e-ISSN: 2587-246X
ISSN: 2587-2680

Cumihswriyet Sclionce Jorrnal

acs)

Cumhuriyet Sci. J., Vol.38-4, Supplement (2017) 130-137

On Some New Ideal Convergent Sequence Spaces of M, -Method of
Summability

Nazlim Deniz ARALY, Siikran KONCA*

!Department of Mathematics, Bitlis Eren University, 1300, Bitlis, Turkey

Received: 22.06.2017; Accepted: 23.10.2017

http://dx.doi.org/10.17776/csj.363614

Abstract: In the present work, we introduce some ideal convergent sequence spaces by using M , - summability

method which is defined by P. N. Natarajan [On the (M, 4, ) -method of summability, Analysis] as a typically

generalization of Norlund method. Further, we examine some of their topological properties.
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M, - Toplanabilme Metoduyla Tanimlanan Bazi Yeni Ideal Yakinsak Dizi

Uzaylan

Ozet: Bu ¢alismada Norlund metodunun bir genellesmesi olarak P.N. Natarajan [On the (M, 4,) -method of

summability, Analysis] tarafindan tanimlanan M, -toplanabilme metodu kullanilarak bazi ideal yakimsak dizi

uzaylar1 tanimlanmigtir. Ayrica, bu uzaylarin bazi topolojik dzellikleri incelenmistir.

Anahtar Kelimeler: | -yakinsaklik, Orlicz fonksiyonu, M, -toplanabilme metodu, dizi uzay1

1. INTRODUCTION

The Orlicz spaces were introduced by Birnbaum
and W. Orlicz [1] in 1931. Krasnosel'skii and
Rutickii [2] detailed study on Orlicz spaces.
Lindberg [3] studied various properties of Orlicz
sequence spaces and their subspaces. For further
results, see, [4, 5].

The notion of I-convergence was introduced by
Kostyrko, Salat and Wilczynski [6] corresponds to
a generalization of the statistical convergence.
Related papers can be seen in for example, [7-11].

Natarajan [12] has introduced a very new method
of summability which is called (M, A,,) method in
2013 and studied some of its properties concerning
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its regularity, consistency and translativity. He also

has proved an inclusion theorem and an
equivalence theorem. Recently, Aral and
Kigiikaslan [13] have defined M,-statistical

convergence and given some inclusion results for
different A’s, in addition to some relations between
statistical ~ convergence and  M,-statistical
convergence given. There are still some open
problems on this new method of summability, for
example one of them, there have not been any ideal
convergent sequence spaces defined yet. In this
paper, we have defined some spaces of ideal
convergent sequences defined by M;-method of
summability and Orlicz functions. We also
examine some of topological properties of these
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sequence spaces. By this way, we aim to fill this
gap.

2. DEFINITIONS AND PRELIMINARIES

Before beginning of the presentation of the main
results, we recall the following definitions.
Throughout the paper, for brevity, by the notation
li}gn X) We mean kli_r)r})0 x, and by N, R and C we

mean the set of all natural numbers, the set of all
real numbers and the set of all complex numbers
respectively. For the convenience, we also use the
notation M, instead of (M,A,) representation
given in the work of Natarajan [12].

Definition 1 [6] Let X # @ and P(X) = 2% be the
family of all subsets of X. Then, a family of sets
I c 2% is said to be an ideal on X if and only if I
satisfies these conditions:

1.o€el,
2.A,BelimplyAUBE€l,
3.AeEl,Bc AimplyB € I.

An ideal I is called non-trivial if I = @ and X € I,
that is I # 2%. A non-trivial ideal I < 2% is called
admissible if {x} € I foreachx € X .

Definition 2 [14 ] Let X be a linear metric space.
A function p: X — R is called paranorm, if

1.p(x) =0, forall x € X,
2.p(—x) = p(x), forall x € X,
3 px+y) <pk)+pl), forallx,y€X,

4. If (4,,) isasequence of scalars with 1, — A as
n — oo and (x,) is a sequence of vectors with
p(x,—x)—0 as n— oo, then p(1i,x, —

Ax) — 0asn — oo.

