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Abstract: In this work we showed that the category of crossed squares of algebras has a left adjoint pair, and 

this category is fibred over the category of cornered crossed modules. 
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Çaprazlanmış Kareler için Bir Fibrasyon Uygulaması 

Özet: Bu çalışmada cebirlerin çaprazlanmış karesinin sol adjoint çifte sahip olduğunu ve bu kategorinin köşeli 

çaprazlanmış modellerin kategorisi üzerinden fibre olduğunu gösterdik. 

Anahtar Kelimeler: Çaprazlanmış Kare , Köşeli Çaprazlanmış Modül , Fibrasyon 

 

1. INTRODUCTION 

Crossed squares are defined as algebraic 

structures for homotopy connected 3-types by 

Guin-Walery and Loday [1]. Arvasi and Ulualan 

showed the connection between crossed squares, 

simplicial groups and 2-crossed modules in [2]. 

Crossed squares of commutative algebras is due 

to Ellis [3]. 

Whitehead in 1949-1950 investigated the 

algebraic structure for simply connected 

topological spaces of homotopy 2-types and by 

defining a classifying space  functor from the 

category of these spaces to that of groups, he 

introduced  the notion of crossed modules of 

groups [4]. In his work, Whitehead showed the 

mapping 

𝜕: 𝜋₂(𝑋, 𝐴,∗) → 𝜋₁(𝐴,∗) 

is a crossed module. Later, Porter, [5], defined 

the commutative algebra version of crossed 

modules. 

For a 𝒌-module 𝑀, if the k-bilinear map   

𝑀 × 𝑀 → 𝑀       

   (𝑚1, 𝑚2) ↦ 𝑚1𝑚2 

satisfies the following conditions for 

 𝑚1,𝑚2, 𝑚3 ∈ 𝑀  

𝑖)  𝑚1𝑚2  =  𝑚2𝑚1 

                   𝑖𝑖) (𝑚1𝑚2)𝑚3  =  𝑚1(𝑚2𝑚3) 

then 𝑀 is called commutative  𝒌-algebra (or a 

commutative algebra over k ). 

A crossed module of commutative algebras [6] 

is an algebra morphism 𝜕 ∶  𝐶 →  𝑅 with an 

action of 𝑅 on 𝐶 satisfying 𝜕(𝑟 ·  𝑐)  =  𝑟𝜕𝑐 and 

𝜕(𝑐)  ·  𝑐′ =  𝑐𝑐′ for all 𝑐, 𝑐′ ∈  𝑀, 𝑟 ∈  𝑅. The 

last condition is called the Peiffer identity. We 

will denote such a crossed module by (𝐶, 𝑅, 𝜕). 
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A morphism of crossed modules from (𝐶, 𝑅, 𝜕) 

to (𝐶′, 𝑅′, 𝜕′) is a pair of 𝒌-algebra morphisms, 

𝜙 ∶  𝐶 →  𝐶′, 𝜓 ∶  𝑅 →  𝑅′ such that  

𝜙(𝑟 ·  𝑐)  =  𝜓(𝑟)𝜙(𝑐). 

Brown and Sivera [7] showed the forgetful 

functor from the category of crossed squares of 

groups to the category of crossed corners of 

groups is a fibration. In this work we will 

investigate the commutative algebra version of 

this functor in analogous way. 

2. CROSSED SQUARE 

Definition 2.1. A crossed square of commutative 

algebras [3] is a commutative diagram 

 

together with actions of 𝑍 on 𝐽,𝐾 and 𝑌 and a 

function called ℎ-map  

ℎ: 𝐾 × 𝑌 → 𝐽 

satisfying the following conditions  

1. The  maps 𝛿,  𝛿′ , 𝜗′ ,𝜗    and the 

composition  𝜗𝛿, = 𝜗′𝛿′ are crossed 

modules. 

2. The maps 𝛿 and  𝛿′ preserve the action of 

𝑍. 

