(x)− f(t)] (t− a)
α−1

dt+

V2∫
V1

[f(y)− f(t)] (V2 − t)α−1 dt+

b∫
V2

[f(z)− f(t)] (b− t)α−1 dt

∣∣∣∣∣∣
≤ α

(b− a)
α

 V1∫
a

|f(x)− f(t)| (t− a)
α−1

dt+

V2∫
V1

|f(y)− f(t)| (V2 − t)α−1 dt+

b∫
V2

|f(z)− f(t)| (b− t)α−1 dt
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≤ αM

(b− a)
α

 V1∫
a

|x− t| (t− a)
α−1

dt+

V2∫
V1

|y − t| (V2 − t)α−1 dt+

b∫
V2

|z − t| (b− t)α−1 dt

 . (3.2)

Now, using simple calculations, we obtain the following identities
∫ V1

a
|x− t| (t− a)

α−1
dt,
∫ V2

V1
|y − t| (V2 − t)α−1 dt

and
∫ b
V2
|z − t| (b− t)α−1 dt.

1. If V1 ≤ V2 ≤ x ≤ y ≤ z or V1 ≤ x ≤ V2 ≤ y ≤ z, then we have

V1∫
a

|x− t| (t− a)
α−1

dt = (V1 − a)
α

[
x− a
α
− V1 − a

α+ 1

]
,

V2∫
V1

|y − t| (V2 − t)α−1 dt = (V2 − V1)
α

[
y − V2
α

+
V2 − V1
α+ 1

]

and
b∫

V2

|z − t| (b− t)α−1 dt =
2 (b− z)α+1

α (α+ 1)
+ (b− V2)

α

[
b− V2
α+ 1

− b− z
α

]
.

2. If V1 ≤ x ≤ y ≤ V2 ≤ z, then we have

V1∫
a

|x− t| (t− a)
α−1

dt = (V1 − a)
α

[
x− a
α
− V1 − a

α+ 1

]
,

V2∫
V1

|y − t| (V2 − t)α−1 dt =
2 (V2 − y)

α+1

α (α+ 1)
+ (V2 − V1)

α

[
V2 − V1
α+ 1

− V2 − y
α

]

and
b∫

V2

|z − t| (b− t)α−1 dt =
2 (b− z)α+1

α (α+ 1)
+ (b− V2)

α

[
b− V2
α+ 1

− b− z
α

]
.

3. If V1 ≤ x ≤ y ≤ z ≤ V2, then we have

V1∫
a

|x− t| (t− a)
α−1

dt = (V1 − a)
α

[
x− a
α
− V1 − a

α+ 1

]
,

V2∫
V1

|y − t| (V2 − t)α−1 dt =
2 (V2 − y)

α+1

α (α+ 1)
+ (V2 − V1)

α

[
V2 − V1
α+ 1

− V2 − y
α

]

and
b∫

V2

|z − t| (b− t)α−1 dt = (b− V2)
α

[
b− z
α
− b− V2
α+ 1

]
.

4. If x ≤ V1 ≤ V2 ≤ y ≤ z, then we have

V1∫
a

|x− t| (t− a)
α−1

dt =
2 (x− a)

α+1

α (α+ 1)
+ (V1 − a)

α

[
V1 − a
α+ 1

− x− a
α

]
,

V2∫
V1

|y − t| (V2 − t)α−1 dt = (V2 − V1)
α

[
y − V2
α

+
V2 − V1
α+ 1

]
,
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and
b∫

V2

|z − t| (b− t)α−1 dt =
2 (b− z)α+1

α (α+ 1)
+ (b− V2)

α

[
b− V2
α+ 1

− b− z
α

]
.

5. If x ≤ V1 ≤ y ≤ V2 ≤ z, then we have

V1∫
a

|x− t| (t− a)
α−1

dt =
2 (x− a)

α+1

α (α+ 1)
+ (V1 − a)

α

[
V1 − a
α+ 1

− x− a
α

]
,

V2∫
V1

|y − t| (V2 − t)α−1 dt =
2 (V2 − y)

α+1

α (α+ 1)
+ (V2 − V1)

α

[
V2 − V1
α+ 1

− V2 − y
α

]

and
b∫

V2

|z − t| (b− t)α−1 dt =
2 (b− z)α+1

α (α+ 1)
+ (b− V2)

α

[
b− V2
α+ 1

− b− z
α

]
.