Definition 3 [14] An Orlicz function is a function
M:[0,00) — [0,0) which is continuous, non-
decreasing and convex with M(0) = 0, M(x) > 0
forx > 0 and M(x) — o as x — oo.

If the convexity of an Orlicz function is replaced by
M(x +y) < M(x) + M(y), then this function is

called modulus function. If M is an Orlicz function,
then M(Ax) < AM(x) for all 2 with 0 <A< 1.
An Orlicz function M is said to satisfy A,-condition
for all values of x, if there exists a constant K > 0,
such that M(2x) < KM (x) forall x > 0. The A, -

condition is equivalent to M(Lx) < KLM (x), for
all values of x > 0 and for L > 1 [2].

A sequence space E is said to be solid (or normal)
if (apxy) € E, whenever (x,)€E, for all
sequences (e, ) of scalars with |a;| < 1forall k €

N. It is well known that a sequence space E is
normal implies that E is monotone [14].

The following inequality will be used throughout
this paper. Let p = (py) be a sequence of strictly
positive real numbers with 0 < p,, < suprenPr =
G, and let D = max{1,2%~1}. Then we have

lay + b |Px < D{|ay|Pk + |by [Pk

(1)
for all ag, bk eC [15]

Let 2 = (4,) be a sequence such that 7|4, | <
0.

Definition 4 [13] A real valued sequence x = (x,,)
is said to be M;-convergent to [ € R, called the
M;-limit of x and denoted by x, — I (M), if
k=0 An-xx — L,n — oo

3. Main Results

Now, we present our main results. Throughout the
paper I will be considered as a non-trivial
admissible ideal.

Let M be an Orlicz function and let g = (g,,) be a
bounded sequence of positive real numbers. We
define the following sequence spaces,
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n _ an
c'(M, )" = {x = (x,) Ew:l —limM ('Z":"A"P%W‘L') =0 for some L and p > 0},
n

n qn
cd(M, )M = {x =(x,) Ew:l — lirrlnM(M) =0 for some p > 0},

n an
lo(M, )M := {x = (x,) € w: sup,enM (W%*m) < o for some p > O}. (2

We can write

m! (M, )M = ¢! (M, 9)M* 0 1o, (M, @)M* and m{(M, @)M* = c{(M, @)M* 0 1o,(M, g)M2.

For some special cases we obtain the followings:

1.1fqg = (q,) = 1 forall n € N, then the sequence spaces given by (2) reduce to the following sequence
spaces.

c(MHMr = {x =(x,) Ew:l — limM(w) =0 for some L and p > 0},
n
ch(M)Ma = {x = (x,) Ew:I —limM (M) =0 for some p > 0},
n P

I, (M)Ma = {x = (x,,) € w: sup,eyM (M) < o for some p > 0}.

2. If we take M(x) = x in (2), then we obtain the followings:
(cHMa = {x = (xy) Ew: I =1lim(|XF=0 An—rXx —L|) = 0 for some L} ,
n
(ch)r = {x = (xn) € Wil = lim(IX oo Aniic) = 0},

()Mt = {x = (%) € W: suppen(IXh=o An—r Xk |) < o0}

3. When we take M(x) = x and q = (g,) = 1 forall n € N in the equation (2) then we have
(@M == {x = (x,) €Ew: I = lim(|X}=0 An_kXx — L|%) = 0 for some L} ,
n
(@M = {x = (x) € Wil = Hm(IXf=g A i) = 0},

Lo (@M% = {x = (xn) € w: suppen(1Xk=0 An-rxx ™) < 0} .

4. Let p = (p,) be a sequence of positive natural numbers and P, = },p_, px — oo. Take into consider
A=) as
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then M;-convergence coincide with N,,-convergence and the sequence spaces given by (2) reduces to the

following sequence spaces for ¢ = (q,) = 1 (vn € N) and M(x) = x;
. 1
(cHMv = {x = (xp) Ew:l — hrrln (|EZQ:0xk - L|) = 0 for some L} ,
. 1
(C(I))NP = {x = (xn) eEw:l — llrl;n(|azzzo xk|) = O} ,

()" = {x = () € W supnen (|5 Sz i) < o0}

Theorem 1 Let M be an Orlicz function and let ¢ = (q,,) be a bounded sequence of positive real numbers.

