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The electronic and optical properties of the symmetrical 𝐴𝑙𝑥 𝐺𝑎1−𝑥 𝐴𝑠/𝐺𝑎𝐴𝑠 multiple quantum wells were 
investigated. The system consists of three triangular-shaped quantum wells in which the potentials of left- and 
right-hand side wells were shallower in comparison with that of the center well. The calculations were carried 
out for different potential shapes as the triangular shapes of the left- and right-hand side wells varied from 
triangle to square shape keeping the center well potential constant. The energy levels were calculated using the 
finite difference method under the effective mass approximation, with and without an electric field. When the 
geometry of the side wells was changed from shallow triangular side wells to square side wells in the absence 
of an electric field, the optical transitions were found to shift towards smaller photon energies. When an electric 
field was applied, the optical absorption and refractive index changes for the (1-2) transition exhibited 
interesting behavior. It was found that the electronic and optical properties of structures can be controlled by 
the externally applied electric field by selecting appropriate structural parameters. 
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Introduction 
 

In the last few decades, the advances in the technology 
of producing low-dimensional semiconductor structures 
with different geometries have been extremely significant 
[1-5], because the devices have come out as new 
nanostructures. Many electro-optical devices such as 
LEDs, solar cells, transistors, photodiodes, 
photodetectors, laser diodes  have been designed by 
combining different semiconductors such as 𝐴𝑙𝐺𝑎𝐴𝑠 and 
𝐼𝑛𝐺𝑎𝑁 [6-25]. 

Many theoretical studies have been carried out to find 
out the electronic and optical properties of low-
dimensional structures, and to guide experimenters in 
structure designs [26-47]. The lack of uniform geometric 
shapes of the structures makes them difficult to solve 
analytically. Therefore, the numerical solution methods 
have been developed. G. Bastard et al. used the variation 
method to calculate the eigenstates of the electron in the 
quantum well under the electric field [26]. F. K. Boz et al. 
calculated the binding energy of an impurity atom in 
double quantum wells with different geometries under 
magnetic and laser fields using a variational technique 
[27]. They showed that the potential profile of the 
structure indicates a strong control mechanism over the 
binding energy, and the binding energy increases or 
decreases depending on the position of the impurity atom 
under the applied laser and magnetic fields. A. Shaer et al. 
calculated the electronic and optical properties of the 
double inverse parabolic quantum well in the presence of 
hydrostatic pressure and magnetic field within the 
effective mass and parabolic band approximation 

depending on temperature. They pointed out that the 
effects of temperature and hydrostatic pressure are 
important in practical applications in optoelectronics [28]. 
D. Altun et al. investigated the linear and nonlinear optical 
properties of 𝐴𝑙𝑥  𝐺𝑎1−𝑥  𝐴𝑠/𝐺𝑎𝐴𝑠 superlattice with 
periodically increasing well width under magnetic and 
electric fields using the finite element method with the 
effective mass approach. They showed that the refractive 
index change is affected by the applied electric and 
magnetic fields [29]. F. Ungan et al. showed the 
absorption coefficient and refractive index changes for 
the semi-infinite inverse Gaussian-like 𝐴𝑙𝑥  𝐺𝑎1−𝑥  𝐴𝑠 in 
the presence of the electric, the laser, and the magnetic 
fields[30].  

The probability density and the energy states have 
been seen to be varied by changing the geometries of the 
structures and re-shaping potential profiles of the 
structures with externally applied fields.  These changes 
are very effective on the electronic and optical properties 
of low-dimension structures. For these reasons, a new 
triple quantum wells structure was considered in this 
study.  The absorption coefficients and the refractive 
index changes were examined by changing the side well 
geometries in the triple AlxGa1-xAs/GaAs quantum wells, 
using the finite difference method, one of the most used 
methods today [44-47]. The study also shows how 
choosing appropriate side well geometries affects optical 
transitions under an electric field. 
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Theory 
 

