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In this paper, we focus on a rare curve, “The pancake curve” which was named by Robert Ferréol. We investigate
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the Darboux frame of the curve, and we calculate the curvatures: geodesic curvature, normal curvature, and
geodesic torsion. We discuss two cases, for instance, pancake curve as an intersection of Pliicker’s conoid and
unit cylinder, and the intersection of a hyperbolic paraboloid and unit cylinder. Moreover, we give the relations

between the Frenet and Darboux curvatures. Finally, we give some examples related to the Frenet and Darboux

frame and curvatures.
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Introduction

The curve theory has continued to extend for
centuries. There are many well-known planar and space
curves in Euclidean space, and in other spaces. Today,
especially in geometry and related branches, the focus is
on space curves in 3-dimension and in higher dimensions.
While most of the curves in space look well-known, some
of them are encountered in the literature rarely. For
example, one of them is the “pancake curve” which takes
place at the intersection of such two surfaces: (a) Pliicker’s
conoid and unit cylinder, (b) hyperbolic paraboloid and
unit cylinder, and (c) parabolic cylinder and unit cylinder.
Here, we mean by “unit cylinder” that it is a circular
cylinder with a unit radius. We note that this curve was
first named the “pancake curve” by Robert Ferréol [1]. A
quotation from [1] can be given as follows: “As far as |
know, this curve doesn't have any name of its own.
However, it is closely related to a famous item of 19th-
century mathematics, the cylindroid surface, discovered
by William Kingdon Clifford during his research into the

theory of screws. The equation of the cylindroid in 3D
2

. . x%-y .
Cartesian coordinates commonly reads z = w2 Turning

the whole thing thru 90 deg about the z axis yields z =
2xy
this cylindroid and the unit cylinder about the z axis. This
is generic: cylindroid and cylinder with common axis
always intersect in this kind of space curve”. In fact, the
author mentions Pliicker’s conoid by saying “cylindroid”.
On the other hand, pancake curve has many
interesting properties and applications. The pancake
curve is a special case of cylindrical sine wave; therefore if
we make it roll on a plane, the contact point describes
a sinusoid. The projection on x o y plane is a circle; the
projections on xoz and yoz planes are isometric
lemniscates of Gerono [1]. The projections on the planes

and there you are: your curve is the intersection of
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passing by Oz are the besaces. The projections on the
planes passing by Oz give a portion of parabola and an
ovoid quartic. The projections on the planes containing
Oy give a circle and the piriform quartic [1]. In real life,
pancake curve has a lot of applications in several areas.
For example, in the food industry, the edges of potato
chips (pringles) form a pancake curve. Furthermore, in
architecture and design, it has many applications for
various aims like constructing decorative lightings and
buildings.

In this study, we consider the pancake curve as an
intersection of two surfaces such as: (a) Pliicker’s conoid
and unit cylinder, and (b) hyperbolic paraboloid and unit
cylinder. We investigate the Darboux frame, and the
curve-surface curvatures. Moreover, in Theorem 3.8, the
relation between Frenet and Darboux frame of pancake
curve is given. In the last section, some examples are
given, and the Frenet and Darboux frame of the pancake
curve are illustrated.

Preliminaries

It is well known that Euclidean space is furnished by
the following metric:

1/2

ey =D i-w?)

where x = (x1,%5,...,%,), and y = (¥1,¥2,...,Vn). The
dot product of two vectors in n —dimensional Euclidean
space is given by
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n
xey= Z XiYi-
i=1

Lety:I - R3 be aregular curve in R3 Euclidean space
(i.e. ||| is nowhere zero), where I is an interval in R. The
curve P is called a Frenet curve of rank three if
Y'(s), " (s),p®(s) are linear independent and
Y'(s), " (s), v (s),p®(s) are no longer linear
independent for all s in I. In this case, ¥ lies in
3 —dimensional Euclidean subspace of R3. For each unit
speed Frenet curve of rank three, there occur an
associated orthonormal 3 —frame field {T, N, B} along v,
the Frenet 3 —frame, and functions k, 7: I — R, the Frenet
curvatures such that

T’ 0 k 0\ /T
(N’) = (—K 0 ‘r) (N)
B’ 0 -t 0/\B

where T’ = dT/ds, k and T is called the curvature and the
torsion of the curve. The principal normal vector of the
curve N(s) = T'(s)/IIT'(s)|l, and the binormal vector is
cross product of unit tangent and unit normal vector, B =
T X N. Let us consider the 1 lies on surface M in R3. Then,
instead of the Frenet frame field, we can consider the
Darboux frame field {']I‘lp =T,Vy, Nw} where Ty is the
unit tangent vector field of v, Nw is surface normal which
restricted to Y, and Ww = Nw X T¢. Here we note that i
is a unit-speed curve. The derivative formulas of the
Darboux frame field are given by

