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Abstract: The aim of present paper is to introduce and investigate the spacelike Bezier curve with a timelike
principal normal in Minkowski 3-space. The Serret-Frenet frame, curvatures and the derivation formulas of the

curve at the starting and ending points are studied.
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Zamanimsi Asal Normalli Uzayimsi Bezier Egrisinin Baz1 Geometrik
Ozellikleri

Ozet: Bu caligmanin amac1 Minkowski 3-uzayinda zamanimsi asal normalli uzayimsi Bezier egrisini tantmak
ve incelemektir. Egrinin baslangi¢ ve bitis noktasindaki Serret-Frenet gatisi, egrilikleri ve tiirev formiilleri

calisilmugtir.

Anahtar Kelimeler: Bezier egrisi, causal karakterler, egrilikler, Minkowski 3-uzay1

1. INTRODUCTION

Minkowski space is founded by German
mathematician Hermann Minkowski, [1]. Let

u=(u,U,,U;), v=(Vv,,V,,V,) be vectors in
Minkowski 3-space. If the metric g () is given by
g(u,v)=UV, +U,v, —Uv,, then the space
R} = (R3,g(,)) is called the Minkowski 3-

space where the metric g(,) is called the

Lorentzian or Minkowskian metric. Let ¢ be a
curve in Minkowski 3-space and T be the tangent

* Corresponding author. Email address:  hkusak@beu.edu.tr

vector for all points of the curve. The curve « is
called a spacelike curve if g(T,T)>O or

T =0, a timelike curve if g(T,T)<0 and a

lightlike (null) curve if g(T,T):O and T =0
Furthermore, there are three possibilities
depending on the causal character of T'. If the
vector T s timelike, then the equations
T ()
N(s)=——= and B(S)=T(S)AN(s) are
()= s ™ BO)=T()AN(S)
provided where the N and B are called the
principal normal and the binormal vectors
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respectively. The curvature and torsion of « is
defined by x(s)=|T'(s)[ and z =g (N',B)
. Then the Serret- Frenet equations are given with
T =xN, N =«T+7B, B =zB for the

spacelike curve with a timelike principal normal,
[2]. If the spacelike vectors U and V satisfy the

condition | g(u, V) |< [Ju, V||, . then uxv vector
is a timelike wvector and the equations
19(uv) = ul, V], cose and

| ><v||L :||u||L ||v||L sin@ are used where @ is

the spacelike angle between, U and v spacelike
vectors. If the spacelike vectors U and Vv ensure

the condition | g(u,v) > [uf_[v], . then uxv
vector is a timelike vector, and the equations
g(u,v) = —ul, |v|, coshé and

|u ><v||L = ||u||L ||v||L sinh @ are satisfied where 8

is the hyperbolic angle between the u and v
spacelike vectors. If the vectors U and Vv are the
spacelike vectors provided the equation

| g(u,v) | =]l [V]|, . then uxv is a lightlike

vector, [1].

On the other hand, the curve b"(t) = z b.B/ (t)
i=0

is called a Bezier curve given with the control
points by,b,,...,.b, for each te[0,1] where

ny . .
Bi“(t):(i]t'(l—t)”' are called Bernstein

polynomials. Bezier curves were first developed
by a French engineer (1958-1960), Pierre Bezier
(1910-1999) and a French mathematician Paul de
Faget de Casteljau (1930) independently with
different mathematical approaches. Bezier curves
provide easiness in design processes because they
are controllable in such a way that Bezier curves
can be used almost in every design of any of the
products used now. The Bezier curves have a
wide variety of usage in design because of being

interactive, in production because of the easiness
in usage [3,4,5]. Spacelike Bezier curves in the
three dimensional Minkowski 3-space was firstly
introduced by G.H. Georgiev in 2008. The
curvature and torsion of the spacelike Bezier

curves at the beginning point, i.e x(0) and 7 (0)
were given in the paper [6]. In the [7,8] the
authors considered a spacelike quadratic and
cubic Bezier curves in Minkowski 2-plane R?.

Furthermore, similarly a spacelike curve with a
spacelike principle normal in Minkowski 3-space
were studied in [9].

Our main intention of this paper to investigate
some differential geometric properties of the
spacelike Bezier curve with a timelike principal
normal, e.g. curvature, torsion, Serret-Frenet
equations and the derivativation formula of
Serret-Frenet equations.

