e-ISSN: 2587-246X
ISSN: 2587-2680

Cumihswriyet Sclionce Jorrnal

acs)

Cumhuriyet Sci. J., Vol.38-4, Supplement (2017) 77-85

Relationship Between Fuzzy Soft Topological Spaces and (X,z,)

Parameter Spaces

Serkan ATMACA

Cumhuriyet University, Faculty of Science, Department of Mathematics, 58140 Sivas / TURKEY

Received: 29.09.2017; Accepted: 22.11.2017

http://dx.doi.org/10.17776/csj.340541

Abstract: In this paper, the relation between fuzzy soft topological spaces and (X, z'e) parameter spaces is

introduced. After defining the parametrical property of fuzzy soft sets and we give some examples.
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Bulanik Esnek Topolojik Uzaylar ve (X,z,) Parametre Uzaylari
Arasindaki Iliskiler

Ozet: Bu makalede bulanik esnek topolojik uzaylar ile (X, Te) parametre uzaylari arasindaki iligkilere giris

yapildi. Bulanik esnek kiimelerde parametrik 6zellik tanimlandi ve 6rnekler verildi.

Anahtar Kelimeler: Bulanik esnek kiime, bulanik esnek topoloji, parametre uzaylar1 [2000] 03E72, 54C05,

54D30

INTRODUCTION

The notion of the fuzzy soft set, which is the
combination of fuzzy sets and soft sets, was
introduced by Maji et. Al.[16] in 2001. In 2011,
Tanay and Kandemir [22] defined the topological
structure of fuzzy soft sets. In this work Tanay and
Kandemir gave basic topological definition such as
neighborhood of a fuzzy soft set, interior fuzzy soft
set, fuzzy soft basis and fuzzy soft subspace
topology. Afterwards, a lot of researches studied
this theory in several area of mathematics such as
topology in [1, 3, 23, 8, 9], algebraic structures in
[11, 2] and decision making in [10, 14, 20]. On the
other hand, Varol and Aygun [3] gave an example
of (X,7,)parameter spaces notion in 2012.

* Corresponding author. Email address:
http://dergipark.gov.tr/csj

In this study, the relation between concepts on
fuzzy soft topological spaces and concepts of
parameter spaces is introduced. Then parametrical
property of concept for fuzzy soft topological
spaces which is similiar to topological and
hereditical property on classical topological spaces
is defined and its examples are given.

1. Preliminaries:

Definition 1 [21] Let Ac E . A fuzzy soft
set f, over universe X is mapping from the
parameter set E to 1*,ie. f,:E—1", where
f,(e)=0, if eeAcE and f,(e)=0, if
e ¢ A, where 0, denotes empty fuzzy seton X .
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Definition 2 [21] Let FS(X,E) denote
the family of all fuzzy soft sets on X . If
f\, 05 € FS(X,E), then

operations for fuzzy soft sets are given by Roy and
Samanta as follows:

some basic set

(1) The fuzzy soft set f € FS(X,E) is
called null fuzzy soft set if f,(e)=0, for all

e € E and denoted by 6E :

(2) The fuzzy soft set f. € FS(X,E) is
called universal fuzzy soft set if f.(e) =1, forall

e € E and denoted by IE

(3) f, is called a fuzzy soft subset of g,
if f,(e)<gg(e) for all e E and denoted by

faC0g.

(4) f, and g, are said to be equal if
f, g and g, < f, and denoted by f, = g,

(5) The unionof f, and g, isalso a fuzzy
soft set h., defined by h.(e) = f,(e)v g (e) for
all ecE, where C=AuUB. Here, we write
hC = fA Q gB '

(6) The intersection of f, and g is also
defined by
h.(e)= f,(e)Agg(e) for all ecE, where

a fuzzy soft set hg,

C = ANB. Here, we write h. = f, N g,.

Definition 3 [22] Let f, e FS(X,E).
The complement of f,, denoted by f;, is a fuzzy
soft set defined by f,(e)=1—f,(e) for every
eckE.

Letuscall f; tobe fuzzy soft complement
function of f,. Clearly (f;)° = f,, (L) =0,
and (6E)C = IE

Definition 4 [13] Let FS(X,E) and
FS(Y, K) be the families of all fuzzy soft sets over
X and Y, respectively. Let u: X —»Y and
p:E — K be two functions. Then f_ iscalled a

fuzzy soft mapping from X to Y and denoted by
f,, FS(X,E) > FS(Y,K).