Triple quantum wells (TQWs) consist of a triangular 
well in the center and symmetrical wells of varying shapes 
on both sides were considered. While the triangular well 
in the center of the structure remained constant in shape 
and potential energy, the potential energies of the side 
wells on either side of the central well were considered 
with different depths, and also their shapes were 
converted from triangular into square wells. The confined 
potential of the TQWs, shown schematically in Fig. 1, 
along the x-axis, is defined as  

𝑉(𝑥)

{
  
 

  
 

  𝑉0,                          |𝑥| ≥ 100𝐴
0

|𝑥| ∗ (
𝑉1

𝑇2
) ,           − 100𝐴0 < 𝑥 < −50𝐴0 

|𝑥| ∗ (2 ∗
𝑉0

𝑇2
)                 −  50 ≤ 𝑥 ≤ 50𝐴0

 |𝑥| ∗ (
𝑉1

𝑇2
) ,                   50𝐴0 < 𝑥 < 100𝐴0 

          (1)  

where 𝑇2 in the above expression is constant and is 
taken as 100𝐴0. The potential energy profiles of TQWs are 
plotted by assuming 𝑉1 = 𝑉0 in Fig. 1(a), 𝑉1 = 𝑉0/2 in Fig. 
1(b), and 𝑉1 = 0 in Fig. 1(c). 𝑉0 is defined as the barrier 
height. 

 

 

Figure 1. TQWs potential profile values, respectively, for (a) 𝑉1 = 𝑉0, (b) 𝑉1 = 𝑉0/2, and (c) 𝑉1 = 0. 

 
The time-independent Schrödinger equation for the 

TQWs grown along the 𝑥-axis is as follows 

𝐻𝜓𝑛(𝑥) = 𝐸𝑛𝜓𝑛(𝑥)        (2) 

Here, 𝐻 is the Hamiltonian operator and is defined as, 

𝐻 = −
ℏ2

2𝑚∗ ∇
2 + |𝑒|𝐹𝑥 + 𝑉(𝑥)      (3) 

In this expression, 𝑚∗ is the effective mass, 𝑒 is the 
electron charge, and 𝐹 is the electric field strength. The 
finite difference method is used to obtain the 
wavefunctions and energy states of the structures by 
applying the Hamiltonian in Eq.3 to the Schrödinger 
equation in Eq.2. The details of the method have been 
given elsewhere [27,47]. Using the wavefunctions and 
energy values of the first two states, the linear and 
nonlinear absorption coefficients of the TQWs in the 
transitions between the two energies were found as 
follows 

𝛽(1)(𝜔) =
𝜎

𝑐𝜀0𝑛𝑠
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                     (4) 

and𝛽(3)(𝜔, 𝐼) = −
2𝜎

(𝑐𝜀0𝑛𝑠)
2

ℏ𝜔𝐼|𝑀𝑖𝑓|
4
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[(𝐸𝑖𝑓−ℏ𝜔)
2+(ℏ/𝜏𝑖𝑛)
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𝑀𝑓𝑓−𝑀𝑖𝑖

2𝑀𝑖𝑓
|
2
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The total absorption coefficient 𝛽(𝜔, 𝐼) is given as  

𝛽(𝜔, 𝐼) = 𝛽(1)(𝜔) + 𝛽(3)(𝜔, 𝐼)       (6) 

The refractive index changes involving linear and 
nonlinear terms are calculated from  

∆𝑛(1)(𝜔)

𝑛𝑠
=

𝜎

2𝜀0𝑛𝑠
2

|𝑀𝑖𝑓|
2
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and 

∆𝑛(3)(𝜔, 𝐼)
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Therefore, the total refractive index change is given by 

∆𝑛(𝜔,𝐼)

𝑛𝑠
=

∆𝑛(1)(𝜔)

𝑛𝑠
+

∆𝑛(3)(𝜔,𝐼)

𝑛𝑠
         (9) 

where ℏ𝜔 is the incident photon energy, 𝜀0  is the 
dielectric permittivity of the vacuum, 𝜎 is the carrier 
density in the system, 𝑐 is the speed of light in a vacuum, 

𝜏𝑖𝑛 is the relaxation time, 𝑛𝑠 = √𝜀 is the refractive index 
of the system and 𝜀 is the dielectric permittivity of the 
material. 𝐼 is the optical intensity. 𝐸𝑓  and 𝐸𝑖  describe the 

energies of the last and first states respectively, 𝐸𝑖𝑓  is the 

energy difference between these states which is defined 
as 
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𝐸𝑖𝑓 = 𝐸𝑓 − 𝐸𝑖                (10) 

The 𝑀𝑖𝑓  dipole matrix element is calculated from the 

following equation.  