T’1p 0 Kg Ky 'H‘w
V’w =|l-x, 0 74 |(Vy] 1
Nllp —Kn —Tg 0 Nw

where K, Ky and Ty are the normal curvature of the
surface in the direction of Ty, the geodesic curvature and
the geodesic torsion of the curve 1, respectively [2].
From Eqg. (1) we have,
Kg = Tllp . le, K, = le L] Nw, Tg = Vllp . Nw
On the other hand, for the non-unit speed 1 curve, it
is written by [3], such that

1 o S .
ngm']rw'wlp, K"_hp_ﬂTlp.N‘P'
1 5
Tg = 1o Vw * Ny @)

Here, Y is geodesic, asymptotic or principal curve if and
only if either kg1, or k, vanishes everywhere
respectively [4]. For some of the studies on the Frenet and
Darboux frames in various spaces, see [5-10].

The Intersection of Pliicker’s Conoid and Unit
Cylinder

In this section, we consider the pancake curve as an
intersection of such two surfaces: Pliicker’s conoid and
unit cylinder (see Figure 1).

Figure 1 Pancake curve as an intersection of Pliicker’s conoid and unit cylinder.

In our calculations and illustrations, we utilized
Mathematica. Here, note that we investigate the Darboux
frame of the pancake curve on Pliicker’s conoid.
According to [11], we can give the Pliicker’s conoid surface
by
¥ 2uv

(u,v) = (u, v, T vz)' 3

The unit normal 7 on the surface Y(u, v) is given by

(o Y)(u,v) =

YuXYy, 1 (Zlv 2Au )
Yy XYy | Mu% r

v’ oou
where 1 = u? — v? and u = u? + v2.
Since the curve is the intersection of Pliicker’s conoid
and the unit cylinder, we can consider first and second
components of the intersection curve as u = coss and

v = sins, respectively. Then, the third component must

2uv 2sinscoss ,
be = — = sin(2s). Hence, we calculate
uZ+p2 sin2s+cos?s

the equation of the intersection curve as follows:

572



Cumhuriyet Sci. J., 45(3) (2024) 571-577

a(s) = (coss, sins, sin(2s)). 4)

Obviously, a satisfies the equations of both Plicker’s
conoid and unit cylinder. Now, we can give our
calculations with the help of Eq. (4). First of all, |a'(s)| =

v 1+ 4cos?(2s), and a is not unit-speed curve. By Eq. (4)

we have the unit tangent vector,

,H, ( ) _ar(s) 1
|ar(s)| /3+2cos(4s)

————(—sins, coss, 2cos(2s)). (5)

Since N, is the surface normal restricted to «,

Ng(s) = (7o a)(s) = (Y (coss, sins))

= JTTMS(Z cos(2s) sins, —coss — cos(3s),1). (6)

By Egs. (5) and (6), we calculate the binormal vector as
follows:

V,(s) = N,(s) X T,(s) = (—coss, —sins, 0). @)

Hence, we have the Darboux frame {T,,V,,N,} the
pancake curve on Pliicker’s conoid. Now we can give our
results about the curvatures.

Theorem 3.1 The geodesic curvature of the pancake curve
on Pliicker’s conoid is

1

teg(s) = 3+ 2cos(4s)

Proof. Since a(s) is a non-unit speed curve, from Egs. (2),
(5) and (7) we obtain,

T _ (—3(coss + cos(3s)) + cos(5s) —3sins + 3sin(3s) + sin(5s) 4sin(2s)
«(8) = (3 + 2cos(45))3/2 ' (3 + 2cos(45))3/2 " (3 + 2cos(4s))3/2
and which completes our proof.

1

g(8) = T'a(s) * Val$) = 3757 sy

which completes the proof.

Theorem 3.2 The geodesic torsion of the pancake curve
on Pliicker’s conoid is

2cos(2s)

7(9) = 3+ 2cos(4s)

Proof. Since «(s) is non-unit speed curve, from Egs. (2), (6)
and (7) we obtain

V', (s) = (sins, —coss, 0),
and

2 cos(2s)

Via(s) « Na(s) = 3+ 2cos(4s)

W) = 1@l '( 5]

which is intended.