3.  𝑘∗ℎ(𝑘, 𝑦) = ℎ( 𝑘∗𝑘, 𝑦) = ℎ(𝑘,  𝑘∗𝑦) 
4. ℎ(𝑘 + 𝑘′, 𝑦) = ℎ(𝑘, 𝑦) = ℎ(𝑘′, 𝑦) 
5. ℎ(𝑘, 𝑦 + 𝑦′) = ℎ(𝑘, 𝑦) = ℎ(𝑘, 𝑦′) 
6. 𝑧 ⋅ ℎ(𝑘, 𝑦) = ℎ(𝑧 ⋅ 𝑘, 𝑦) = ℎ(𝑘, 𝑧 ⋅ 𝑦) 
7. 𝛿ℎ(𝑘, 𝑦) = 𝑘 ⋅ 𝑦  
8. 𝛿′ℎ(𝑘, 𝑦) = 𝑦 ⋅ 𝑘  
9. ℎ(𝑚, 𝛿′(𝑗)) = 𝑚 ⋅ 𝑗 
10. ℎ(𝛿(𝑗), 𝑦) = 𝑦 ⋅ 𝑙  

for 𝑘, 𝑘′ ∈ 𝐾, 𝑦, 𝑦′ ∈ 𝑌, 𝑧 ∈ 𝑍,𝑗 ∈ 𝐽,  𝑘∗ ∈ 𝒌. 

 We can give the following result from [3]. 

Example 2.2. Let   𝜇: 𝐾 → 𝑃  , 𝜗: 𝑌 → 𝑃  be 

crossed modules and 𝐾 ⊗ 𝑌 be the tensor 

product with the mapping  

ℎ: 𝐾 × 𝑌 → 𝐾 ⊗ 𝑌 

(𝑘, 𝑦) ↦ 𝑘 ⊗ 𝑦 

then the following diagram 

 

becomes a crossed square. Here the elements of 

the tensor product are defined as  

K ⊗̌ 𝑌= K ⊗ Y/{ℎ(𝑝, 𝑘) ⊗ 𝑦 = 𝑘 ⊗ ℎ(𝑝, 𝑦): 𝑘 ∈

𝐾, 𝑦 ∈ 𝑌, 𝑝 ∈ 𝑃} 

with mappings  

𝜇′: K ⊗̌ Y → 𝑌 ,   𝜗′: K ⊗̌ 𝑌 → 𝐾 

k ⊗̌ y ↦ℎ(𝑘, 𝜗 (𝑦))         k ⊗̌ 𝑦 ↦ℎ(𝜇(𝑘), 𝑦)) 

and the ℎ-map  

ℎ: 𝐾 × 𝑌 →  𝐾 ⊗̌ 𝑌 ,     . ∶ 𝐾 ⊗̌ 𝑌 ×  𝐾 ⊗̌ 𝑌 →

 𝐾 ⊗̌ 𝑌 

(𝑘, 𝑦) ↦ 𝑘 ⊗̌ 𝑦            (𝑘 ⊗̌ 𝑦, 𝑘′ ⊗̌ 𝑦′)↦

kk′ ⊗̌ yy′ 

3. CORNERED CROSSED MODULES 

Brown and Sivera defined the notion of cornered 

crossed modules on groups. In this section we 

𝛿′ 
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will give the analogous definition for 

commutative algebras. 

Let’s denote the category of the pairs 𝜇: 𝑀 → 𝑃  , 

𝜗: 𝑁 → 𝑃 of crossed module pairs as  XMOD2 . 

We can illustrate the objects of this category with 

the following diagram. 

 

We will call  XMOD2   the category of cornered 

crossed modules. We can express a morphism 

 𝑓 = (𝑓₁, 𝑓₂, 𝑓₃)   in XMOD2  with the following 

commutative diagram 

 

Thus we get  𝑓₁𝜇′ = 𝜇𝑓₃ and  𝜗𝑓₂′ = 𝑓₁𝜗′.  

 

4. FIBRATION of CATEGORIES 

We can give the following basic definition from 

[7]. 

