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QUASI-SASAKIAN STRUCTURES ON 5-DIMENSIONAL
NILPOTENT LIE ALGEBRAS

NULIFER OZDEMIR, SIRIN AKTAY, AND MEHMET SOLGUN

ABSTRACT. In this study, we examine the existence of quasi-Sasakian struc-
tures on nilpotent Lie algebras of dimension five. In addition, we give some re-
sults about left invariant quasi-Sasakian structures on Lie groups of dimension
five, whose Lie algebras are nilpotent. Moreover, subclasses of quasi-Sasakian
structures are studied for some certain classes.

1. INTRODUCTION

It is known that there is a left invariant almost contact metric structure on
any connected odd dimensional Lie group. These structures induce almost contact
metric structures on corresponding Lie algebras [I]. Many authors have studied the
concept of left invariant almost contact metric structures. In [2], 5-dimensional Lie
algebras having Sasakian structures were studied and it was shown that the real
Heisenberg group is the unique nilpotent Lie group with a left invariant Sasakian
structure. In [3], 5-dimensional K-contact Lie algebras were studied. Also in [4],
5-dimensional cosymplectic, nearly cosymplectic, S-Kenmotsu, semi cosymplectic
and almost cosymplectic structures are examined.

In this paper the existence of quasi-Sasakian structures on 5-dimensional nilpo-
tent Lie algebras is investigated. Moreover, we state some theorems on the corre-
sponding Lie groups.

2. PRELIMINARIES

Assume that M?2"*! is a smooth manifold of dimension 2n + 1. An almost
contact structure (¢,&,n) on M consists of a (1,1) tensor field ¢, a vector field &
and a 1-form 1 on M satisfying

P*=-I+nx¢ =1 (2.1)
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An almost contact manifold is a manifold with an almost contact structure. If M
is also equipped with a Riemannian metric g holding

9(6(X),6(Y)) = g(X,Y) = n(X)n(Y) (2.2)

for all vector fields X and Y, then M is called an almost contact metric manifold.
We use the abbreviation a.c.m.s. for an almost contact metric structure. The
metric g is called a compatible metric. The fundamental 2-form of the almost
contact metric manifold (M, ¢, &, n,g) is defined as

P(X,Y) =g(X,0(Y)) (2.3)

for all vector fields X,Y. In [5], a classification of almost contact metric manifolds
was given. A space with the same symmetries as the covariant derivative of the
fundamental 2-form was obtained and decomposed into twelve U(n) x 1 irreducible
components Cj, ..., Cjs. Thus, there are 212 invariant subclasses, see also [6].
Assume that (¢,&,7,¢9) is an a.cm.s. on M having the fundamental 2-form ®.

The structure is said to be

e cosymplectic if V@ = 0,

e normal if [¢, ¢] + dn ® & = 0, where [¢, ¢] denotes the Nijenhuis torsion of

?,

e quasi-Sasakian (Cs @ C7) if the structure is normal and d® = 0,

e a-Sasakian (Cs) if Vxo(YV) = a(g(X,Y )¢ — n(Y)X) for some a € R,

o 07 if

(Vx®)(Y,Z2) =n(Z)(Vyn)o(X) + n(Y)(Vexn)Z

and 6P = 0 for all vector fields X, Y, Z on M.
e semi-cosymplectic (01 GCoPCsPCrdCs®CogdCip® 011) ifo® =0
and 01 = 0, where 0 is used for coderivative.
Note that the classes Cs and Cg & C7 — (Cg U C7) are not contained in the class
of semi-cosymplectic structures.

An a.cm.s. (¢,€,m,9) on a connected Lie group G is called left invariant if the
left multiplication L, : G — G, L,(z) = a.x satisfies

¢oLy=Lgog, La(5)=§

for all @ € G and g is left invariant.

For a Lie algebra g, let n be a 1-form, ¢ be an endomorphism and £ € g with
the property that

¢*=-T+ne¢ ) =1
Then (¢,&,n,g) is called an a.c.m.s on the Lie algebra g, with the positive definite

compatible inner product g. An a.cm.s. (¢,£,7n,¢9) on a Lie algebra g is called
nearly cosymplectic if Vx®(X,Y) =0 for any X, Y in g, etc.
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Let G be a connected Lie group with a left invariant almost contact metric
structure (¢,£,7,¢9) and g = T.G be the corresponding Lie algebra of G. Then this
structure uniquely induces an a.c.m.s. (¢,£,7,¢g) on g.