Theorem 3.3 The normal curvature of the Pllicker’s conoid
in the direction of T, is given by

4(2 sin(2s) + sin(6s))
(3 + 2 cos(4s))>/2

Kn(s) = -

Proof. Since a(s) is non-unit speed curve, from Egs. (2), (5)
and (6) we obtain

T T a(s) * Ne(s)
4(2 sin(2s) + sin(6s))
(3 +2cos(4s))5/2

Kn(s) =

Ia()l

Corollary 3.4 The pancake curve is a non-geodesic curve
on Pliicker’s conoid.

Proof. It follows from Theorem 3.1 that k4(s) never
vanishes, and obviously « is non-geodesic.

Corollary 3.5 The piece of pancake curve is an asymptotic
curve on Pliicker’s conoid if and only if

_T[Tl A €7
S—2 4,71 .

Corollary 3.6 The piece of pancake curve is a principal
curve on Pliicker’s conoid if and only if

Corollary 3.7 The trace of binormal vector V,, represents
acircle.

Theorem 3.8 There is the following equation between the
curvatures of Frenet and Darboux frames of the pancake
curve on Pliicker’s conoid:

2 2
K T+3TgKg =0,

where Kk, is the geodesic curvature and 7, is the geodesic
torsion of the pancake curve on Pliicker’s conoid.

Proof. By Frenet derivative formulas we calculate the
Frenet curvature and torsion as follows:

K(s) = T(s) = N(s) = 11 — 6 cos(4s)

(3 + 2 cos(4s5))3/?

and
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6cos2s
—11 + 6 cos(4s)’

2(s) = N'(s) « B(s) = By straightforward calculations, we obtain the equation.

The Hyperbolic Paraboloid and Unit Cylinder

In this section, we consider the pancake curve as an intersection of such two surfaces: hyperbolic paraboloid, and
unit cylinder (see Figure 2).

7 @

Figlire 2. Pancake curve as an intersection of hyperbolic paraboloid and unit cylinder.

Here, note that we investigate the Darboux frame of the
pancake curve on hyperbolic paraboloid. According to [1],
we can give the hyperbolic paraboloid surface by

Y(u,v) = (u, v, uv). (8)
The unit normal 71 on the surface W(u, v) is given by

(o W), v) = 1T !
no u,v) = =
[Py X Wl V1 +uZ+ 02

(-v,—u,1).

Since the curve is intersection of hyperbolic paraboloid,
and unit cylinder, we can consider first and second
components of the curve as u = coss and v = sins,
respectively. Then, third component of the intersection
curve must be

sin(2s)

UV = COoSS Sins = Hence, we calculate the

equation of the intersection curve as follows:

sin(ZS)).

> ©

B(s) = (coss, sins,

Now, we can give our calculations with the help of Eq. (9).

First of all, |8'(s)| = /1 + cos?(2s), and B is not unit-

speed curve. By Eq. (9) we have the unit tangent vector,

—6coss — 3cos(3s) + cos(5s) —6sins + 3sins(3s) + sin(5s)

B'(s)
1B'(s)
1

=———(—sins, coss, cos(2s)).

J 1+ cos?(2s)

Since Ny is the surface normal restricted to g,

Tﬁ (S) =

(10)

Ng(s) = (@ B)(s)
= 7i(¥(coss, sins))
_ (—sins —CoSss i) 11
vz vz v (
By Egs. (10) and (11), we calculate the binormal vector as
follows:

Vﬁ(S) = NB(S) X TB(S)

=————(—2cos3s, —2sin3s, —sin(2s)).

\/ 3 + cos(4s)

Hence, we have the Darboux frame of 8 as {’]I‘ﬁ,Wﬁ, NB}-
Now we can give our results about the curvatures.

(12)

Theorem 4.1 The geodesic curvature of the pancake curve
on hyperbolic paraboloid is

5 — cos(4s)

teg(s) = (3 + cos(4s))3/%

Proof. Since S(s) is non-unit speed curve, from Egs. (2),
(10) and (12) we obtain

Tp(s) = ( V2(3 + cos(4s))3/2 '

and,

V2(3 + cos(4s))3/2

2sin(2s)
A+ cosz(Zs))3/2>'
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B ’ B 5 — cos(4s)
O~ O O~ 5 e

which completes the proof.

