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Abstract: In this paper, we obtain some new weighted Ostrowski-Griiss type inequalities on time scales. We
also give some other interesting inequalities as special cases.
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Zaman Skalasinda Baz1 Yeni Agirhikh Ostrowski-Griiss Tipi Esitsizlikler

Ozet: Bu makalede, zaman skalasinda bazi yeni agirhikli Ostrowski-Griiss tipi esitsizlik elde edilmistir. Buna
ilaveten 6zel durumlar olarak bazi diger ilgili esitsizlikler verilmistir.

Anahtar Kelimeler: Montgomery Esitligi, Ostrowski-Griiss Tipi Esitsizlikler, Zaman Skalasi.

1. INTRODUCTION

In 1938, Ostrowski [11] proved the following classical Ostrowski inequality.

Theorem 1.1 Let f :[a,b]— Rbe continuous on [a,b] and differentiable in (a,b) and its derivative

f':(a,b)— Risbounded in (a,b). Then for any x [a,b], we have

10 1 [X_a;bjz
f(x)—TaIf(t)dtg —+W (b-a)|f. . (1)

.. L . 1
where| f '] := sup |f'(x)|<o.This inequality is sharp in the sense that the constant ; cannot be
Xe(a,b)

replaced by a smaller one.

Using the Montgomery identity on time scales, Bohner and Matthews [4] obtained the time scales
Ostrowski inequality.
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The following inequality is Ostrowski-Griiss type integral inequality given by Dragomir and Wang [5]
in 1997.

Theorem 1.2 Let f:[ab]—>R be continuous on [a,b] and differentiable in (ab). If
y < f'(x)<T forall xe[a,b] for somey,I"eR, then, for all xe[a,b], we have

f(@_gi_jfayn_f(?‘f(”(x—a+bj

s%@—aﬂf—ﬂ, )

—-a 2

In order to unify continuous and discrete analysis, S. Hilger [6] introduced the time scales theory in
1988. For some Ostrowski-Griiss type inequalities on time scales, see the papers [8,9,12,13] where
further references are provided.

In the present paper, we give the weighted Ostrowski-Griiss type inequalities on time scales and apply
our results to the continuous, discrete and quantum calculus cases.

2. GENERAL DEFINITIONS

We briefly introduce the time scales elements in this section and refer the reader to Hilger’s Ph.D. thesis
[6], the books [2,3,7], and the survey [1] for proofs and further details.

Definition 2.1 A time scaleT is a nonempty closed subset of R.
We assume that T has the topology that is inherited from the standard topology on R . The interval [a, b]

inT means the set [a,b]:={teT :a<t<b} for the points a<b inT .

Definition 2.2 The forward jump operatora:T —T by o(t)=inf{seT :s>t}, while the backward
jump operator p:T —T is defined by p(t)=sup{seT :s<t}.

Definition 2.3 Apoint t €T is called right-scattered, left-scattered, right-dense and left-dense ifa(t) >t

,p(t)<t,o(t)=tand p(t)=t, respectively. Points that are both right-dense and left-dense are called
dense.

Definition 2.4 The graininess function z:T —[0,0) is defined by x(t)=o(t)—t for teT. The set

T“is defined as follows: if T has a left-scattered maximum m , then T* =T —{m} ; otherwise, TY=T.
If T=R, then (t)=0,and when T=Z, we have x(t)=1.

Definition 2.5 Let f:T —R and fix teT". Then we define f*(t) R to be the number (provided it
exists) with the property that for any given ¢ > 0 there exists a neighborhood U of t such that

‘f (o(t))-f(s)- fA(t)[a(t)—s]£g|a(t)—s|, VvseU.
We call f*(t)the delta derivative of f(t)att.

df (t

If T=R, then fA(t)zT. Inthe caseT=Z, f*(t)=Af(t)=f(t+1)—f(t), thatis, is the usual

~—"

forward difference operator.
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Theorem 2.6 Assume f,g:T —R are differentiable at teT". Then the product fg:T —Ris
differentiable at t with

(fa)" (t)=*()a(t)+ f(e(t)g* (1)-

Definition 2.7 The function f : T — R is said to be rd-continuous (denote f eC, (T, R)) on T provided
it is continuous at all right-dense points t T and its left-sided limits exist at all left-dense pointsteT .