2. MAIN RESULTS

Let by,b,,...,b, R} be the control points, and
b"(t) be a spacelike Bezier curve, which does

not have unit speed. If the Bezier curve b" (t) is

spacelike curve, then the tangent T must be
spacelike vector. However, in case T ie. the
principle normal is timelike b"(t) spacelike
Bezier curve is called as "the spacelike Bézier
curve with timelike principle normal”. The
orthonormal frame {T,N,B}| of the b"(t)

t=0
spacelike Bezier curve in the t =0 starting point
is include the T spacelike vector, N timelike
vector and B spacelike vector. So the conditions

g(T.T)=1,9(N,N)=-1, g(B,B)=1
g(T,N)=0,9(T,B)=0,g(N,B)=0 are
satisfied. If the Bezier curve b"(t) is spacelike,

then g [db“(t) db"(t)

, >0. Therefore, the
dt dt
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length of the speed vector and the arc parameter
of b" (t) ar

:\/g(db”(t),db”(t)Jand
) dt  dt

tl n n
s= I\/g (Mmjdt , recpectively. If

D

db" (t)
dt

dt dt

i
the orthonormal frame vectors are T spacelike,
N timelike, B spacelike , then the vectoral
products are satisfy the equations T A, N =-B,

NA B=-T,and BA_ T=N.

Let by,b,....b, € RS Dbe the control points of the

spacelike Bezier curve with timelike principal
normal in Minkowski 3-space. The convex

polygon vectors Ab. are spacelike vectors which

are existed in the same spacelike cone. If the
vectors Ab, and Ab, are spacelike, the vectors

have three conditions for using inner and exterior
product as following:

Condition (1). |g (Ab,, Ab, )| <||Aby |, -[Aby,
Condition (2). |g (Ab,, Ab )| > [|Aby |, -[Aby |,
Condition (3). |g (Aby, Ab, )| = [|Aby[| -[Aby |,

In our paper, we will deal with Condition (1) and
).

Theorem 2.1. If Ab, and Ab, vectors satisfy the
Condition (1), then the Serret-Frenet frame

{T,N,B}| in the starting point t=0 is

t=0
Ab,
obtained by T| = —2——
Y Theo g(Ab,, Ab,)
oo = b coto— 2B coseco
b, b,

B = Aby A Ab, .
= [aby Ak, sine

Proof: Since b"(t) is a spacelike Bezier curve,
the tangent vector must also be spacelike. For this

reason ||Aby|| =+/g(Ab,,Ab,). The tangent

vector in the starting point is given with the
following formula:

db" (t)
T|t—0 = dt = AbO )
- ‘ db" (t) g(Ab,, Aby)
dt |,

Then the binormal vector is calculated by

db"(t)  d%"(t)

B =t - dt?
N CHOBCERO
dt - odt® |,
t=0

_nab A [n(n-1){Ab, - Aby}]
Hn.Ab0 AL [n.(n ~1){Ab, —Abo}]HL
_ Aby A Ab —Ab, A, Ab,
Aoy A A — Ay A Al
Aby A, Ab
| Aby |, [|Ab| sing

Since T spacelike, N timelike and B
spacelike, the principal normal vector N is
provided by

N|t:0 - B|t:0 AL T|t:0
__AbaAb Ab,
”Abo AL Ab1||L - ”AbonL

_ [—9 (Ab,, Aby).Ab, + g (Ab,, Aby ).Ab, J
A Aby, sin6.[Ab




A
b, ——cotgd ————cosecd

“leml s |Olll

where 6 =(Aby,Ab,)is the spacelike angle
between the Ab, and Ab, spacelike vector.

Theorem 2.2. If Ab, and Ab, vectors satisfy the
Condition (2), then the Serret-Frenet frame

{T,N,B}|_, in the starting point t=0is
provided by
P

= Jo(Ab,, Aby)

Ab Ab,
N = _ 0 thop — h
oo =~y M~ oy "

B = Aby A, Ab
= A, Al sinh g

Proof: The proof of the tangent vector T |,_, is
the same as the Theo.2.1. The binormal vector
B|., is found by

db(t) . d%"(1)

B = dt - dt?
N [EROINERERC)
dt - dt?
L lt=0

_ nAb A [n.(n-1){Ab, - Aby} |
[na, ~, [nn-1){ab, - an |

_ Aby A Ab
”Abo AL Abl”L

_ Aby A Ab
6] ], simh

where ¢ = (AbO,Abl) is called a hiperbolic angle.

Since T spacelike, N timelike, B spacelike, the
equation of the principal normal N will be taken
by N=BA, T. Since Ab, is spacelike, the
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norm i given by||Ab | = g (Ab,, Ab, ). Thus the
principal normal is
N |t:0 - B|t:0 AL T|t:0
_ Ab, A Ab Ab,
—_ /\L
[Aby A Ab T [[Ab],

= L_g (Abo'Abo)-Ab1 +d (Abl,Abo).AboJ

[Abo], Ay sinhg.[Aby],

=__Ab coth - Ab,

Abo], b,

cschd.