The nilpotent Lie algebras of dimension < 5 were classified into nine classes g; ,
i=1,2,---,9 with the basis {e1,...,e5} as follows[7] (refer also to [8, [9]):

151 le1, ea] = e5, [e3,e4] = €5

g2 [617 62] = €3, [61, 63] = €5, [62, 64] =65

g3 [e1,e2] = €3, [e1, €3] = ea, [e1, e4] = e5,[e2,e3] = €5

g4 [e1, e2] = e3, [e1, €3] = eu, [e1, e4] = €5

g5 [e1, ea] = ey, [e1,e3] = €5

13 [e1, ea] = e3,[e1,e3] = eq, [e2,e3] = e5
The classes g7, gs,go are abelian. In [4], it was proved that an a.c.m.s. on g,
i=1,...,6, is cosymplectic if and only if the fundamental 2-form of the structure

is zero and also that almost contact metric structures on abelian Lie algebras are
cosymplectic .

3. QUASI-SASAKIAN STRUCTURES ON g;

Consider a left invariant a.c.m.s. (¢,&,7,g) on a connected Lie group G. Same
notations are used for the structures on g. The basis {ej,...,e5} is chosen such
that basis elements are g-orthonormal.

It is known that the characteristic vector field of a quasi-Sasakian structure is
Killing [10].
The algebra g;: The nonzero covariant derivatives are computed using Kozsul’s
formula as:

_ 1 _ 1
Ve €2 =565, Ve e5 = —5eq,
_ 1 _ 1
VEQel - _5657 v€265 - 561,
_ 1 _ 1
Veses = 565,  Veges = —5€4,
__1 _ 1
Vese3 = —56€5, V€5 = jes,
v —_1 \V4 1
es€1 = 2€2a es€2 = 2617
\v4 —_1 \v4 1
es€3 = —35€4, es€4 = 5€3.

Let =", ; bij e be the fundamental 2-form of a quasi-Sasakian structure (¢, £, 7, g)
on g;. From now on, ® will denote the fundamental 2-form of a quasi-Sasakian
structure on the corresponding Lie algebras. Since the characteristic vector field
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¢ is Killing, £ = e5, see [4]. Since ®(X,£) = 0 for any vector field X, we have

bis = bas = bss = bys = 0. Also, since de' = de? = de® = de* = 0 and
de® = —e'? — €34 we get d® = 0. From the definition of the fundamental 2-form
, the endomorphism ¢ is
¢7(€1) —biaes — biges — biyey,
d(e2) = bizer — bages — bagey, (3.1)
d(e3) = bizer + bagea — basey,
d(es) = brser + bages + bages,
d(es) 0.
Replacing X and Y by the vectors given below in the normality condition, we have
X =e1,Y = ey = by + bigbag — baboz = 1, (3.2

X =e3,Y =eq = b3y + bizbag — bigboz = 1, (
X =e1,Y =e3 = bi3(bia + b34) =0, (
)=0, (

X =e2,Y = eq = baa(bro + b34) = 0, (

X =e3,Y = e3 = baz(bia +b3a) =0 (

X =e,Y =es = bra(bia +b34) =

and b3, = b2;. In addition, the coderivative §® is
SB(X) == (Ve,®)(ei, X) = x5(b12 + bsa) (3.8)

for any vector X = > z;e;.

There are three cases:

First case: If bio = b3y = 0, then 6® = 0. This means that the structure is in
C7, otherwise the quasi-Sasakian structure would be semi-cosymplectic, which is
not the case.

Second case: If byg = bgy # 0, then byg = b1y = bag = bay = 0. Then from
and , we obtain that bjs = b3y = 1. Thus the fundamental 2-form is given
by ® = £(e'? + €3%). Obviously, this structure is a-Sasakian for a = F3.

Third case: If by = —bsgy # 0, then & = 0. This implies that the structure is
in Cy by similar arguments to the first case.

Therefore a quasi-Sasakian structure (Cs @ C7) on gy is either in Cg (-Sasakian),
or in Cy. That is, Cs d Cy = Cg U Cy.

The algebra g-: Since a quasi-Sasakian structure has a Killing vector field, £ = es,
refer to [4]. Thus a quasi-Sasakian structure on go has the characteristic vector field
es5. For ® = > b;;e', the relation ®(X,£) = 0 for any vector field X implies that
bis = bys = bzs = bys = 0. Besides, since de? = —e!? and de® = —e!® — 4, we get

d® =0 if and only if b34 = 0.
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Also, from the definition of ®, we get
p(e1) = —bizea — bizes — bisey,
P(e2) = biger — bazez — bagea,
P(e3) = bizer + bazes,
P(eq) = brger + basea,
¢(es) = 0.

Now we check the normality condition setting X = e, Y = es. In this case we
have

(6, ¢](e1,e2) + dn(er, ea)es
= (b7, — 1)es + (b12(b13 + bas)es = 0,
which implies b%, = 1 and by3 = —byy. Since
g((er), p(er)) = by + biz + b1y = gler,er) = 1,
we obtain by3 = by = bag = 0. This yields that ¢(es) = 0, which is not the case

since g(¢(eq), d(eq)) = g(eq,eq) = 1. Thus there does not exist any quasi-Sasakian
structure on go.