(1) Let f, e FS(X,E) then the image of
f, under the fuzzy soft mapping f,, is the fuzzy
soft set over Y and defined by f,(f,), where

v (v
x-eu_l(y) eep_l(k)

Jfu(y) 2D
and p (k) = J;

fa(e)(x)

fup (F)(K)(Y) =

OY

, otherwise.

(2) Let g, € FS(Y,K) then the preimage of g,
under the fuzzy soft mapping fLlp is the fuzzy soft

setover X and defined by f,'(g), where

95 (p(e))(u(x))
,for p(e) € B;
foo (98)(€)(X) =
OX

, otherwise.

If u and p are injective, then the fuzzy soft

mapping f, issaid to be injective. If u and p are
surjective, then the fuzzy soft mapping f, is said

to be surjective. The fuzzy soft mapping fup is

called constant if U and p are constant.
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Definition 5 [1] The fuzzy soft set
f, e FS(X,E) is called fuzzy soft point if

A={e}c E and f,(e) isafuzzy pointin X, i.e.
there exists Xe X such that f,(e)(X)=«
(0<a<l) f,(e)(y)=0 for all
ye X —{x}. We denote this fuzzy soft point

fa=er ={(e,;x,)}-

and

Definition 6 [1] Let e;, f, € FS(X,E)
.We say that e; € f,, readas, e; belongs to the

fuzzy soft set
a < f,(e)(x).

f, if for the element ee A,

Evidently, every fuzzy soft set f, can be

expresssed as the union of all the fuzzy soft points
which belong to f,.

Definition 7 [1] Let f,, 95 € FS(X,E).
f, is said to be soft quasi-coincident with g and
denoted by f,Q0; ifthereexist e E and x € X
such that f,(e)(x)+ gg(e)(x) >1.

If f, isnot soft quasi-coincident with g, then we
write f,qg,.

Definition 8 (see [22, 21]) A fuzzy soft
topological space is a pair (X,7) where X isa

nonempty set and 7 is a family of fuzzy soft sets
over X satisfying the following properties:

(1) 6E,IE er
@) 1f f,, gger ,then f,Ngz er
(3)If f,, er Viel, then Did fyer.

Then 7 is called a topology of fuzzy soft sets on
X . Every member of 7 is called fuzzy soft open

gg Is called fuzzy soft closed in (X,7) if

(gB)C eT.

Definition 9 [1] Let (X, 7) be a fuzzy soft
topological space and f, € FS(X;E). The fuzzy
soft closure of f, denoted by f, is the

intersection of all fuzzy soft closed supersets of f,

Definition 10 [1] Let (X,7) be a fuzzy
soft topological space and f, € FS(X;E). The
fuzzy soft interior of f, denoted by f, isthe union

of all fuzzy soft open subsets of f,.

Definition 11 [1] A fuzzy soft set f, in
FS(X,E) is called Q-neighborhood (briefly, Q-
nbd) of g, if and only if there exists a fuzzy soft

open set h. in 7 suchthat g,gh. < f,. All the
Q-nbds of fuzzy soft point of e; are shown as
N, (&5).

Definition 12 [22] A fuzzy soft set g ina
fuzzy soft topological space (X,7) is called a
fuzzy soft neighborhood (briefly: nbd) of the fuzzy
soft set f, if there exists a fuzzy soft open set h

suchthat f, ch. Cg;.

Definition 13 [1] Let (X,7,) and (Y,7,)
be two fuzzy soft topological spaces. A fuzzy soft
mapping f, :(X,7;) > (Y,7,) is called fuzzy

soft continuous if f,,'(gs) ez, forall gy €7, .

Example 1 [3] Let (X,7) be a fuzzy soft
topological ~ space.  Then  the  families
7, ={f,(e): f, et} are fuzzy topologies on X
forall ecE.

Throughout this study, without the loss of
generality parameter spaces is used for (X,7,)
fuzzy topological spaces.

Definition 14 [22] Let (X,7) be a fuzzy

soft topological space and B be a subfamily of 7 .
If every element of = can be written as a arbitrary
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fuzzy soft union of some elements of B, then B is
called a fuzzy soft basis for fuzzy soft topology 7 .

