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Keywords Abstract —  In the present paper, we introduce a new type of Pell and Pell-Lucas
Non-Newtonian cal- numbers in terms of non-Newtonian calculus, which we call non-Newtonian Pell and non-

culus Newtonian Pell-Lucas numbers, respectively. In non-Newtonian calculus, we study some
)

Pell b significant identities and formulas for classical Pell and Pell-Lucas numbers. Therefore,
e mumper, we derive some relations with non-Newtonian Pell and Pell-Lucas numbers. Furthermore,

Pell-Lucas number we investigate some properties of non-Newtonian Pell and Pell-Lucas numbers, including

Catalan-like identities, Cassini-like identities, Binet-like formulas, and generating functions.
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1. Introduction

Between 1967 and 1970, Grossman and Katz [1] introduced novel definitions for derivate and integral,
which involved replacing addition and subtraction with multiplication and division. This development
led to the establishment of a new family of calculi called non-Newtonian calculus [1,2]. There exists
an infinite number of non-Newtonian calculi. Examples of such calculi include geometric calculus,
bigeometric calculus, anageometric calculus, harmonic calculus, and quadratic calculus [2-4]. The
non-Newtonian calculi offer alternative approaches to the classical calculus of Newton and Leibniz.
Every property in classical calculus has a corresponding property in non-Newtonian calculus, allowing
for a different approach to problems that can be solved using appropriate calculus.

The non-Newtonian calculi provide diverse mathematical tools and are widely used in various fields,
including science, mathematics, and engineering. The use of non-Newtonian calculus has numerous
practical applications in multiple areas, such as quantum calculus, functional analysis, complex anal-
ysis, fractal geometry, differential equations, calculus of variations, image analysis, signal processing,

and economics, for instance, see [5-21].

On the other hand, there has been significant attention in the literature towards examining integer
sequences and their utilization in different scientific fields. Many researchers have been interested in
integer sequences, particularly Fibonacci and Lucas sequences [22-24]. Following the Fibonacci and
Lucas sequences, the Pell and Pell-Lucas sequences [25-27] have been extensively researched - several
studies in the literature concern the Fibonacci, Lucas, Pell, and Pell-Lucas sequences. In many of
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the studies, it is observed that these sequences have been examined from different perspectives, for
instance, see [28-41]. In particular, these sequences have been generalized by many authors in many
ways as seen in [28-31,33,34,37,41]. Some of these generalizations have been done by changing
the initial conditions, some by changing the recurrence relations, and others by changing both the
initial conditions and recurrence relations. However, more recently, Degirmen and Duyar [42] have
generalized the Fibonacci and Lucas numbers in a different way. The authors have combined the
Fibonacci numbers, Lucas numbers and non-Newtonian real numbers, and introduced a new version
of Fibonacci and Lucas numbers, called non-Newtonian Fibonacci and non-Newtonian Lucas numbers.
Moreover, they have examined some properties of these numbers.

This paper extends the ideas explored in [42] to Pell and Pell-Lucas numbers. In a word, the main
objective of this paper is to introduce and study non-Newtonian Pell and non-Newtonian Pell-Lucas
numbers. In order to accomplish this, it is necessary to have some prior understanding of non-

Newtonian calculus and Pell and Pell-Lucas numbers.

2. Preliminaries

This section provides some basic notions to be needed for the following section. Arithmetic refers
to a system that meets all the axioms of an ordered field, with its domain being a subset of the
real numbers. A generator « is a function that maps real numbers to a subset of real numbers in a
one-to-one manner. R, symbolizes the range of generator a. Here, R, = {a(z) : x € R} is a set of
non-Newtonian real numbers. As a generator, if « = I, where I is the identity function whose inverse
is itself, then a generates the classical arithmetic. As a generator, if @ = exp (exponential function),
where, for Reyx, = RT,

a:R = Rep, alz)=e"=y
and
a i Rep =R, al(y)=lny==z
then « generates the geometric arithmetic [1].

