— KONURALP JOURNAL OF MATHEMATICS
VOLUME 5 No. 2 pp. 102-113 (2017) ©KJM

k—FIBONACCI AND £—-LUCAS GENERALIZED QUATERNIONS

GOKSAL BILGICI, UMIT TOKESER, AND ZAFER UNAL

ABSTRACT. We investigate the properties of k—Fibonacci and k—Lucas quater-
nions over the generalized quaternion algebra. After presenting generating
functions and Binet’s formulas for these types of quaternions, we calculate
several well-known identities such as Catalan’s, Cassini’s and d’Ocagne’s iden-
tities for k—Fibonacci and k—Lucas generalized quaternions.

1. INTRODUCTION

The famous integer sequence, Fibonacci sequence {F,}5,, is defined by the
numbers which satisfy the second order recurrence relation F,, = F,,_1 + F},_o with
the initial conditions Fy = 0 and F} = 1. Fibonacci numbers have many interesting
properties and applications in various research areas. The Lucas sequence {L, }22
is defined with the Lucas numbers which are defined with the recurrence relation
L, = L,_1+ L,_o with the initial conditions Ly = 2 and L; = 1. Sometimes,
Lucas numbers are defined with the well-known identity L,, = F},—1 + F},+1 between
Fibonacci and Lucas numbers.

Pell sequence { P, }52, and Pell-Lucas sequence {PL,,}52  are other well-known
sequences. They are defined by the recurrence relations P, = 2P, 1 + P,_2 and
PL, =2PL,_1+4+ PL,_5 where the initial conditions are Py =0 and P, = 1,PLy =
2 and PL; = 2, respectively.

Generating functions for the sequences { F},}°2 ¢, {Ln}52 o, {Pn 52, and {PL,}22,

are shown below:
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and

> 2-2
> prat =2
= 1—2x—=x

respectively. Binet’s formulas for the Fibonacci, Lucas, Pell and Pell-Lucas numbers
are

Fn:L—B",

a—p3
Ln:an+ﬂn
,yn_(sn
P,=—

)

and

PL,=~"+0"

respectively, where a = 1+2\/g7 8= % are the roots of the characteristic equation

22 —2x—1=0, and ¥y=1+ \/i, § = 1 — /2 are the roots of the characteristic
equation z? — 2z — 1 = 0. The positive roots o and + are known as the golden ratio
and the silver ratio, respectively (see [12, 13] for details).

Many authors generalized these sequences by changing the initial conditions or
changing the recurrence relation slightly. One of the generalizations of the Fibonacci
sequence is k—Fibonacci sequence introduced by Falcon and Plaza [6]. For any
positive real number k, k—Fibonacci numbers are defined by the recurrence relation

Fpn =kFyn1+ Fipn_2

with the initial conditions Fyo = 0 and Fy; = 1. Falcon [7] defined k—Lucas
numbers by the recurrence relation

Lk,n = kLk,n—l + Lk,n—Q

with the initial conditions Ly o = 2, Ly, = k.

For k = 1, the k—Fibonacci and k—Lucas sequences reduce to the classical
Fibonacci and Lucas sequences. Similarly, for k£ = 2, the k—Fibonacci and k—Lucas
sequences reduce to the Pell and Pell-Lucas sequences.

Generating functions for the k—Fibonacci and k—Lucas sequences are respec-
tively

x

I(@) = 1—kx — 22
and 5k
—kx

be(z) = 1—kx —a2’

Binet’s formulas for the k—Fibonacci and k—Lucas numbers are respectively

a™ — g"
Fk,n = 017—,6
and
Lyn,=0a"+p"
where
k+Vk2+4 k—Vk2+4
(1.1) a:fandﬁzf

are roots of the characteristic equation 22 — kx — 1 = 0.
Let A\, € R and H(A, 1) be the generalized quaternion algebra with the basis
{1, e1,e29,e3}. The multiplication table of this algebra is
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1 €1 €9 €3

1 1 €1 €9 €3
€1 | €1 - €3 7)\62
€y | €2 —€3 - Heq

e3 | ez Aea —per  —Ap.