Theorem 1 Let (X,7) be a fuzzy soft
topological space and B be a base of 7. Then
B, ={f,(e): f,eB} isabaseof r, for ecE.

Proof. Let B be a base for r and
fo(e)er,. Then f, ez.Since B is the basis 7
, there exista B — B such as

U g,

gBeB

f, =

. If we choose B, ={f,(e): f,eB}cB,,

gives

this

fA(e):[ D,gB](e)

BeB

= v gg(e)= v gg(e)

gBeB gB(e)eBe
. That shows B, is a basis z,.

The converse of this theorem does not usually hold.

Example 2 Let E ={e,,e,,e,} be a set of

parameters and X ={X;,X,,X,} be a initial

universe. If

a =10 007 %% X1, (6 0 X2 XD,
(eallx)}

a, =0 000 %27 %D, (8, {307, %)),
(63,{X1 X2t Xs )

fo, =40 X7 0% ), (e, X7 X6°D),

(e3 ’{Xf’S ’ Xg4 ’ X??‘G})}

_{(el’{xl 1X2 'Xs }) (921{)(1 vxz 1X3})’
(eS’lx)}

the family, 7 = {OE,lE f fa } is a

A Az As’
fuzzy soft topological space. Then

={0,, 1, 0% % X THK Y %% X
{on 02 XOG}{XM 04 x9733

_{OX’]‘X’{XZL ! 2 ' 3} {Xl ' }}

7, ={0,. Lo 00% 6" X3
Moreover, if

g5, ={(en {0 %% X371 (6 {2, %572,

(eS ’{Xf’S ’ Xg ! 1 nge})}

0, =& X070 X0, (0, {X0%, X7 X1}

05, =4e, D0 X8, XE%), (&, 00, X271}
0, ={(&, 2 X0 X7, (&, X7, XD

although, for the fuzzy topologies 7, 7, and 7,

e_l_’
the families,
:{{XO,Z XO7} {X 06},
{on 02 Xoe}{XOA 041 07}}

B, ={{x"",x0", X}0¢°, ¢}
_{{XJ_ ) 2 ' 06}}

are basis, B :{gsl, Js, e, gBA}is not a base of

T .

Theorem 2 Let (X,7) be a fuzzy soft

topological space. €% € f, < x, € f,(e)

Proof. (=) Let e” € f,

X, & (), then for IT € N.(x,), Tqf,(e) .

. Suppose that

Since T € N, (x,), then there exist K 7, such
o+ K(x)>1,
xe X

that X, QK <T. Hence
K(X)<T(x) for all

T(x)+ f,(e)(x)<1. On the other hand, since

and
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Ker,, then there exist gz er such that

g (e) = K. Therefore we get o+ gg(e)(x) >1,
9e(B)X)<T(x)  for all
g5 (€)(x) + fA(e)(x) <1.

Js € N, (ey) and 9.0f, obtained which is a

Xe X and

Consequently,

contradiction.

(<) Let x,ef,(e). Suppose that
ef & f,, then g qf, for 3g, € N (e). Hence,
e’qh. < g, and gg(e)(x)+ fA(e)(x) <1 forall
eceE and xe X . Then a+h.(e)(x)>1 and
h.(e)(x) < ggz(e)(x) for all ecE and xe X .
he(€) € N, (x,)
ho(@)(x)+ f(e)(x)<1  for all

Since  h.(e)er,, and

Xxe X .

Consequently, x, ¢ f,(e) is obtained which is a
contradiction.

Theorem 3 Let (X,7) and (Y,v) be
fuzzy  soft  topological spaces. Then
u, :FS(X,E) > FS(Y,K) is fuzzy soft

continuous if and only if u:(X,z,) = (Y,0,)

are fuzzy continuous for all e E .

Proof. Let u, : FS(X,E) — FS(Y,K) is

a fuzzy soft continuous and Gev_, for ecE.

p(e)
Then there exists gz € v suchthat G = g5 (p(e))
.Moreover

U™ (G)(¥) = G(u(x)) = g5 (P(E)(U(x))
=u;'(gg)(e)(x) for all xe X . Then it is clear
that u™*(G) and u;l(gB)(e) are same fuzzy sets .
Since u, fuzzy soft continuous, then u;l(gB) ET.
Henceu,(g;)(e) =u™(G) € 7, .Therefore
u:(X,z,) —>(Y,v,q) are fuzzy continuous for

allecE .