Definition 3.1.  Let  𝛷: 𝑪 → 𝑫  be a functor. A 

morphism 𝑔: 𝐴2 → 𝐴3 in 𝑿 over 𝛽: =  𝛷 (𝛽) is 

called cartesian if and only if for all  𝛼: 𝐵1 → 𝐵2  

in 𝑩 and 𝜃: 𝐴1 → 𝐴3 with 𝛷(𝜃) = 𝛽𝛼 there is a 

unique morphism 𝑓: 𝐴1 → 𝐴2 with 𝛷(𝑓) =

𝛼  𝑎𝑛𝑑 𝜃 = 𝑔𝑓.  We can express this as follows 

 

A morphism 𝛾: 𝐴1 → 𝐴2 is called vertical if and 

only if  𝛷( 𝛾) is an identity morphism in 𝑫.  In 

particular, for  𝐼 ∈ 𝐷 we write 𝑪𝑰 , called the 

fibre over 𝐈 , for the subcategory of 𝐶 consisting 

of these morphims   𝛾 with  𝛷(𝛾) = 𝑖𝑑𝐼  . 

Definition 3.2.  The functor  𝛷: 𝑪 → 𝑫 is 

fibration or category fibred over 𝐷  if and only if 

for all  𝛽: 𝐵2 → 𝐵3  in 𝐷 and 𝐶 ∈ 𝑪𝑰 there is a 

cartesian morphism 𝑔: 𝐴2 → 𝐴3  over 𝛽 such  a 

𝑔 is called a cartesian lifting of 𝐶 along 𝛽. 

Theorem  3.3. The forgetfull functor 

𝛷: 𝑿𝑴𝒐𝒅𝟐 → 𝑨𝒍𝒈 

 

is a fibration. 

Proof. We should show that the category of 

cornered crossed smodules is fibred over 

algebras.  For all 𝑢: 𝐽 → 𝐼 morphisms in the 

category of algebras and 𝑋 ∈ 𝑋𝑀𝑜𝑑𝐼
2 we need to 

show the morphism  𝜑: 𝑌 → 𝑋 is cartesian over 

𝑢. Now we will construct a cornered crossed 

module over 𝐽. This is illustrated with the 

following diagram   
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Define 

𝜎∗(𝑀, 𝑁) = ( 𝑀∗, 𝑁∗)⊂ (𝐽 ⊗̃ 𝑀)×(𝐽 ⊗̃ 𝑁) 

𝜎(𝑗) = 𝜕₁(𝑚) = 𝜕₂(𝑛) 

𝛽₁(𝑗 ⊗ 𝑚) ↦ 𝑗 

𝛽₂(𝑛 ⊗ 𝑗) ↦ 𝑗 

due to 𝛽₁:  𝑀∗→𝐽  and  𝛽₂:𝑁∗→𝐽 are crossed 

modules. It is clear that the following diagram 

 

 

is a cornered  crossed module. Thus  the 

morphism  (𝜎₁𝜎₂, 𝜎) becomes cartesian 

morphism. Therefore the forgetfull functor 𝛷 is 

a fibration of categories. 

Now we show that the category Crs2 of crossed 

modules have a left adjoint pair that is XMOD2  

the category of cornered crossed squares. 

Theorem 3.4. The forgetful functor  

𝛷: 𝑪𝒓𝒔𝟐    →   𝑿𝑴𝒐𝒅𝟐 

 

is a fibration and have a left adjoint. 

Proof.   

 

Let 𝛷 be the forgetful functor and  𝛷′ be the the 

functor taking a cornered crossed module to the 

crossed square via tensor product. Then  Φ has a 

left adjoint. 

Let the following diagram  

 

be an object in XMOD2. As we know from 

example2.2. that the following diagram 
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is a crossed square. Thus for every object  𝐶 in 

XMOD2 , Φ′(C) is an object in  Crs2 . Next we 

will show that the morphism  

𝜂𝐶 : 𝐶 → 𝛷(𝛷′(𝐶)) 

is a universal morphism. We need to show for 

any morphism  𝑓:𝐷 → 𝐷′  in Crs2  there is a 

morphism   

𝛷(𝑓): 𝐶 → 𝛷(𝐷′) and is a bijection from  

𝑀𝑂𝑅𝐶𝑟𝑠2   (𝐷, 𝐷′) to 𝑀𝑂𝑅𝑋𝑀𝑂𝐷2  (𝐶, 𝛷(𝐷′)) . 