6. If x ≤ V1 ≤ y ≤ z ≤ V2, then we have

V1∫
a

|x− t| (t− a)
α−1

dt =
2 (x− a)

α+1

α (α+ 1)
+ (V1 − a)

α

[
V1 − a
α+ 1

− x− a
α

]
,

V2∫
V1

|y − t| (V2 − t)α−1 dt =
2 (V2 − y)

α+1

α (α+ 1)
+ (V2 − V1)

α

[
V2 − V1
α+ 1

− V2 − y
α

]

and
b∫

V2

|z − t| (b− t)α−1 dt = (b− V2)
α

[
b− z
α
− b− V2
α+ 1

]
.

7. If x ≤ y ≤ V1 ≤ V2 ≤ z, then we have

V1∫
a

|x− t| (t− a)
α−1

dt =
2 (x− a)

α+1

α (α+ 1)
+ (V1 − a)

α

[
V1 − a
α+ 1

− x− a
α

]
,

V2∫
V1

|y − t| (V2 − t)α−1 dt = (V2 − V1)
α

[
V2 − V1
α+ 1

− V2 − y
α

]
,

and
b∫

V2

|z − t| (b− t)α−1 dt =
2 (b− z)α+1

α (α+ 1)
+ (b− V2)

α

[
b− V2
α+ 1

− b− z
α

]
.

8. If x ≤ y ≤ V1 ≤ z ≤ V2 or x ≤ y ≤ z ≤ V1 ≤ V2, then we have

V1∫
a

|x− t| (t− a)
α−1

dt =
2 (x− a)

α+1

α (α+ 1)
+ (V1 − a)

α

[
V1 − a
α+ 1

− x− a
α

]
,

V2∫
V1

|y − t| (V2 − t)α−1 dt = (V2 − V1)
α

[
V2 − y
α

− V2 − V1
α+ 1

]
,
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and
b∫

V2

|z − t| (b− t)α−1 dt = (b− V2)
α

[
b− z
α
− b− V2
α+ 1

]
.

Using the inequality (3.2) and the above identities
∫ V1

a
|x− t| (t− a)

α−1
dt,

∫ V2

V1
|y − t| (V2 − t)α−1 dt and∫ b

V2
|z − t| (b− t)α−1 dt, we derive the inequality (3.1). This completes the proof.

Under the assumptions of Theorem 3.1, we have the following corollaries and remarks:

Remark 3.1. In Theorem 3.1, if we take α = 1, then then the inequality (3.1) reduces the inequality (1.4) in Theorem
1.4.

Corollary 3.1. In Theorem 3.1, let δ ∈
[
1
2 , 1
]
, x = δa + (1 − δ)b, y = a+b

2 and z = (1 − δ)a + δb. Then, we have the
inequality∣∣∣∣λαf(δa+ (1− δ)b) + ηαf(

a+ b

2
) + µαf((1− δ)a+ δb)− Γ(α+ 1)

(b− a)
α

[
JαV1−f(a) + JαV1+f(V2) + JαV2+f(b)

]∣∣∣∣
≤ MN (α, λ, η, δ) (b− a)

α+ 1

where N (α, λ, η, δ) is defined as follows:

1. If λ+ η ≤ 1− δ or λ ≤ 1− δ ≤ λ+ η ≤ 1
2 , then

N (α, λ, η, δ) = λα [(1− δ) (α+ 1)− αλ] + ηα
[(

1

2
− λ− η

)
(α+ 1) + αη

]
+2 (1− δ)α+1

+ (1− λ− η)
α

[α (1− λ− η)− (α+ 1) (1− δ)] .

2. If λ ≤ 1− δ ≤ 1
2 ≤ λ+ η ≤ δ, then

N (α, λ, η, δ) = λα [(1− δ) (α+ 1)− αλ] + 2

(
λ+ η − 1

2

)α+1

+ ηα
[
αη − (α+ 1)

(
λ+ η − 1

2

)]
+2 (1− δ)α+1

+ (1− λ− η)
α

[α (1− λ− η)− (α+ 1) (1− δ)] .

3. If λ ≤ 1− δ ≤ 1
2 ≤ δ ≤ λ+ η, then

N (α, λ, η, δ) = λα [(1− δ) (α+ 1)− αλ] + 2

(
λ+ η − 1

2

)α+1

+ηα
[
αη − (α+ 1)

(
λ+ η − 1

2

)]
+ (1− λ− η)

α
[(α+ 1) (1− δ)− α (1− λ− η)] .