Conversely, let u:(X,z,) —>(Y,0,)

be fuzzy continuous for all ec E and gz ev.

Since g (p(e)) € v, and

u:(X,z,) = (Y,v,) are fuzzy continuous for
allee E ,u™(gg(p(e)) ez,.Hence u(gg) =
{(e,u™(g5(p(e)) :ecE}er.Then u, is fuzzy

soft continuous.

Example 3 Let E={e,e,} and K =
{k,,k,,k;}be parameter set X ={x,,X,,X;} and
Y ={¥1, ¥, Yo} be universal sets and u,:
FS(X,E) - FS(Y,K) be fuzzy soft function,
where u: X > Y, p:E — K are functions such
that  u(x)=Yy,u(X,) =y, ulx)=y,
p(e) =k,, pe,)=k. If we
fo = (e 0% X% 87, (6, 4 X3 X1}
and
9o ={(k. Ly v2" ya D (ko 92, ¥ D),

(ke {yi V2% Y5 "D} then z={f,, fe, f,} and
V={f,, f..9:} (X,7) and (Y,v) are two

topological spaces. And also u;l(gB) is a hg

and

take

fuzzy soft seton X and

he (€)(%) = gg (P(e))(U(X,)) = g (K,)(Y,) =0,5
he (8)(X;) = 9 (P(e))(U(X;)) = gg (k;)(y;) = 0.8
he (8)(X3) = g& (P(e))(U(X;)) = Gg (K;)(y;) = 0,5
he (€,)(%) = g (P(e;,))(U(X,)) = gg (k)(y,) =04
he (€2)(X;) = 9 (P(e2))(U(X;)) = g (K )(y5) = 0,7
he (€,)(%s5) = 95 (P())(U(X5)) = 95 (k) )(y,) = 0,4

he = ugl(gs) =
{(e,. £¢°, %%, %3°3) (&, 0% 7, x5},

(e, {x"P} = f,. This shows that u is fuzzy
soft continuous. On the other hand,
fa(e) =04, %", %"},

fa(e,) =0¢% %", %},

g (k) ={y", ¥2°, 5}

.Then we have

since
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s (K,) ={y.°, y5 }and
9 (k) ={y1. ¥2°. ¥5°}

, then the families of fuzzy soft sets

r, ={0c.1e. fu(e)},
o, =00 1. 1@},
V, =04 1. 05 ()},
Vi, =0 L. s (k)
Vi, =001, G (K )}

are topological spaces. Since u'(gg(K,)) =

fo(e,) and u(gy(k,) = fo(e), then the

functions u: (X,rel) —>(Y,uk2)and,

u:(X, rez) —(Y, Ukl) are fuzzy continuous.

Definition 15 [7] A fuzzy topological
space (X,7) is compact iff each open cover has a
finite subcover.

Definition 16 [19] A fuzzy soft topological
space (X,7) is said to be fuzzy soft compact if

each cover of IE by fuzzy soft open sets over X
has a finite subcover.

Theorem 4 Let (X,7) be a fuzzy soft
topological space. If (X,7) is fuzzy soft compact,

then (X, z,) fuzzy compact for all e € E.

Proof. Let (X,r) be a fuzzy soft

topological space and U :{fﬁ (&): fﬁ et} be
a open cover of r, for all e eE. Then
Via f,A1 (&)=X the

Therefore, family

:{f,* }.., is a fuzzy soft open cover of IE Since
(X,7)
u- :{fAi}i”:1 finite subcover of U . Hence, this

is fuzzy soft compact, there exist

U:i ={f% (e,)}, family, which is constructed by

some of f, , is a finite fuzzy cover of X for all

e, € E. Therefore (X,7,) is fuzzy compact for
1

all g €E.

The converse of this theorem does not usually hold.

Definition 17 Let (X,7) be a fuzzy soft
topological space. A property of (X,7) is said to
be parametrical if for all e E, we have that
parameter spaces (X,7,) also has that property.