It follows from [2,Theorem 1.74] that every rd-continuous function has an anti-derivative.

Definition 2.8 Let f eC,(T,R). Then F:T“—>Ris called a delta-antiderivative of f on T if it
satisfies F* (t) = f (t)for all teT*. In this case we define the Cauchy integral

b
J' f(s)As=F(b)-F(a), a,beT.
Theorem 2.9 Let f,g be rd-continuous, a,b,ceT anda, SR. Then

(1)]1[af (t)+Bg(t)]At =ajl f(t)At +/3Tg(t)At,

(3)} f(t)At =j f (t)At+j' f (t)At,

Theorem 2.10 If f is A-integrable on[a,b], thenso is | f|, and

b

<[] (t)at.

a

Tf(t)At

Definition 2.11 Let h :T? >R, k e N, be defined by hy(t,s)=1, forall s,t T and then recursively by

t
he: (t,9) :.fhk (z,s)A7, forall s,teT.

S
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3. MAIN RESULTS

For the proof our main results, we will need the following lemma due to Nwaeze [10].

Lemma 3.1 (A Weighted generalized Montgomery ldentity) Letv:[a, b]—>[0,oo) be rd-continuous
and positive andw:[a,b] >R be differentiable such that w*(t)=v(t) on [a,b]. Suppose also that

a,b,t,xeT, a<b, f:[a,b]— Risdifferentiable, and that y is a function of [0,1] into [0,1]. Then we
have

{w(l_g)_w) () YT @)+(Lop (- 2) (b)}b

5 5 fv(t)At
) 3)

:Tv(t) f(o(t))At +TK (x,t) F(t)At,

where

W(t)—[w(a)ﬂ//(l)w} tefax),
K(xt)= w(b)-w(a @
W(t)—(w(a)+(1+y/(1—i))Mj, te[xb].

2

The following inequalities are the weighted Ostrowski-Griiss type inequalities on time scales.

Theorem 3.2 Letv:[a,b] —[0,c0) be rd-continuous and positive andw:[a,b]— Rbe differentiable
such that w*(t)=v(t)on[a,b]. Suppose that a,b,t,xeT, a<b, f:[a,b] >R is differentiable, and
that v is a function of [0,1] into [0,1]. Then for all xe[a,b], we have

2

1 [1+y/(1—/1)—1//(/1) f (x)+ v(2)f(a)+(1-w(1-2))f (b)ﬁv(t)m

s[rlabK2(x,t)At—[bfla.TK(X,t)Atj rlrlzj(“(t))zm—[WJ ] , )
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Proof. We have

rlaiK(x,t) fA(t)At—[ﬁiK(x,t)AtJ(éz fA(t)AtJ

= bia)z ﬁ(K(x,t)— K(x8))(f*(t)—f*(s))Atas,

From the hypothesis of Lemma 3.1, we have (see also [10])

TR (1) () {Hw(l—i)—w(ﬂ) f(x) VA @Ay -2 (b)ﬁv(t)At

2

b]_-a)z H(K(X't)— K(x,s))( fo(t)- fA(s))AtAS

< i 2ﬁ(K(x,t)—K(x,s))zAtAs, 1 ﬂ(fA(t)—fA(s))zAtAs E,
(b-a) 33

2(b—a)2 o

2” (%,t)—K(x,5s) AtAs——jK (x,t)At— [—JK(XtAtJZ

and

: Zii(“(t)—fA(s))ZAtAs:rlai(fA(t))ZAt_(éifA(t)AtJ ,

Using (6)-(11), then the proof of inequality (5) is completed.

(6)

()

(8)

)

(10)

(11)
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Corollary 3.3 In case of the T =R in Theorem 3.2, we have

w(2)f(a)+(1-y(@-A)f (b)]b

f(x)+

|1 {1+y/(1—/1)—1//(/1)
2

_bT:Tv(t) f (t)dt —MTK (x.t)dt

(b-a)

{é:{w(x,t)dt—(rlaiK(x,t)dtj T [éi(f'(t))2 dt_(f(bg:;(a)]zr (12)
where W'(t)=v(t) on [a,b]and

W(t)—[w(a)ﬂ//(ﬂ)w} tefax),
K(x,t)=

W(t)—[w(a)+(1+w(l—i))w} te[xb].