𝑀𝑖𝑓 = |< 𝜓𝑖|𝑒. 𝑥|𝜓𝑓 >|        (11) 

Here, 𝑒 is the electron charge. The 𝜓𝑖  and 𝜓𝑓 are the wave 

functions of the first state and the final state, respectively 

Results  
 

In the calculations, the effective mass was 𝑚∗ =
0.067𝑚0 for the whole structure. The dielectric 
permeability of the medium was 𝜀 = 12.58 𝜀0. The 
potential depth of mid-well was taken as 𝑉0 = 228 𝑚𝑒𝑉, 
the electron density in the system 𝜎=3×1022𝑚−3, the 

refractive index for GaAs, 𝑛𝑠=√𝜀 and the relaxation time 
between the inner bands 𝜏𝑖𝑛 = 5ps. The optical density of 
the external light was 𝐼 = 0.06 MW/𝑐𝑚2.  
 

 

Figure 2. The potential profiles of the TQWs together with the probability densities in the ground and excited states for 
𝐹 = 0 and 𝐹 = 40 𝑘𝑉/𝑐𝑚. (a) 𝑉1 = 𝑉0, (b) 𝑉1 = 𝑉0/2, and (c) 𝑉1 = 0. 

The ground and first excited state energies, the 
probability densities, and the confining potential shapes 
for different TQWs with and without an electric field are 
shown in Fig. 2. In Fig. 2(a) where 𝑉1 = 𝑉0 case is 
investigated, it is noteworthy to point out for the ground 
state that the electron is mostly located in the central well 
independent from whether the electric field is on or not. 
The underlying reason is the side wells are so shallow that 
they cannot hold the electron inside. In the first excited 
state, it is seen that while the wavefunction is localized in 
both side wells when the electric field is off, the field 
application shifts the localization into the left-hand side 
well. Fig. 2(b) shows the results for 𝑉1 = 𝑉0/2 
consideration. With no electric field, the probability 
distribution of the electron in the ground state spreads to 
the whole structure as the side well depths were 
increased, and their shapes were changed from right-
angled triangles to square-like ones. The electron 
localization shifts towards the left-hand side when the 
field is on. The excited state probability distribution 
entirely leaves the right-hand side well mostly localizing in 
the left-hand side well. The electron is mostly located in 
the side wells for its ground state with no electric field as 
seen in Fig. 2(c) in which the case is 𝑉1 = 0 and the side 

well shapes were turned into full square shape. Figure 2(c) 
shows that the ground state wave function is now more 
localized in the side wells instead of the center well in the 
absence of the electric field, and is completely localized in 
the left-hand side well with the electric field. The 
probability density of finding an electron in its first excited 
state exhibits a different behavior than previous potential 
profile choices if the electric field is on. Without an electric 
field, it is distributed to the side wells leaving the center 
well completely. With the electric field, however, the 
shifts of the probability distribution are observed in the 
center and the right-hand side wells contrary to 
expectations that it had to have been in the left-hand side 
well as in previous potential profile considerations. That is 
because the probability distribution of the ground state 
occupies the left-hand side well where the first excited 
level probability distribution is expected to be found if the 
electric field is on. The above results show that when an 
electric field is applied to these three different structures, 
the energy states are reduced for 𝑉1 = 𝑉0 and 𝑉1 = 𝑉0/2 
potential profiles. However, the ground state energy 
decreased while the first excited state energy increased in 
the square side wells structure (𝑉1 = 0).  
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In Fig. 3, the first two energy states concerning the side 
well potential energies are investigated with and without 
an electric field. In the absence of an electric field, it was 
observed that the ground state energy increased up to 
around 𝑉1 = 120 𝑚𝑒𝑉 of the side well potential energy, 
and after this value, it was seen to be almost constant. In 
the first excited state, a linear increase was observed. 
When an electric field is applied, the ground state 
energies decrease in comparison with that of no-field 
energies for small values of 𝑉1. When the value of 𝑉1 = 𝑉0 
is reached, the energies with and without the electric field 
become equal. The field-on energies of the first excited 
state are higher than that of the field-off energies for the 
values 0 ≤ 𝑉1 ≤ 50 𝑚𝑒𝑉. For values greater than 
50 𝑚𝑒𝑉, the field-on energy values of the first excited 
state become smaller than that of the field-off energies. 
The changes in all these energy states are in agreement 
with the energy levels of the quantum wells described in 
Fig. 2 