Corollary 1 Fuzzy soft compactness is a
parametrical property.
Example 4 Let X ={X;, X,, X, } be afinite

initial universe, E ={e,, e,,...} be an infinite set of

and
1 1 1 1 1 1

fo =08 Oxd X X D), (o, X XE T XE),
e (@14, %5, 6D}, Then the family 7=
{fAk :k:1,2,...,n}u{6E,]~E} is a fuzzy soft

parameters

topological space on X . Therefore, the family
U ={fAk 'k =1,2,...,n}is a open cover of IE but
this cover does not have any finite cover. So,
(X,7) is not a compact fuzzy soft topological
space. On the other hand the families
z. ={F, (&):k=12,..n}U{1,,0,}=
111

{046, 6 HXZ X2, X33 {0, }
compacton X .

are

Theorem 5 Let X be any initial universe
and E be afinite set of parameters. Then (X, 7, )
1

is compact for all ¢ € E if and only if (X,7) is
compact.

Proof. (=) Let (X,z, ) be compact for
1

all e eE.and U ={f er,kel} be a

a - T,

open cover of (X,r). Then the families
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Uei :{fAk (&): fA1< eU} are fuzzy open covers
of (X,rei) for all g € E. Since (X,rei) spaces
are compact for all e €E, there exist finite
like U, .

& &

subcovers of U That is

1, = vﬁnitefAk_ (e;). Therefore for all e €E,
1

there exist fAk finite number of sets and the

family {fAk,}’ which covers IE is also finite.

Consequently, (X,7) is compact.
(«=) Obvious from Theorem 4.

Definition 18 [12] A fuzzy topological
space X is said to be disconnected if 1, = Av B,

where A and B are non-empty open fuzzy sets in
X suchthat AAB=0,.

Definition 19 [15] Let (X,7) be a fuzzy
soft topological space. (X,7) is disconnected if

and only if there exist fuzzy soft open sets f, and

g, which are not 0. such that 1. = f, Og,

and f, Ng, = 0.

Theorem 6 Let (X,7) be a fuzzy soft
topological space and (X,z) is disconnected.

Then (X, 7,) is disconnected for all e E .

Proof. Let (X,7) be disconnected. Then

there exist fuzzy soft open sets f, and g such

1L =f,0g, and f,~Ag,=0,.
1, = fA(e)vGg(e)
f,(e)ngg(e)=0, for all e E. Moreover,

that

Therefore, and

f,(e) and gg(e) are also open sets on (X,7,).
Consequently, (X,z,) is disconnected for all
eck.

The converse of this theorem does not usually hold.

Theorem 7 Let (X,7) be a fuzzy soft

topological space. If (X, z,) are disconnect for all

Corollary 2 Fuzzy soft disconnectedness is
a parametrical property.

Example 5 Let X ={X,X,, X} be a

initial universe, E ={e,, e,} be a set of parameters
and

f, =4 0¢ 8D (0 088N},

f,, =06 (e 6% 7 XD
AR CRURRHNCR 5 )12

f,, = {087 XD},

£, {005 D),

f,, = 00D},

fl, ={(EuL), (€ 08" ¢ D},

PR CRUICE N

fay ={(e, 00 %7 61 (. 00 %7 % D}

Then the

T:{fAl’fAz’fA3’fA4’fAS’fAS’fA7'fA8’fA9’0E’1E}

is a fuzzy soft topological space on X . The
families

family

7, = {04 S OCHY T,

004 X3 X h 1, O} |

re, = LG RO 3T 1R G 7Y,
007 % %10 % % 1A 04}

are fuzzy topological spaces. Although 7o and 7o,

are disconnceted, (X,7) is a connected fuzzy soft
topological space.

eeE same f, and gg; then (X,7) is a
disconnect.
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Proof. Let f,,ggze7r and for all ecE,

fa(e) v gg(e) =1 fa(e)Agg(e)=0,.

Thenwe have 1. = f, Og, and f, A g, =0,
Therefore, (X,7)

topological space.

and

is a disconnect fuzzy

CONCLUSION In the present work, we have
continued to study of fuzzy soft topological spaces.
We introduced the relation between concepts of
fuzzy soft topological spaces and concepts of
parameter spaces and parametrical properties. We
hope that the findings in this paper will help
researcher and literature.