Corollary 3.4 In case of the T =Z in Theorem 3.2, we have

‘b—a 2 2
1 f(b)-f(a)&s
‘Egv(t)f(t”)— (b-ay ;K(x,t)
S{FZTZ;KZ(X,'[)—(F:TZ;K(XJ)) Hﬁz(m (t))z_( f (bg:;(a)J ]Z’ 13)

wherev(t)=w(t+1)—w(t) on [a,b—1] and

W(t)—[w(a)+W(i)w(b);w(a)} tefax-1),
K(x,t)=

w(t)—[w(a)+(1+1//(1—/1))W(b)_w(a)], te[x,b-1].

2

Corollary 3.5 Let T =q™, with g>1, a=q" and b=q" with m <nin Theorem 3.2. Then we have

%qn fqm {“l//(l—j)—w(ﬂ) £ () LA (qm)+(1;'/’(1—/1)) f (q")ﬁv(t)dqt
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q"-q" q"-q"

I TPUORY: f(a")-f(a") r
X fo(t)) dt-| ——= , 14
I:qnqmq'[( ()) q { qn_qm ( )

K(x,t)=

Corollary 3.6 If we take w(t)=t in the Theorem 3.2, then we get

Lev@-2)-w(2) . w(2)F(@)+([L-y(-2)f(b)

‘ 5 f(x)+ >
—rlai f(o(t)) f ((Z)__af)z(a)[—hz[a,a+.//(,1);a)+ h, [X,a+l//(ﬂ,);aj

sttt
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{b L aj:(fA(t))z At—(W] } (15)

forall 1€[0,1] such thata+y/(l)b;2a and a+(1+y/(1—/1))b_7a arein T,
Xe{a+l//(ﬂ,)7a a+(L+y(1- A))bza} AT

Corollary 3.7 If we consider y/(1)=A in the Corollary 3.6, then we have

(1-2)f(x)+4 f(a); f(b)—biaif(a(t))m

_M[_h( 2+ 22 (xas 222
h( X,b— ibTaj h(bb ib—zaﬂ‘

< [t e e fo-a22
(b_la)z(—hz(a,aJr/lb_TajJrhz(x,awlb;;j

—h [xb szaJ hz(b,bzbzanzﬂblai(“(t))zm[Wﬂ , (16)

forall 2 €[0,1] such that a+/1b%a and b—/ib_Ta arein T ,Xe[awlb_a,b—/lb_a}ﬂ.

Proposition 3.8 In case of the 1 =0in the Corollary 3.7, we obtain

f(x)—leaj.f(a(t))At—%[h x.a)~h, (xb)]

1

(hz(x,a)—hz(x,b))z}2

1

< bia@(t —a)’At+ I(b —t)ZAtJ— (b_la)z

{bfai(ﬁ(t))z At—(%ﬂz. (7)
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Proposition 3.9 In case of the A = % in the Corollary 3.7, we get

{bfaz(ﬂ(t))z AF(W] T, (18)

forall A €[0,1] such that 3a£:-b and a-;3b arein T, Xe[3a:b,a23b}mT.

Theorem 3.10 Letv:[a,b]—[0,)be rd-continuous and positive andw:[a,b]—R be differentiable
such that w*(t)=v(t) on [a,b]. Suppose that a,b,t,xeT, a<h, f:[a,b]>R is differentiable
function such that there exist constant », ' e R, with y < f*(x)<T", xe[a,b] and that y is a function

of [0,1] into [0,1]. Then for all xe[a,b], we have

[1+¥/(1‘;1)“/’(1) f(x)+ v(4)f (a)+(1;1//(1—/1)) f (b)ﬁ‘v(t)m

a

b

~[v(t) f (o (t) At—7+rbK(x,t)At
o) (o(0)ac 22T

a a

1—-_ b
< 27I|K(x,t)|At, (19)

a

where

2

w(t)—(w(a)ﬂ//(/l)MJ, tefax),
K(x,t)=

W(t)—[w(a)+(1+1//(1—1))w} te[xb].