The algebra H(1,1) is the quaternion division algebra and H(1, —1) is the split-
quaternion algebra. A generalized quaternion, ¢, in the algebra H(\, u) is formu-
lated as ¢ = ag + a1e1 + ases + azes where ag,a1,as and ag are real numbers.
The conjugate of ¢ is given by ¢* = ag — a1e1 — ases — azez and the norm of ¢ is
n(q) = q¢* = af + aiX + ajp + a3

Horadam [10] defined Fibonacci and Lucas quaternions as follows:

Qn=F,+ Fryie1 + Fhyoes + Fryses
and

K, =L,+ Lyti1e1 + Lyyoes + Lyyses
respectively, where F}, is the nth Fibonacci number and L, is the nth Lucas number.
He defined a generalization of the Fibonacci quaternions with the relation

P, =H, + Hyy1e1+ Hpi26e2 + Hyy3e3
where Hy =p, Ho=p+qand H, =H, 1+ H,_».

A considerable amount of literature has focused on Fibonacci and Lucas quater-
nions. Iyer [11] investigated a number of relations of Fibonacci and Lucas quater-
nions. Halici [8] studied the Fibonacci and Lucas quaternions and introduced sev-
eral properties including the Binet’s formulas as follows:

@ = = (a0 —P)

and

K, =aa+ B8
where & = 14+ae; +a?es+a’e; and B = 1+Be; +f%ey+B3e3 where a = (14-+/5)/2
and 8 = (1 —+/5)/2.

Akyigit et al. [1] studied split Fibonacci and split Lucas quaternions on the alge-
bra H(1, —1). They obtained Binet’s formulas and focused on summation identities
for these quaternions. Akyigit et al. [2] generalized the quaternions @,, and K,, on
the algebra H(A, p).

Szynal-Liana & Wloch [18] and Cimen & Ipek [3] worked on Pell and Pell-Lucas
quaternions which are defined as follows:

Rn = Pn + PnJrlel + Pn+262 + Pn+363
and
Sn = PLn + PLnJrlel + PLn+262 + PLnJrSeB

where P,, and PL, are the nth Pell and Pell-Lucas numbers. Many properties of
these quaternions can be found in studies [3, 18].

Ramirez [16] introduced the k—Fibonacci and k—Lucas quaternions on the alge-
bra H(1,1) as follows:

Dy n = Fyn + Finyie1 + F nyoea + Fi nyses
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and
Py p=Lgyn+ Lgnyier + Linioes + Ly nyses

respectively, where Fj, ,, and Ly, ,, are the nth k—Fibonacci and £—Lucas numbers.
He obtained generating functions, Binet’s formulas, Cassini’s identity and some
other identities. He also explained Catalan’s identity as a conjecture. Furthermore,
this conjecture was proved by Polatli and Kesim [15].

Polatli et.al. [14] idefined and studied split k—Fibonacci and k—Lucas Quater-
nions on the algebra H(1, —1)

My, = Fir + Fi 101 + Fi py0ea + Fy py3e3
and

Nir =Ly, + L ry161 + L rqoe2 + L r4363
respectively, where F}, ,, and Ly ,, are the nth k—Fibonacci and k—Lucas numbers
and gave many properties for these quaternions such as Binet’s formulas, generating
functions, Catalan’s and d’Ocagne’s identities, and several summation and binomial
formulas.

Catarino [4] introduced the Modified Pell and Modified k—Pell quaternions as

follows:
3

MP, = Z dn+s€s
s=0
and

3
Mpkm = E qk,n+s€s
s=0

where g, is the nth Modified Pell number and g, is the nth Modified k—Pell
number. She also presented a number of properties of these quaternions.

Catarino and Vasco [5] studied on dual k—Pell and dual k—Pell-Lucas quater-
nions which defined by the following relations:

Rk,n = Rk:,n + 6Rk,n-ﬁ—l
and
Sk,n = Sk,n + €Sk:,n-‘,—l

where Ry, and Sj, are the k—Pell and k—Pell-Lucas quaternions respectively,
and e is the dual unit which satisfies €2 = 0. They gave several properties of these
quaternions including generating functions, Binet’s formulas and some identities.

In this paper, we present a generalization of all the studies mentioned above on
the algebra H(A, u). Firstly, we introduce the definitions of the k—Fibonacci and
k—Lucas generalized quaternions.

Definition 1.1. For any integer r, the k—Fibonacci and k—Lucas generalized
quaternions are

(1.2) Giyr =Fipr+ Firi161 + Firqoea + Fi ryzes
and
(1.3) Hy,=Lg,~+ Liri1e1 + Ly p42e0 + Ly ry3€3

respectively, where Fj, , and Ly, ,, are the nth k—Fibonacci and k—Lucas numbers.
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We abbreviate the k—Fibonacci and k—Lucas generalized quaternions to kFGQ
and KLGQ respectively. The following table presents how G, and Hy, , generalize
the quaternions mentioned above.