Let  (𝑓₁, 𝑓₂, 𝑓₃) = 𝑓: 𝛷(𝐶) → 𝐷 be a morphism 

of cornered crossed squares given with the 

following commutative diagram 

 

 

Since 𝐶 is an object in Crs2,    ℎ𝐶 : 𝑁 × 𝑀 → 𝐿    

is the h-map and for 𝛷(𝐷′),  ℎ𝐷: 𝐾 ×𝑅 𝑌 → 𝐾 ⊗

𝑌 is the h-map. Define  

𝜂𝐶,𝐷: 𝑀𝑜𝑟(𝛷(𝐶), 𝐷) → 𝑀𝑜𝑟(𝐶, 𝛷′(𝐷)) 

𝑓 ↦  𝜂𝐶,𝐷 (𝑓)    =  𝜂𝐶,𝐷(𝑓₁, 𝑓2, 𝑓₃)  

=  (𝑓₁, 𝑓2, 𝑓₃, ℎ𝐷(𝑓₂ × 𝑓₃)) 

and 

𝛹𝐶,𝐷: 𝑀𝑜𝑟(𝐶, 𝛷′(𝐷)) → 𝑀𝑜𝑟(𝛷(𝐶), 𝐷) 

𝑔 ↦ 𝛹(𝑔₁, 𝑔₂, 𝑔₃, 𝑔₄) = (𝑔₁, 𝑔₂, 𝑔₃) 

then we get 

(𝛹𝐶,𝐷 ∘ 𝜂𝐶,𝐷 )(𝑓)

= 𝛹𝐶,𝐷(𝜂𝐶,𝐷 (𝑓₁, 𝑓2, 𝑓₃))               

=  𝛹𝐶,𝐷(𝑓₁, 𝑓2, 𝑓₃, ℎ𝐷(𝑓₂ × 𝑓₃)) = (𝑓₁, 𝑓₁, 𝑓₃) 

𝛹𝐶,𝐷 ∘ 𝜂𝐶,𝐷 =  1𝑿𝑴𝑶𝑫𝟐  

Similarly 

    (𝜂𝐶,𝐷  ∘ 𝛹𝐶,𝐷)(𝑔)

= 𝜂𝐶,𝐷  (𝛹𝐶,𝐷(𝑔1, 𝑔2, 𝑔3, 𝑔4))

= 𝜂𝐶,𝐷 (𝑔₁, 𝑔₂, 𝑔₃) 

                        = (𝑔₁, 𝑔₂, 𝑔₃, ℎ𝐷(𝑔₂ × 𝑔₃)) 

since the tensor product is universal 

ℎ𝐷(𝑔₂ × 𝑔₃) = 𝑔₄ 

is unique . Thus 

𝜂𝐶,𝐷  ∘ 𝛹𝐶,𝐷 =  1𝑪𝒓𝒔𝟐 

 

This shows that the 𝑪𝒓𝒔𝟐 has a left adjoint. The 

following diagram 

 

with  

𝑓∗ = {(𝑛′, 𝑚′, 𝑙) ∈ 𝑁 × 𝑀 × 𝐿: 𝜗′(𝑛)

= 𝜇′(𝑚), 𝑓₃(𝑚′)

= 𝜕(𝑙), 𝑓₂′(𝑛′) = 𝛿(𝑙)} 
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𝛽₁(𝑛′, 𝑚′, 𝑙) = 𝑚′ 

𝛽₂(𝑛′, 𝑚′, 𝑙) = 𝑛′ 

is a crossed square. Let the following diagram 

be any crossed square 

 

Define  𝛼: 𝑓∗ → 𝐿  ,𝛼(𝑛′, 𝑚′, 𝑙)  =  𝑙, then  

(𝑓∗, 𝛽₁, 𝛽₂) is the pullback  (𝜇′, 𝜗′). Since the 

categories with pullback and left adjoint has a 

fibration we deduce that the category 𝑪𝒓𝒔2 is 

fibred over the category 𝑿𝑴𝑶𝑫𝟐. 
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