Theorem 2.3. Let by,b,...,b, be the spacelike

control points. If the Condition (1) is satisfied,
then the curvature and torsion of the spacelike

Bezier curve b"(t) with timelike principal
normal at the starting point t =0 are

LA T
t=
0 an
n—2 det(Aby, Ab, Ab, )
T|t=0:_

N |Ab, A Aby°

Proof: Ab, and Ab, vectors that ensure the

Condition (1), the curvature at the starting point
for spacelike vectors is calculated with:

db"(t) d*b"(t
0, v
- dt dt* |,
=0 do” (t)[]

dt |
t=0
_n-1 | Aby A, (A, —Aby)|.
n b

_n-1 |Aby A Ab,
N A,
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_n-1fab]
N |ab, ||

Now, let us find the torsion at the starting point.

db“(t)A d*b"(t) d°b"(t)
| o ™ w ae
T|og=
t° Hdb”(t) d%" (1)[°
7AL 2
dt dt
L t=0
_n-2 g(Aby A Ab,, Ab, —2Ab, + Aby)
n | Ab, A, (Ab,—Ab, [}

_n-2 g(Ab,a_Ab;,Ab,)
|Ab A, (A, —Aby)[
_ n—2det(Ab,, Ab;,Ab, )
N JAby A Abl”i

Theorem 2.4. Let by,b,,..

control points. If Ab, and Ab, vectors satify the

Condition (2), the curvature and torsion of the
spacelike Bezier curve with timelike principal
normal at the starting point are

n- 1|| b,
= — inh
K== . ” b|| sinh ¢
n—2 det(Ab,, Ab;, Ab,)

N |aby A Ab1||f

be the spacelike

[ERES n

T |t:0: -

Proof: The curvature at the starting point is

‘ db" (t |
| d

dt

H (t)

L t=0

_n-1 | Aby A, (Al —Aby)|.
" b

_n-tfab],
n IIAboll

Here, the torsion equation for the Condition (2)
can be proven similar method with Theo.2.3.

Theorem 2.5. For the spacelike vectors provided
the Condition (1), the Serret-Frenet frame
derivation formula of the at the t = 0 of the curve

b"(t) is
JAby,
T'=(n- )” b|| Sin@.N

N'=(n- )|||| b1|||| .Sin@T

det (Ab,, Ab,, Ab,) .
”Abo AL Ab1||i

det(Aby, Ay, AB,)
”Abo AL Ab1||i

- (I’l - 2)”Ab0”|_
B"=—(n-2)]Ab|,

Proof: The Frenet derivation formula for
spacelike curve with timelike principal normal is

T 0 xv, O )T
N'|=lxv, 0 =zv | N
B 0 vy O /B

where V; = n|b, — by = n|Aby||. Hence we get

T'=xv,.N
(=Y 188 G o fay), N
n || 0”
- (n-1) A bl” sin 9.N

b,
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N'=xvT +7v,B
b,
b

= (n=2)[JAb|

=(n-1) sin6.T

det(Ab,, Aby, Ab,) ¢
”Abo AL Ab1||i

Bli-o=7vN

=—(n-2)]aby],

det(Ab,, Ay, Ab,)
|Aby A Ay}

Theorem 2.6. For the spacelike vectors Ab, and

Ab, vectors that satisfy the Condition (2), the

derivation formula of the Serret-Frenet frame is
yield by

T'=(n- )|||| El||||L .sinh p.N

by
N'=(n-1);—t.sinhoT
Al
det (Ab,, Ab;, Ab,) B
by A, AB
det(Aby, A, Ab,)
A, A Abl”i

=(n=2) b,

B'= _(n _2)||Ab0”|_

Proof: Following calculations give us the
derivation formula of Serret-Frenet frame:

T' o= VN
_n-1ab] sinh@.n|jab |, N
N [ab;
Ak, .
=(n-1) .sinhg.N
| Ab |,

N'|._,=&Vv,T +7v,B

_ (n-1)[abj
N b,

_ n—2det(Aby, Ab;, Ab,)
N Jaby A A

S sinhp.n|Aby | T

nfjAby|, B

Jany,
RITOY

=(n=2)|Ab,,

.sinh @.T

det (Ab,, Ab;, Ab,)
by B[

B'l-p=7vN

n-2)(Ab,,Ab , Ab
- _(n=2) (A0, AB,AD,)
n ||AboALAb1||L
det(Ab,, Ab , Ab
= —(n-2)|Ab,, L0ARA0)
”AbO/\Abl”L

Let b € R? be the control points of the spacelike
Bezier curve with principal normal.