Proof. From Lemma 3.1, we have
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TK(x )1 (1)t {1“”(1_;)_‘”(1) f ()4 LA (a)+(1;‘//(1—ﬂ)) f (b)}b
St

Let C= T Using (20), we get

T K(x,t)(fA(t)—C)At=[1+W(1_/1)_W(/1)f(X)+V/(ﬂ“)f(a)Jr(l“/’(l—/l))f(b)T

2 2

—jv At — 7+FIK xt

Taking absolute value, we get

b

[K(xt)(F(t)-C)at

C—y°
< 27£|K(x,t)|m, (22)

From (20)-(22), we get the desired result.

Corollary 3.11 In case of the T =R in Theorem 3.10, we have

{1+v/(l—j)—w(ﬂ) f(x)+ v(4)f (a)+(1;'/’(1‘l)) f (b)]iv(t)dt

) (ot - ”FJK t)dt| < 7T|K(x,t)|dt, (23)

where W'(t)=v(t)on [a,b]and

W(t)—(w(a)ﬂ//(ﬁ)w} tefax),
K(x,t)=

W(t)—(w(a)+(1+w(l—i))w} te[xb]
Corollary 3.12 In case of the T =Z in Theorem 3.10, we have

{1+y/(1—1)—y/(i)f(x)+

2 2

w(z>f<a>+<1—w<1—a>)f(b)}gv(t)

b-1

—Zv(t)f(t+l)—y+er_;K( 0)

ta 2

<7l (x) (24)

wherev(t)=w(t+1)—w(t) on [a,b—1]and
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W(t)—(w(a)ﬂ//(ﬂ)w} tefax-1),
K(x,t)=

W(t)—(w(a)+(l+w(1—i))wj, te[x,b-1].

Corollary 3.13 LetT =q™, with g>1, a=q"and b=q" with m <nin Theorem 3.10. Then we have

{Hw(l—j)—'ﬂ(ﬂ) f ()4 (qm)+(1;‘//(1—ﬂ)) f (qn)ﬁv(t)dqt
_]iv(t) f (qt)dqt—%gK(x,q") < rgyg‘K(x,qk)‘, (25)

where v(t)= w(at) —w(t) on [qm,q”} and

K(x,t)=

Corollary 3.14 If we take w(t)=t in the Theorem 3.10, then we obtain

L+ (1-2)-y(2) w(2)f(a)+(1-w(1-2))f(b)

f(x)+

b-a

N )

-y b-a

sm{hz (a,aﬂ//(l)b;;}r h, (x,aﬂ//(/l)TJ

+h, (x,a+(1+ y/(l—l))k)_Ta)+ h, (b,a+(1+ w(l—ﬂ))t)_Ta), (26)

b-a

for all 2[0,1] such that a+w(4) 5

and a+(1+1//(1—/1))b_7a arein T,

XG{a+z//(i)b;;,a+(l+y/(l—/1) b_Ta}mT :
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Corollary 3.15 If we take y/(4)= A in the Corollary 3.14, then we get

(1-2)f(x)+4 f(a); f(b)—biaif(a(t))m

_ —hZEa,aJr/ib_—a]Jrhz[x,a+ﬂﬁj—hz(x,b—ﬂb_—aJ+ hz(b,b—ﬂb_—aj
2(b—a) 2 2 2 2

<17 Iy, aaril=2 +h, xa+ 122 +h, X,b—lb_—ajﬁLhz[b:b—;ﬁb_—a) ' (27)
2(b-a) 2 2 2 2

forall 2 €[0,1] such that a+/1b%a and b—/ib_Ta arein T ,Xe[awlb;a,b—ibga}ﬂ.

Proposition 3.16 In case of the A =0in the Corollary 3.15, we get

b

‘f(x)—éjf(a(t))At—Z(yb+_ra)[hz(X'a)_hZ(X’b)]‘S2(Fb_—2)(h2(x’a)+h2(x’b))’ (28)

. 1. .
Proposition 3.17 In case of the 4 = 5 in the Corollary 3.15, we obtain

%f(x)+f(a)+f(b)_ 1 if(a(t))m

4 b-a

_y+r —hz(a, 3a+bj+h2(x, 3a+b]—h2(x,a+3bj+hz(b,a+3b]
2(b-a)| 4 4 4 4

< L= hZ[a,3a+bj+h2[x,3a+bj+hz[x,a+—3bj+hz(b,a+3bj (29)
2(b-a)| 2 2 2 4

for all 1 [0,1] such that 3a:b and a;3b arein T, Xe{33+b,a+3b}mT.

4 4

A
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