Let a be a generator with range A = R, which is a subset of the real numbers. For any generator «,
when we refer to a-arithmetic, we mean the arithmetic whose domain is A and whose operations are

defined as follows:

o — addition Tty =« {0471(17) + Oéfl(y)}
o — subtraction Ty =« {04_1(90) - a_l(y)}
a — multiplication XY =« {Oé_l(x) X 05_1(3/)}
. x a!(z) .
« — division T/y=—q=a« ,(y#0
/ y {a‘l Y) ( )
o — order <y = al(z) <al(y)

where x,y € A =R, [1]. For @ = exp, a-arithmetic reduces to the geometric arithmetic:
geometric addition r+y =« {ail(x) + ofl(y)} = ellnating}t — o o

geometric subtraction Ty =« {ofl(x) — ofl(y)} = e{lne—tny} _ g, (y #0)
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geometric multiplication TXY = « {oz_l(x) X a_l(y)} = ellnaxiny} _ ploy _ Inw
. -1 Inz 1
geometric division x/y = Ea =« a_l(ac) =e iy ) = x v, (y #1)
y a=(y)

24

Let x € R,. If 230, then z is a a-positive number, and if <0, then z is a a-negative number.

Moreover,

o(—2) = a(—a"Y (@) = ~3, V7 = af\fa1(2))
and

22 =%z =a {a_l(:zs) X a_l(x)} = a((a1(x))?)

see [1]. In addition, the a-summation can be given as [16]:

and the non-Newtonian real series (or a-series) is given as [12]:

00
az apn — aquag{Lang e +6Ln+ e

n=1

In this paper, we will consider the Pell and Pell-Lucas numbers. The sequence of Pell numbers is

defined recursively by the relation
P,=2P, 1+ Py 2, n2>2
with initial conditions Py = 0 and P; = 1 [25,26]. The Pell numbers are

0,1,2,5,12,29,70, 169, 408, 985, 2378, . ..

Besides, the sequence of Pell-Lucas numbers is defined recursively by the relation

Qn=2Qn-1+Qn-—2, n=>2
with initial conditions Qo = Q1 = 2 [25]. The Pell-Lucas numbers are
2,2,6,14, 34,82, 198, 478, 1154, 2786, 6726, . .

The Binet formulas of the Pell and Pell-Lucas numbers are given by

and

Qn=r1"+1"

(2.1)

(2.2)

(2.3)

(2.4)

respectively, where r1 = 1 ++/2 and 72 = 1 — /2 [25,26]. Furthermore, for Pell and Pell-Lucas

numbers, the followings hold [25-27,37]:
1
Pn + Pn—l = §Qn
Pn+1+Pn—1 :Qn
Qn + anl =4P,

QnJrl + anl = 8Pn
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P,Q, = Poy, (2.9)
Priy+ P = P (2.10)
Py — Py =2Py, (2.11)
i1 T Qp = 8Paniy (2.12)
8P? — Q% = 4(—1)" ! (2.13)
P:_ P, P, =(-1)"""P? (2.14)
Q% — QnirQu_r = 8(—1)" " p2 (2.15)
Py 1Pt + Qn1Qni1 = 9P2 +3(—1)" ! (2.16)
PP+ PypPoy1 = Poyn (2.17)
Pm—lQn + Pan+1 = Qm—i—n (218)
and summation formulas
W P, P, —1
S P i1t Tn (2.19)
r=1 2
& Py,i1 — 1
N Py = 2”? (2.20)
r=1
n
P.
> Poroi =" (2.21)
r=1
n
—4
§269r==g@i1j§gﬁi——— (2.22)
r=1
n
—2
E:Qw:=93%;—— (2.23)
r=1
n
-2
> Qa1 = Q2"2 (2.24)
r=1

3. Main Results

Let P,, and @),, be the nth Pell and Pell-Lucas numbers, respectively. For n > 0, the nth non-Newtonian

Pell and Pell-Lucas numbers are defined as
NP, = P, = a(P,) (3.1)
and

NQTL = Qn = a(Qn) (32)

respectively.
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The non-Newtonian Pell numbers are
0,1,2,5,12,29,70, 169, 408, 985, 2378, . ...
and the non-Newtonian Pell-Lucas numbers are

2,2.6,14,34,82,198,478, 1154, 2786, 6726, . . .