4. If 1− δ ≤ λ ≤ λ+ η ≤ 1
2 , then

N (α, λ, η, δ) = 4 (1− δ)α+1
+ λα [αλ− (1− δ) (α+ 1)] + ηα

[
αη + (α+ 1)

(
1

2
− λ− η

)]
+ (1− λ− η)

α
[α (1− λ− η)− (α+ 1) (1− δ)] .

5. If 1− δ ≤ λ ≤ 1
2 ≤ λ+ η ≤ δ, then

N (α, λ, η, δ) = 4 (1− δ)α+1
+ λα [αλ− (1− δ) (α+ 1)] + 2

(
λ+ η − 1

2

)α+1

+ηα
[
αη − (α+ 1)

(
λ+ η − 1

2

)]
+ (1− λ− η)

α
[α (1− λ− η)− (α+ 1) (1− δ)] .
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6. If 1− δ ≤ λ ≤ 1
2 ≤ δ ≤ λ+ η, then

N (α, λ, η, δ) = 2 (1− δ)α+1
+ λα [αλ− (1− δ) (α+ 1)] + 2

(
λ+ η − 1

2

)α+1

+ηα
[
αη − (α+ 1)

(
λ+ η − 1

2

)]
+ (1− λ− η)

α
[(α+ 1) (1− δ)− α (1− λ− η)] .

7. If 1
2 ≤ λ ≤ λ+ η ≤ δ, then

N (α, λ, η, δ) = 4 (1− δ)α+1
+ λα [αλ− (1− δ) (α+ 1)] + ηα

[
αη − (α+ 1)

(
λ+ η − 1

2

)]
+ (1− λ− η)

α
[α (1− λ− η)− (α+ 1) (1− δ)] .

8. If 1
2 ≤ λ ≤ δ ≤ λ+ η or δ ≤ λ, then

N (α, λ, η, δ) = 2 (1− δ)α+1
+ λα [αλ− (1− δ) (α+ 1)]

+ηα
[
(α+ 1)

(
λ+ η − 1

2

)
− αη

]
+ (1− λ− η)

α
[(α+ 1) (1− δ)− α (1− λ− η)] .

Corollary 3.2. In Corollary 3.1, if we take δ = 1, λ = µ = θ
2 and η = 1 − θ with θ ∈ [0, 1], then we have the following

weighted Bullen-type inequality for M -Lipschitzian functions via fractional integrals∣∣∣∣(θ2
)α

(f(a) + f(b) + (1− θ)α f(
a+ b

2
) +−Γ(α+ 1)

(b− a)
α

[
JαV1−f(a) + JαV1+f(V2) + JαV2+f(b)

]∣∣∣∣
≤
M
[
2α
(
θ
2

)α+1
+ (1− θ)α+1 α−1

2 + 2
(
1−θ
2

)α+1
]

(b− a)

α+ 1
. (3.3)

Remark 3.2. In the inequality (3.3), if we take θ = 1
2 , then the inequality (3.3) reduces to the following Bullen-type

inequality for M -Lipschitzian functions via fractional integrals∣∣∣∣12
[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 2α−1Γ(α+ 1)

(b− a)
α

[
Jα( 3a+b

4 )−f(a) + Jα( 3a+b
4 )+f(

a+ 3b

4
) + Jα( a+3b

4 )+f(b)

]∣∣∣∣
≤ M (b− a)

2α+2 (α+ 1)

[
α+ 1 + 2α−1 (α− 1)

]
.

Remark 3.3. In the inequality (3.3), if we take θ = 1
3 , then the inequality (3.3) reduces to the following Simpson-type

inequality for M -Lipschitzian functions via fractional integrals∣∣∣∣16
[
f(a) + 4f

(
a+ b

2

)
+ f(b)

]
− 6α−1Γ(α+ 1)

(b− a)
α

[
Jα( 5a+b

6 )−f(a) + Jα( 5a+b
6 )+f(

a+ 5b

6
) + Jα( a+5b

6 )+f(b)

]∣∣∣∣
≤ M (b− a)

18 (α+ 1)

[
α+ 22α (α− 1) 3 + 2α+1

]
.
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