Then, the spaces ¢/ (M, @)1, ci(M, )M, m!' (M, ¢)Mx and mi (M, g)M4 are linear.

Proof. Let x,y € c! (M, q)M2. Then, there exist positive numbers p; and p, such that

n _ Adn
I—limM(w) = 0, forsome L, € C,
n P1

n _ Aan
I —limM (w) =0, forsomelL, € C.
n P2

For a given € > 0, we have

n _ dn n _ dn
K1={keN:M(W) } K2={keN:M(W) } 3)

Let p; = max{2|a|p,, 2|B|p,} and let a, B € C be scalars. Since M is non-decreasing convex function,
so by using inequality (1), we have

lim M (|27§:0An_k(axk+ﬁyk)—(aL1+ﬁLz)|)"n
n P3

. alIS™ A _rxi,—L no5 NG
< tim (ko tn-pmictal | 81 onmLal)
n P3 P3

. n A _gXi—L an i nooaA_ —L dn
<limM (M) +lim M (w) _
" P1 n P2

We have from (3),

n _ Adn
{k € N:lim M (|Zk=°/1”_k(axk+ﬁyk) (aLlJrﬁLZ)') } c K; UK,.
n P3

Hence, ax + By € c¢!'(M,q)M. Thus c!(M,q)M* is a linear space. We can prove that c)(M,q)M2,

m!(M, q)M* and m} (M, q)M2are linear spaces with similar techniques.

Theorem 2 Let M be an Orlicz function. Then, ¢} (M, ¢)M2 c ¢! (M, ¢)M2 c 1,(M, q)M2.
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Proof. The inclusion c}(M, g)M2 c ¢! (M, q)M2 is obvious. Let x € c! (M, g)M2. Then, there exist L € C

and p > 0 such that

|0 ﬂn—kxk—L|)qn -0

I—lirrlnM( .

We have

M (|2;<l=02)“;—kxk|)qn < %M (lZ}::o/lnp—kxk_Ll)qn + %M (%)qn.

If we take supremum over n on both sides, we get x € 1,(M, g)™2. Hence we obtain
co(M, )M c c!'(M, )M c 1,,(M, q)M2.
This completes the proof of the theorem.

Theorem 3 Let M be an Orlicz function and let ¢ = (q,,) be a bounded sequence of positive real numbers.

Then, I, (M, g)2 is a paranormed space with paranorm defined by
an n dn
g(x) = infysq {pF > 0: suppenM (M) <1 for somep > O} ,

where H = max{1, sup,q, }.

Proof. It is clear that g(x) = g(—x). Since M(0) = 0, we get g(8) = 0. Let us take x,y € l,(M, q)M2

and denote

n an n dn
K(x) = {p > 0: sup,M (M) < 1} and K(y) = {p > 0: sup,M (M) < 1}.

Let p; € K(x) and p, € K(y). If p = p; + p,, then we have

|211:=0/1n—k(xk+}’k)|) < ( p1 )SuanNM (|271§:01n—kxk|) +( P2 )SuanNM (|22=oln—kYk|)

su M (
Pnen p p1+p2 p1 p1+p2 P2

n dn
|2k=0/1n_k(xk+yk)|) <1 and
p1tp2

which in terms give us, sup,eyM (

glx+y) = inf{(m +p) 7 > 0:py € K(x),p € K(Y) }

< inf {(p)¥ > 0:py € KGO} +inf {(p)F > 0: p; € K ()

=gx) +g9®).