26

If we choose a-generator as I, the identity function defined by a(x) = x for all z € R, then we obtain

Pell and Pell-Lucas numbers relating to classical arithmetic, respectively.

Moreover, if we choose a-generator as exp, the exponential function defined by a(x) = e” for all z € R,

then we obtain Pell and Pell-Lucas numbers relating to geometric arithmetic as

60, 61, 62, e57 612, 629, 670, e1()97 6408, e9857 e23787 o

and

2 2 6 14634

e, e?, e8 elt, 82 e198 6478 61154 62786 66726

76 Y ) ) ) ) 2t

respectively.

Theorem 3.1. For n > 0, let NP, and N@Q,, be the nth non-Newtonian Pell and Pell-Lucas numbers,

respectively. Then, the followings hold:

IXNP,1+NP, = NP,
2XNQnt1+NQn = NQny2
NP,1+NP,_1 = NQ,
NQui1+NQ,_1 =8xNP,

NQn+NQpi1 = 4xNPpiq

. 1.
NPn+NPn—1 = EQXNQn

NP,xNQ, = NPy,

(3.3)
(3.4)
(3.5)
(3.6)

(3.7)

(3.8)

(3.9)

Proof. (3.3): From the addition and multiplication properties of non-Newtonian real numbers and

(2.1),

2x NP1+ NP, = a(2)xa(Pyi1)+a(Py,)

—afoa{a a2 x o a(Pan) ) + o a(P))

:a(ZPn_H—I—Pn)
= a(Py+2)
= an+2

(3.8): From the addition, multiplication, and division properties of non-Newtonian real numbers and
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NPn+NPn lfa(Pn) ( n— 1)
a{a a(P,) + a” Oé(Pn—l)}
Oé(Pn Pn 1)

*(39:)
o {a o (> « oz_la(Qn)}

=a <2) xa(Qn)

1 .
:TaNn
5o X NG

Using the addition and multiplication properties of non-Newtonian real numbers, (2.2) and (2.6)-(2.9),

the assertions given in (3.4)-(3.7), and (3.9) can be obtained in a similar manner. (]

Theorem 3.2. For n > 0, let NP, and NQ,, be the nth non-Newtonian Pell and Pell-Lucas numbers,
respectively. Then, the followings hold:

NP2, | +NP? = NPy 11 (3.10)
NP2, | “NP? | = 3%NPy, (3.11)
NQ? ., +NQ? = 8X NPy (3.12)
8XNP2INQ? = dx (=) 1 (3.13)

Proof. We prove (3.13). Considering (2.10)-(2.12), (3.10)-(3.12) can be similarly obtained. From the
addition, subtraction, and multiplication properties of non-Newtonian real numbers and (2.13),

8XNP2INQ2 = a(8)xa(Pp)xa(Pp)~a(Qn) % Q)
=« {a_loz(S) x a la(P,) x oz_la(Pn)} e {oz_la(Qn) X oz_la(Qn)}
=a (8P -Q2)
=a(4(-1)"1)

O
Theorem 3.3. For m,n > 0, the followings are true.

NP, 1XNP,+NP,xNP,y1 = NPy, (3.14)

NPy 1XNQu+NPpXNQpi1 = NQumin (3.15)
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NP, 1 XNPyi1+NQu 1 XNQpy1 = 9XNP2E35 (1)1 (3.16)
Proof. (3.14): From the addition and multiplication properties of non-Newtonian real numbers and
(2.17),
NP, 1 XNP,+NP,xNP,1 = a(Pp_1)xa(Py)+a(Pp)xa(Pyi1)
=« {oz_la(Pm_l) X oz_loz(Pn)} +a {a_la(Pm) X 04_104(Pn+1)}
=a(Pn-1Py+ PnPot1)