Theorem 4.2 The geodesic torsion of the pancake curve
on hyperbolic paraboloid is

Proof. Since S(s) is non-unit speed curve, from Egs. (2),
(11) and (12) we obtain

2cos(2s)

(8)=—5—F =

3 + cos(4s)
Vi(s) = cos?s(18 sins — 5sin(3s) + sin(5s)) (18 coss + 5 cos(3s) + cos(5s))sin’s 8 cos(2s)

B = (3 + cos(4s))3/2 ’ (3 + cos(4s))3/2 " (3 + cos(4s))3/2)
and Corollary 4.5 The trace of normal vector restricted to 8
1 y y _ 2cos(25) represents a circle in space.

Ty(s) = 18" ()] p(s) * Np(s) = 3 + cos(4s)’

which is intended.

Theorem 4.3 The normal curvature of the hyperbolic
paraboloid in the direction of T is given by

V2sin(2s)

n(5) = = 3 + cos(4s)’

Proof. Since ((s) is non-unit speed curve, from Egs. (2),
(10) and (11) we obtain

V2sin(2s)

ten (5) " 3+ cos(4s)

1 , _
= mTﬁ(s) *Ng(s) =

which completes our proof.

Corollary 4.4 Pancake curve is a non-geodesic curve on
hyperbolic paraboloid.

Proof. By definition of cosine function —1 < cos(4s) < 1.
It follows from Theorem 4.1 that k,(s) = 5 — cos(4s)

never vanishes, and obviously f is non-geodesic.

Other results are similar to Corollary 3.5 and Corollary 3.6.

Figlire 3. Darboux frame of a at point P G,g,?)

Examples

Example 5.1 Let us consider the Darboux frame of the
curve which is given by Egs. (4)-(7) and lies on Plicker’s
conoid. Let us take the point Pas P = a(n/3) =
(50

> ,7) on the curve. Then, the Darboux frame of the

curve at point P is given as follows:

m V6 V2 V2
n@)-(-F5-7)

3

T 1 3
Ve(3) = (‘5"7'0)'
Na(TL’/S) = (_§;§;?>

On the other hand, the curvatures at point P are
calculated as

1 1 V6
Kg(ﬂ:/:;) = E: Tg(n/3) = _E: Kkn(/3) = _7-
The illustration of Darboux frame of this curve is given by
Figure 3.
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Example 5.2 Let us consider the Darboux frame of the
curve which is given by Egs. (9)-(12) and lies on
hyperbolic paraboloid. Let us take the point Q as Q =

B(m/6) = (?,%,?) on the curve. Then, the Darboux

frame of the curve at point Q is given as follows:

n [ V5 VIS VB
T (€)=<‘?'T'?>'

Ty 3v30 10 /30
“’ﬁ(g)—(‘w"%"W)'

Figlire 4. Darboux frame of 8 at point Q (?,%,—3).

Example 5.3 Let the space curve is given by Eq. (4), a(s) =
. . . V2 V2

(coss, sins, sin(2s)). AtpointR = a(r/4) = (7,7, 1),

the Frenet and Darboux frame of this curve is given by

r(7) = (_E @,o),

4 22
V(2

4\ 2vi7’ 2vi7' Vi7/)

242 2V2 1

v/ = (- 5~ 7 75
and,

n V2 V2
Te(3) = (‘7'7"))'
V,(n/4) = (—?,—?,o), N, (/4) = (0,0,1).

The picture of these frames at point R is given by Figure 5.

sy o (Y2 VB2
p/0) =\ =7 =)

On the other hand, the curvatures at point Q are
calculated as

11V/10

V6
Kg(T[/6) = T ?

2
) Tg(n/6) = _g‘ Kn(n/6) = -

The illustration of Darboux frame of this curve is given by
Figure 4.

Figlire 5. Frenet and Darboux frame of the curve a at
point R (ﬁ ﬁ, 1).

2’2
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Conclusion and Recommendations

This study initiates a new curve and its Darboux frame
on Pliicker’s conoid and hyperbolic paraboloid surfaces.
With the help of Darboux frame, the curvatures of
pancake curves on surfaces are calculated. Moreover, a
relation between the Frenet and Darboux curvatures of
the pancake curve is obtained. While our focus was
Plicker’s conoid and hyperbolic paraboloid surfaces, one
can examine the Darboux frame of pancake curves on a
parabolic cylinder. Moreover, the relation between the
pancake curve and the other curves (cylindrical sine wave,
lemniscates of Gerono, besaces, ovoid quartic, etc.) can be
investigated. According to current knowledge, there is not
enough paper related to the curve except on the website
of Robert Ferréol. Therefore, this paper will be instructive
for further studies about the curve.
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