 

 

Figure 3. Variations of the ground (blue) and first excited 
(green) state energies for 𝐹 = 0 and 𝐹 = 40 𝑘𝑉/𝑐𝑚 
electric field strengths depending on the side well 
potential energy parameter. 

 
In Fig. 4, the effect of electric field strength on the 

ground and first excited states is shown for three different 
well structures. For the structure with 𝑉1 = 𝑉0, the ground 
state energy was around 100 𝑚𝑒𝑉 and is not affected by 
the electric field. The first excited energy of the same 
structure decreases if the electric field strength increases. 
At large strength of the electric field, these energy states 
are seen to converge with each other. The ground state 
and the first excited state energies decrease while the 
electric field increases, and they are almost parallel to 
each other for 𝑉1 = 𝑉0/2. For the structure with a value 
of 𝑉1 = 0, the initial values of the ground and the first 
excited state energies start from a value close to each 
other. With the increase of the electric field, the ground 
state energies decrease against the increase in the first 
excited state energies. The reason for this behavior is due 
to the geometry of the structure described in Fig. 2(c). It 
has been observed that the energy states exhibit different 
behaviors under the influence of the applied electric field 
due to the different geometries of the side wells in the 
TQW structure. 

 

 

Figure 4. Energy changes in the ground state (blue line) 
and the first excited state (green line) depending on 
the electric field strength according to different 
TQWs. 

 
Fig. 5 shows the photon energy-dependent variation 

of the linear, nonlinear, and total absorption coefficients 
for (1-2) optical transitions for all three potential profiles 
without any electric field application. For the structure 
with 𝑉1 = 𝑉0, the photon energy is approximately 
90 𝑚𝑒𝑉. The required photon energy for 𝑉1 = 𝑉0/2 and 
𝑉1 = 0 values decreased to 45 𝑚𝑒𝑉 and 10 𝑚𝑒𝑉, 
respectively. The required photon energy decreases as the 
depth of side wells increases. This is because the 
difference between the 𝐸1 and 𝐸2 energies is small for 
small values of 𝑉1 as seen in Fig. 3. The nonlinear 
absorption coefficient is highest for the smallest photon 
energy obtained for 𝑉1 = 0. These two different functions 
of the linear and nonlinear absorption coefficients are 
reflected in the total absorption coefficients as seen in Fig. 
5. 

 

 

Figure 5. Changes of the absorption coefficients 
depending on photon energy according to different 
TQWs for 𝐹 = 0. 

The photon energy-dependent change of absorption 
coefficients for optical transitions (1-2) under the electric 
field 𝐹 = 40 𝑘𝑉/𝑐𝑚 strength is shown for all three 
potential profiles in Fig. 6. When compared with no 
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electric field case seen in Fig. 5, there is a decrease in the 
photon energy for the linear absorption coefficient of 
𝑉1 = 𝑉0 and 𝑉1 = 𝑉0/2 TWQs to 75 𝑚𝑒𝑉 and 35 𝑚𝑒𝑉, 
respectively. With a value of 𝑉1 = 0, the opposite 
situation occurred and the photon energy rose to 
approximately shifted to 50 𝑚𝑒𝑉. This behavior is sourced 
from the fact that the 𝐸1 and 𝐸2 energy difference for the 
𝑉1 = 𝑉0 and 𝑉1 = 𝑉0/2 structures are small while it is large 
for the 𝑉1 = 0 TQW when the electric field is applied with 
𝐹 = 40 𝑘𝑉/𝑐𝑚 strength as shown in Fig. 4. For the 
nonlinear absorption coefficient, the photon energy has 
its smallest value for 𝑉1 = 𝑉0/2 in comparison with the 
photon energies come across in the other TQWs. The 
nonlinear absorption coefficient of 𝑉1 = 0 and 𝑉1 = 𝑉0 
TQWs  are so low that their total absorption coefficients 
almost not affected by the nonlinear absorptions as seen 
in Fig. 6. 