= a (Pn+n)
= NPern

From the addition and multiplication properties of non-Newtonian real numbers and (2.18), the as-

sertion given in (3.15) can be easily obtained.
(3.16): From the addition and multiplication properties of non-Newtonian real numbers and (2.16),
NPy 1 X NP1+ NQu-1XNQni1 = a(Po-1)xa(Ppi1)+a(Qn-1)Xa(Qnt1)
=« {a_la(Pn_l) X oz_loz(Pn_H)}
+a{aa(Qu1) x 0 a(Qui) |

=a(P1Poy1 + Qn1Qny1)

= a (9P +3(-1)"")

= a(9)%a(Pu)xa(P)+a(3)xa (-1)")

= 9XNP23x% (1)1
[0 The next result provides the Catalan-like identities for the non-Newtonian Pell and Pell-Lucas
numbers.

Theorem 3.4. For non-negative integers n and r such that r < n, the followings are true.
NP2_NPywxNP,_, = (1) " x NP2 (3.17)
NQ2-NQuirxNQu—y = 8% (1) 15 N P? (3.18)
Proof. From the subtraction and multiplication properties of non-Newtonian real numbers and (2.14),
NP2 NP, ,xNP,_, = a(Py)x(Py)~a(Ppir)x(Ppn_,)
=a {oz_loz(Pn) X oz_loz(Pn)} ~a {oz_loz(PnJrr) X oz_la(Pn,r)}
a (PTZL - Pn+TPn—T)

o (-1 F?)
= (1) x NP2

which completes the proof of the first assertion. From the subtraction and multiplication properties

of non-Newtonian real numbers and (2.15),
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NQ2-NQnerxNQu—r = a(Qn) ¥ (Qn)~(Qnsr) X Q)
=a{a (@) x 0a7'(@Qn)} “a {0 a(Quir) X @7 (Qur) }
= a(Q2 = QuirQu-r)
=a (8(-1)" " R?)
= 8 (~1)" " NP?
]

The next corollary provides the Cassini-like identities for the non-Newtonian Pell and Pell-Lucas

numbers.

Corollary 3.5. For non-negative integers n, the followings are true.
NP2NP,  xNP,_; = (~1)"1
NQ>*NQni1xNQp,_1 = 8x(~1)"

Theorem 3.6. For positive integer n, the followings hold:

" NP, +NP,~1
S NP, = nt1t V2 (3.19)
o 9
r=1
n NPy, iq—1
S ONPy, = 2, (3.20)
a 9
r=1
n NP,
S ONPy_ = 2522, (3.21)
o 2
r=1
" N FNQ,—4
QZNQT: Qn+1+2 Qn . (3.22)
r=1
" N -2
> ONQ = 7622”2“ o (3.23)
r=1
" NQop—2
DNy = M2, (3.24)

Proof. We only prove the first assertion given in (3.19). Using suitable identities provided in (2.20)-
(2.24), assertions given in (3.20)-(3.24) can be obtained similarly. From the addition and division
properties of non-Newtonian real numbers and (2.19),

af: NP, =« <§n: al (NP,J)
r=1 r=1
a <z": o ta (PT)>

r=1

« ( PT>
r=1
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<Pn+1 + Pn - 1)
= _—
2
_ a(Ppi1)+a(Py)—a(l)
a(2) :
. an+1+NPn_1
B 2

«

O]

Theorem 3.7. Let NP, and N(@,, be the nth non-Newtonian Pell and Pell-Lucas numbers, respec-

tively. Then, for n > 0, the Binet-like formulas for these numbers are given by

NP, =2 (3.25)
17
and
NQpn = 711" (3.26)

respectively, where 7| = 14+v/2 and 7, = 1-V/2.
Proof. From the subtraction and division properties of non-Newtonian real numbers,

e 1 et o
7‘1”77“2” —a (a (7"1"—7'2"))
= —_ <

7 —7Ts a~1(r1=rs)
n times n times
a 1| (rq XT‘1X . >.<T"1)$(T‘.2 XTQX - X?"Q)
a~H(ry—r2)
n times n times
a [ al a7 () xa () x o xa T (1) | ca| a7 () xa T (1) x L xa T (1)
=« a—L(r1—r)

a~(ry1—r2)
n__,..n
= <7T1 T2 )
r1—To

Thus, from (2.3),

—a (a*(a(m”)éa(mn)))
7;17'1,;7;27'1,
ri—ry

Moreover, from (2.4),

n  times n  times

1™ = (P XX LX) (T X X L L X7)
= a(rm")t+a(ry")
=a(ri" + ")
= a(Qn)
= NQn
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Theorem 3.8. Let z € R,. Then, the generating functions for the non-Newtonian Pell and Pell-Lucas

numbers are given by

z
9(2) 353 (3.27)
and
2-9%z
(2) 1-2xz—22 ( )
respectively.