Theorem 2.7. If the Ab, , and Ab, , vectors are
satisfy Condition (1), the Serret-Frenet frame
{T.N,B}|_, atthe ending point t =1 is obtained

by
T = Ab_,
= '\/g (Abn—l’ Abn—l)
Ab, ,
Nl = cosecd ——"=—cotd
N TN R IO |

B| - _ Abn—l AL Abn—2
= [Ab.] [Ab, o] sine

Proof: The proof is similar with Theo. 2.1.
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Theorem 2.8. If the Ab , and Ab _, vectors

satisfy Condition (2), the Serret-Frenet frame
{T.N, B}L:1 at the ending point t =1 is obtained

by
T = Ab,
* Jo(ab,,,Ab, )

Ab_

Ab
cschp + —=
Ayl

Ab,[,

| Ab , A Ab ,
= ~Ab, ] -Jab, ], sinhe

N |y =

coth g

Proof: The proof is similar with Theo. 2.2.

Theorem 2.9. For the spacelike vectors that
provide the Condition (1), the curvature and
torsion of the curve at the ending point are
obtained by

=" 1M
t=1
N b,
n-2 det(Abn 11Abn 2!Abn—3)
7| =

N |Ab A Ab [

Proof: The proof is similar with Theo. 2.3.

Theorem 2.10. If the spacelike vectors satisfy
the Condition (2), the curvature and torsion are
given by

n— 1H b, [,
- ——=>.sinh
e
n—2 det(Ab,,,Ab,_,,Ab, ;)

N JAb A Ab [}

Tl =

Proof: The proof is similar with Theo. 2.4.

Theorem 2.11. If the spacelike vectors Ab, , and

Ab, , vectors that ensure the Condition (1), then

the derivation formula of Serret-Frenet frame at
the ending pointt =1 is calculated by

A,
T'=(n-1)—=Esin6.N
b,

N'=(n —1)|| Dy o, LsingT

b, .,
det(Ab, ., Ab . Ab )
+(n-2)|Ab hot2 002 A0hs).
( )” n*:I-”L ||Abn l/\ Abn 2”2
, det(Ab_.,Ab_,,Ab )
B '=(n-=2 n-1 h-2 n 3 )
( ) ||Abn Abn 2” || n 1||L

Proof: The proof is similar with Theo. 2.5.

Theorem 2.12. If the spacelike vectors Ab, , and

Ab, , vectors that ensure the Condition (2), then

the derivation formula of Serret-Frenet frame at
the ending pointt=1 is calculated by

— (n 1) ” n— 2||L

sinho.N
b, 4l
AD,,
N'=(n-1)-——=Lsinh T
b,

det(Ab, ,,Ab, ,,Ab, ;)
”Abn—l AL Abni”i

8= (n-2) det(Ab, ;,Ab, ,,Ab, ;) lab,. | N
|Ab,, AAb, | il

Proof: The proof is similar with Theo.2.6.

+(n—-2)|Ab, 4.

3. NUMERIC EXAMPLE

Consider a cubic Bezier curve b"(t) with
b, =(3,3.2),
=(6,3,5) in

spacelike  control  points

b =(4,41),b,=(573), b,

Minkowski 3-space.



Figure 1. The cubic Bezier curve.

Then the spacelike convex hull is found by the
vectors  Aby=(1,1,-1),  Ab =(1,3,2),

Ab, =(1,-4,2). The first, second and third

derivationsat t =0 are

db” (t)
=(-3,3,-3
dt | _, ( )
d*b" (t)
——4 =(0,12,18
dt2 o ( )
d’b"(t)
= (0,-54,-18).
ae® |, ( )

The norms [|Ab| =1 and |Aby, =14 are
calculated. Because of the

|g(Aby,Ab,)| =6, the

equation
inequality
|g(Aby, Ab, )| > [|Aby [, -JAby[, i satisfied.

Hence the equations
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g(Ab,,Ab)) = —||Ab0||L .||Ab1||L cosh @,

Jus<vil, =Jul_ vl sinhe

will be used in this example. The Serret-Frenet
frame formula is obtained by

Tl =(1.1,-1)
1
N = —=(5.3,8)
1
=——(-5,3,2
|t:0 ,30 ( )

The curvature and torsion of the curve are

KL:OZ@ and Tlt:o:%, respectively.

Consequently, the derivation matrix of Serret-
Frenet is founded by following matrix

0 230 0 VT

T

N [=/24/30 0 7/ 10| N

B 0 7/10 o0 |(B
Wherev:db—(t)
dt |

4. CONCLUSION

Bezier curves are a type of curve commonly used
for ease of use in design geometry. In this paper,
we studied on the spacelike Bezier curves with
timelike principal normal in Minkowski 3-space.
We think that this work will be a guide to research
that can be done on this subject in the future.
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