Let (o) be a sequence of scalars with 05 — o, where g,0° € C and let (x%), x € l,(M, q)* be such

that g(x° —x) — 0 ass — oo. To prove that g(6°x° — gs) — 0 as s — oo. Let



Aral, Konca / Cumhuriyet Sci. J., Vol.38-4, Supplement (2017) 130-137 135

n s|\ dn n S_ Aan
A= {ps > 0: suppeyM ('Zk:oi—"_kx') < 1} and B = {p; > 0: suppenM (w) <1 }

7
s Ps

If p; € A and p; € B, then we observe that

M (|Z;{1:01n_k(0'5x5—0'x)|) <M (|Z;¢l:oln—k(asxs_0'xs)| |Z£:01n—k(axs_ax)|)

pslos—al|+pllol pslos—ol+pglal psloS—al+pglol
loS—a|ps (IZZ:oln-kxsl) n la|ps (IZZ:o/ln-k(xs—X)I)
~ pslos—ol+pilol Ps pslos—ol+pglol pé '

From the above inequality, it follows that

|Z£:01n_k(asxs—axﬂ)q"

<1
psloS—al+pglo|

supneuM (

and consequently,
an
9(0°x* = ax) < inf {(pslo* — ol + pilol)# > 0:p; € 4, p} € B}
s n In in, I /
< (lo® ol inf {(ps) ¥ > 0:p; € A} + (o) inf (o)) > 0:p} € B}
an an

< max {1, oS — o H}g(xs) + max {1, |o] H}g(xs — x).
Hence by our assumption, the right hand side tends to 0 as s — oo. This completes the proof.
Theorem 4 Let M, and M, be Orlicz functions that satisfy the A, -condition. Then, for Z = ¢/, c(’), m’,m{,,
1. Z(Mz, q)lw/1 c Z(M1 o Mz)MA,
2. Z(My, OMr N Z(M,, g)M2 € Z(M, + M,, )M,
Proof. (1) Let x € c5(M, q)M2. Then, there exist p > 0 such that

BT Shoo An—kxi\ 1" _
I llrrlan( : ) =o. (4)

Let £ >0 and choose 6 with 0 <& <1 such that M(t)<e for 0<t<d4. Write y, =

|Zz:01n—kxk| n - . _ . . - - -
M, (—p ) and consider }llgkl] M, () = alrllrs% M, () -|-ylrlll>n§M1(yn). Since M; is an Orlicz

nenN neN
function, we have
Jim M, () < My (2) lim () ©)
neN neN

Foryn>6wehaveyn<%<1+%.
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Since M, is nondecreasing and convex, it follows that

n 1 My 2y,
My () < My (1 +%) <5%.

Since M, satisfies A,-condition we have

My () < 5K2My(2) +5 K22 My (2) = K22 My (2).

Hence,
Jim M, () < max(1,K6 ~IMy(2) Jim (y,) (6)
neN neN

From (4), (5) and (6), we have x = (x;) € ci(M; o My, q@)M2. Thus ch(M, , g)M2 € cl(M; o M, , q)M2 .
We can prove the other cases similarly.

(2) Letx € cd (M, @)M2 n ck (M, , g)M2 then there exist p > 0 such that

Rt |Efeco Anrx [\ 1" _ Rt D
I llrrlan( p ) =0 and [ llrrlan( 5 ) =0.

The result is obtained by the following equality

. |Z£zoln—kxk| an T |Zz:oln—kxk| an : |22:01n—kxk| n
lm (1 + My) (B0 g b (BE220) o iy (o ait)

Corollaryl Let M be an Orlicz function which satisfies A,-condition. Then Z(q)* c Z(M, q)™ holds

forZ = ¢!, cb,m!, m).
Theorem 5 The spaces c) (M, g)M* and m},(M, ¢)Mare solid.

Proof. We will prove for the space c}(M, q)M+. For ml(M, q)M, the proof shall be similar. Let x €

cb (M, q)M, then there exists p > 0 such that
n dn
I —tim b (Zmolntzk) ™
n P

Let a;, be a sequence of scalars such that || < 1, V k € N. Then the result follows from the following

inequality

4 n n Adn
lim M (w) < lim M (lzkzozn_kxk|) ~o
n P n o
and this completes the proof.

Corollary 2 The spaces c) (M, ¢)M2 and m) (M, q)M4 are monotone.
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