Proof. We prove (3.28). (3.27) can be obtained in a similar manner. Let h(z) be the generating
function of the non-Newtonian Pell-Lucas numbers. Then,

h(z) = az NQ,xz"
n=0
Thus, from (3.4),
i .
h(z) = az NQ,xz"
n=0

o
= 21 ox 2+ az NQ,xz"
n=2
. . 0 . .
= 242% 2+ QZ(2><NQN_1+NQTL_2) xz"
n=2
. . 0 . . 0 .
= 242X 2+ az 2XNQp_1x2"+ az NQp_oxz"
n=2 n=2
. . . s Lo - 0 Lo
= 242X 242Xz X az NQn_lxz”_1+22>< az NQn_gx,z”_2
n=2 n=2
. . . e . > i o
= 22X 242X zX az NQ, xz"+2%x az NQ,xz"
n=0 n=0
= 229% 24 2%2xh(2)+22 X h(2)
Then, it follows that
(122%z222)%h(z) = 2-2% =
Hence,
2-2%2
h(z) = Y
() 1-9xz—22¢
O

Remark 3.9. As a generator, if « = I (identity function), the results given in this paper correspond
to known results of classical Pell and Pell-Lucas numbers.

Remark 3.10. As a generator, if a = exp (exponential function), the results given in this paper cor-
respond to geometric identities. These corresponding geometric identities are listed below, respectively.

62Pn+1+Pn — ePn+2

eQQ'rH—l +Qn — €Qn+2
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Pt 1+Pa1 _ Qn
eQn+1+Qn71 _ €8Pn
eQn+Qn+1 — €4Pn+1

ePn+Pn71 %

=€

eP"Qn = 6P2n

PR tPE _ Pan
ePrii—Pi1 — 2P
@1 1Q% — 8Pt
eSPg_ n — 64(_1)7171

er_an+Pmpn+1 _ er+n
6Pm71Qn+Pan+1 _ eQm+n
ePr—1Pn14+Qn1Qni1 _ HPI+3(-1)" !
6P1%*Pn+rpn_r _ e(*l)”_’“Pf
eQ%_anLranr — 68(_1)R,T+1PT2
BPT%*Pn-HPn_l _ 6(71)”—1
e@n—Qni1Qn-1 _ 8(=1)"
ezle P _ 6M
o2 ney Por — e%
eZ::1 Par 1 _ 6%
eZ::l Qr _ ew
o Qe S
622:1 Qar—1 _ e%

o™

GP" = e T17T2
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n n
eQn — 67"1 +7r2

In 2

G(Z) — el—2In z—(In z)2

2—2Inz

H(Z) — el*anzf(lnz)2
4. Conclusion

In this paper, we introduce and study non-Newtonian Pell and Pell-Lucas numbers. We obtain several
identities and formulas for these numbers. By choosing I (Identity function) as a generator, the
obtained results correspond to known results of classical Pell and Pell-Lucas numbers. Therefore, non-
Newtonian Pell and non-Newtonian Pell-Lucas numbers can be considered generalizations of classical
Pell and Pell-Lucas numbers, respectively. Moreover, just like the non-Newtonian Fibonacci and non-
Newtonian Lucas numbers [42], non-Newtonian Pell and non-Newtonian Pell-Lucas numbers can be
offer an alternative viewpoint in applications such as encryption theory. In future work, considering
those that have not been studied before, the researchers can investigate different types of second-order
and third-order integer sequences in terms of non-Newtonian calculus.
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