 

Figure 6. Changes of absorption coefficients depending 
on photon energy, according to different values of 𝑉1, 
under 𝐹 = 40𝑘𝑉/𝑐𝑚. 

 

 

Figure 7. The refractive index changes depending on 
photon energy for different TQWs for 𝐹 = 0. 

 
The linear, the third-order nonlinear, and the total 

refractive index changes without any electric field 
application are depicted according to photon energy for 
three different values of 𝑉1 in Fig. 7. The refractive index 
changes are observed in two extrema values. The region 
between these extrema values gives the region of photon 

energies where the total absorption coefficients are 
maximum. The photon energy decreases while the 
amplitude of the total refractive index changes increases 
in the order for 𝑉1 = 𝑉0, 𝑉1 = 𝑉0/2, and 𝑉1 = 0 
structures, respectively. The 𝑉1 = 0 TQWs, where the 
amplitude of the refractive index changes is greatest, is 
examined, and the difference between the energies is 
small, but the squares of electron wave functions without 
the electric field shown in Fig. 2(c) are maximum in the 
same regions for both energy states. From these results, 
it can be said that the forces of the dipole matrix elements 
are effective in the refractive index changes. 

 

 

Figure 8. The refractive index changes as a function of 
photon energy for different TQWS in 𝐹 = 40𝑘𝑉/𝑐𝑚. 

 
In Fig. 8, the linear, nonlinear, and total refractive 

index changes were presented depending on the photon 
energy for three different values of V1 with the electric 
field strength 𝐹 = 40 𝑘𝑉/𝑐𝑚. The interesting point in this 
figure is that the extrema points of the refractive index 
changes are between −0.05 and 0.05. The refractive 
index changes depend on both the energy gap and the 
dipole matrix elements. The largest amplitude change was 
seen in 𝑉1 = 𝑉0/2 TQWs because the dipole matrix 
element is more effective on the refractive index changes. 
Another striking point is that for 𝑉1 = 0 and 𝑉1 = 𝑉0 
TQWs, the nonlinear refractive index change is almost not 
affected by the photon energy. 

Conclusion 

The study examines how the electronic and optical 
properties of the triple quantum wells change when the 
geometry of the side wells changes from a triangular well 
to a square well, in the absence and presence of an 
electric field. With the increase in the parameter of V1, 
which changes the geometry of the well in the absence of 
an electric field, it was observed that the ground state 
energy initially increased but remained constant after a 
certain value, while the excited state energy showed a 
linear variation. With the increase of the V1 parameter, it 
was observed that the photon energy values of the 
absorption coefficients increased. It has been observed 
that the side well geometries affect the electronic and 
optical properties of triple quantum wells. Interesting 
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changes were observed in the energy states when an 
external electric field was applied to the structures 
formed with the values of 𝑉1 = 𝑉0, 𝑉1 = 𝑉0/2, and 𝑉1 = 0 
of the side well parameters. These interesting changes in 
energy values have been found to affect the optical 
properties of these structures. When a constant electric 
field strength of 40 𝑘𝑉/𝑐𝑚 is applied to the structures, 
the peak values of the total absorption coefficients are 
observed for     𝑉1 = 𝑉0, 𝑉1 = 𝑉0/2 shift to smaller photon 
energies compared to the case without an electric field. 
For 𝑉1 = 0,  it shifts to larger photon energies compared 
to the case without an electric field. It is thought that 
these features of triple quantum well structures can be 
used as switching devices in optoelectronics. 
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