The algebra g3: For a quasi-Sasakian structure on g3, £ should be e5, otherwise
¢ is not Killing [4]. For ® = Y b;je", we have b5 = bos = bgs = bys = 0 since
®(X,£) = 0. Since de3 = —e!?, det = —e!3 and de® = —e!? — €23,

d® =0 if and only if byy = b3q = 0.
From the equation , we get
¢(e1) = —bizes — bizes — bigey,
P(e2) = bizer — bazes,
¢(e3) = biger + bazes,
P(es) = biaeq,
¢(es) = 0.
The normality condition for X =e1, Y = es is
0= [¢,¢](e1,e2) +dn(e1,e2)es
= bigbazer + (biy — 1) €3 + biobizeq + bia (bia + bos) €5.

Then b%Q = 1 and b13 = byg = bez = 0. This means that ¢(eq) = 0, which is a
contradiction since g(¢(eq), d(es)) = g(ea,eq) = 1. As a result, there does not exist
any quasi-Sasakian structure on gs.

The algebra g4: The space of Killing vector fields on g4 is (e5) [4]. Thus e5 is the
characteristic vector field of a quasi-Sasakian structure. Let ® = > b;;e”/. Then
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bis = bos = bzs = bys = 0 since ®(X, &) = 0. Since de® = —e'2, de* = —e!'3 and
de® = —el4,
d® =0 if and only if byy = b34 = 0.
From the defining relation , we have
p(e1) = —bizea — bizes — bigey,
P(e2) = bizer — bases,
P(e3) = bizer + bazes,
p(es) = braen,
Set X =e1, Y = eg, then we have
(9. (e, €2) + dn(er, e2)es
= biabazer + (5%2 — 1) ez + biabizeq + biabises = 0.

Then b%Q = 1 and b13 = byy = 0. Thus ¢(eq) = 0, which contradicts with the
condition ([2.2). Thus there does not exist any quasi-Sasakian structure on gq.

The algebra g5: On this Lie algebra, the space of Killing vector fields is spanned by
eq,es [A]. Thus the characteristic vector field is € = aseq +ases and 7 = bye* +bse’.
Ife= Zbijeij, then since de' = de? = de? = 0, de* = —e'2, de® = —e!3,

d® =0 if and only if bs5 =0 and bos = bsy.
From the equation , we get
p(e1) = —bizea — bizes — biseq — bises,
¢(e2) = bige; — bazes — bagey — boses,
P(e3) = bizer + bazea — baseq — bases,
¢(ea) = braeq + bases + boses,
P(es) = biser + basea + bzses.
Now we check the normality condition for X =e;, Y = e4. We have

(9, ¢l(e1, e4) + dnler, e4)€
= — (b1aboa + bisbaz) e1 — (b3, + b35) €2
— bas (boy + b3s) €3 + biobises + bizbises = 0,
then boy = bos = 0. For X =e3, Y = ey,
[0, @(e2, €a) + dn(ez, )€ = b e1 + brabazes = 0.

Then b4 = 0. This implies that ¢(eq) = 0, which is a contradiction. Thus there
does not exist any quasi-Sasakian structure on gs.

The algebra gg: A vector field £ on gg is Killing if and only if £ is in the space
(es,e5) []. Thus the characteristic vector field should be & = aqeq + ases and
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n = bye* + bse®. Let ® = Y b;;€" be the fundamental 2-form of a quasi-Sasakian
structure on gg. Since de! = de? = 0, de® = —e'2, de* = —e13, de® = —e?3,

d® =0 if and only if b34 = b3o = b45 =0 and b15 = b24.
From ([2.3)), we obtain

P(e1) = —bizea — bizes — brseq — bises,
P(e2) = bizer — bazes — biseq — bases,
P(e3) = bizer + bazea,

P(eq) = braer + bisea,

P(es) = biser + basea.

From the normality, if X = e;, Y = es, then we have

(9, Bl(e1, e2) + dn(er, e2)§
= (b14523 - b13b15) e1 + (b15b23 - b13b25) €2
+ (biy — 1) e + biabizeq + biaboges = 0.
Then b3, = 1 and b1z = boz = 0. This yields ¢(e3) = 0, which contradicts with

0.
the fact that g(é(es), ¢(e3)) = g(es,es) = 1. Thus there does not exist any quasi-
Sasakian structure on gg.

We combine our results in the followings.

Theorem 1. A quasi-Sasakian structure on gy is either a-Sasakian or in Cy. That
18,

Ce® Cy = CgU Cr.

Theorem 2. An almost contact metric structure on a five dimensional nilpotent
Lie algebra g is quasi-Sasakian if and only if g is isomorphic to g;.

This theorem yields

Corollary 1. There is no left invariant quasi-Sasakian structure on a five dimen-
stonal connected Lie group whose corresponding Lie algebra is not isomorphic to

g1-
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