Acknowledgement The author is gratefull for
financial support from the Research Fund of
Cumhuriyet University under grand no: F-533

REFERENCES

Atmaca S. and Zorlutuna | . On fuzzy soft
topological spaces, Ann. Fuzzy Math.
Inform. 5 (2), 377-386, 2013

Aygiinoglu A. and Aygiin H. Introduction
to fuzzy soft groups, Comput. Math. Appl.
58, 1279-1286, 2009.

Varol B. P. and Aygiin H. Fuzzy soft
topology, Hacet. J. Math. Stat. 41 (3), 407-
419, 2012.

Cagman N., Citak F. and Enginoglu S. FP-
soft set theory and its applications, Ann.
Fuzzy Math. Inform. 2 (2), 219-226, 2011.

Cagman N. and Deli I . Products of FP-
soft sets and their applications, Hacet. J.
Math. Stat. 41 (3), 365-374, 2012.

Cagman N. and Deli I . Means of FP-soft
sets and their applications, Hacet. J. Math.
Stat. 41 (5), 615-625, 2012.

Chang C. L. Fuzzy topological spaces, J.
Math. Anal. Appl. 24, 182-190, 1968.
Gunduz C. and Bayramov S. Some results
on fuzzy soft topological spaces,
Mathematical problems in engineering, 1D
855308, (2013)

Gunduz C. and Bayramov S. Soft locally
compact spaces and paramcompact spaces

[1].

2.

31

[4].

[5].

[6].

[71.

[8].

(9]

[10].

[11].

[12].

[13].

[14].

[15].

[16].

[17].

[18].

[19].

[20].

[21].

[22].

Journal of mathematics and
science, 3, 122-130, (2013)

Feng F., Jun Y.B., Liu X. and Li L.F. An
adjustable approach to fuzzy soft set based
decision making, J. Comput. Appl. Math.
234, 10-20, 2010.

Inan E. and Oztiirk M. A. Fuzzy soft rings
and fuzzy soft ideals, Neural Comput. and
Applic DOI 10.1007/s00521-011-0550-5.
Raja Sethupathy K. S., Lakshmivarahanc
S., Connectedness in Fuzzy Topology,
Kybernetika volume 13 (1977), Number 3
Kharal B. Ahmad, Mappings on Fuzzy Soft
Classes, Hindawi Publising Corporation
Advances in Fuzzy Systems, Article 1D
407890 (2009) 6 pages.

Kong Z., Gao L.Q. and Wang L.F.
Comment on a fuzzy soft set theoretic
approach to decision making problems, J.
Comput. Appl. Math. 223, 540-542, 20009.
Mahanta J., and Das P. K., Results on fuzzy
soft topological spaces,
arXiv:1203.0634v1,2012.

Maji P. K., Biswas R. and Roy A. R. Fuzzy
soft sets, Journal of Fuzzy Mathematics,
203 (2), 589-602, 2001.

Ming P. B. and Ming L. Y. Fuzzy topology
I.Neighbourhood structure of a fuzzy point
and Moore-Smith convergence, J. Math.
Anal. Appl. 76, 571-599, 1980.
Molodtsov D. Soft set theory-First results,
Comput. Math. Appl. 37 (4/5), 19-31,
1999.

Pradip K.G., Ramkrishna P. C. and
Madhumangal P.  Compact and
Semicompact fuzzy soft topological spaces,
J. Math. Comput. Sci. 4 (2014), No. 2, 425-
445,

Roy A.R. and Maji P.K. A fuzzy soft set
theoretic approach to decision making
problems, J. Comput. Appl. Math. 203,
412-418, 2007.

Roy S., Samanta T. K., A note on fuzzy
soft topological spaces, Annals of Fuzzy
Mathematics and Informatics, 2011

Tanay B. and Kandemir M. B. Topological
structures of fuzzy soft sets, Comput. Math.
Appl. 61, 412-418, 2011.

system



Atmaca / Cumhuriyet Sci. J., Vol.38-4, Supplement (2017) 77-85

[23]. Simsekler T., Yiksel S. Fuzzy soft [24]. Zadeh L. A. Fuzzy sets, Inform. and
topological spaces, Ann. Fuzzy Math. Control 8, 338-353, 1965.
Inform. 5 (1), 87-96, 2013.