()‘nu) ‘ (171) (17_1)
k=1 Fibonacci quaternions [10] Split Fibonacci quaternions [1]
k=2 Pell quaternions [3, 18] Split Pell quaternions [17]

k | k—Fibonacci quaternions [16] Split k—Fibonacci quaternions [14]

Furthermore, the k—Fibonacci and k—Lucas Quaternions have the following re-
currence relations.

Corollary 1.1. For any integer r, we have

(14) Gk,r = kaz,r—l + Gk,r—Q
and
(1.5) Hy,r=kHpr 1+ Hpro.

We give generalizations of some well-known identities in next sections.

2. GENERATING F'UNCTIONS AND BINET’S FORMULAS FOR THE k—FIBONACCI
AND k—LUCAS GENERALIZED QUATERNIONS

The following theorem states generating functions for kFGQ and kLGQ.
Theorem 2.1. The generating functions for kFGQ and kLGQ are

r4+e + (k+x)es + (k2 + 1+ kx)es
1—Fkx—a?

G((E) = i Gk’nm" =
n=0

and
H(z) = > Hy,a"
r=0
_ 2— ka4 (k+2x)e; + (k2 + 2 + ka)eg + [k* 4 3k + (k? + 2)a]es
N 1—kx —a?
respectively.

The proof can be completed following similar steps as in [16]. Binet’s formulas
for kEFGQ and kLGQ are given in the following theorem.

Theorem 2.2. For any integer r, the rth kFGQ and kLGQ are, respectively,

_ @a” - Bpr
(2.1) Grr =05
and
(2.2) Hy., = aa” + Bg"

where @ = 1 + ae; + o?eq + ades and B: 1+ Beq + B2%eq + [es.
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Proof. For the first equation, we have by Eq.(1.2)

aGk,r + Gk,r—l =
aFk,r + Fk,r—l + (aFk,r—i-l + Fk,r)el + (aFk,T'+2 + Fk,7-+1)62
+(Fyp43 + Frri2)es.

Using the identity a” = aF} , + F}, »—1, we obtain
(2.3) OLGkﬂ« + Gk7,«_1 =aa’.

Similarly, we have

(2.4) BG4+ Grr1 = BA".
After substraction Eq. (2.4) from Eq. (2.3), we get the Eq. (2.1). Moreover, Eq.
(2.2) can be obtained similarly. O

Using the Binet’s formulas for kFGQ and kLGQ, we investigate the properties
of these quaternions.

Lemma 2.1. We have

(2.5) a8 = wi+ Hyo+usVk2 +4,
(2.6) Ba = u+ Hyo —uaVEk? 44,
(2.7) (@)? = v+ Hpo+ VE2+4(v2 + Grp),
(28) (3)2 = v+ Hk’() — k2 + 4(’02 =+ Gk,O)
where

Uy = AMp+A—p—1,

uz = —pey — Akes +e3,

Ap Iz
- e e )i
V1 B 3>\,UJ+ B

—(gku+2u+;)k2—m—>\—u—l,

and
vy = f%"kf’ - (mw g) KB - (2)\u+ % +u) k.
Proof. From the definition of @ and B , we have
aB = (1+aer +aes+a’es)(1+ fer + fez + Bes)

= M+ A—p+1+kep + (k% +Deg + (k* + 3k)es
+V k% + 4(—per — kres + e3)
= U1+Hk70+’tl,2\/k2+4.

The others can be proved similarly. [
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This lemma gives us the following useful properties:

(2.9) aB+pa = 2(uy+ Hyyo),
(2.10) aB—Ba = 2usVk2+4,
(2.11) @2+ (B)? = 2w+ Hy ),
(2.12) @)% —(B)? = 2Vk2+4(vs+ Gpo).

We can give negative indices for kFGQ and kLGQ. Using the identities F_, =
(-1)"F. and L_, = (—1)"L,,, we have
G —r = (-1)" [ —F.+ F.i1e1 — Fryoes + Fr+363]
and
Hp,p = (=1)" [L = Lepier + Lyyaea = Lyyses).
3. CASSINI’S, CATALAN’S AND D’OCAGNE’S IDENTITIES

In this section, we introduce Catalan’s, Cassini’s and d’Ocagne’s identities for
kFGQ and KLGQ. The following theorem provides the Catalan’s identities.

Theorem 3.1. For any integers v and s, we have

(31)  GrytsGrp—s — Gip = (1) [(Hyo +ur) Ff  + uaFy 2]

and

(32)  HipysHipos — Hp = (=1)"" (k> +4) [(Hro +w1) FE, + uaFlas) -
Proof. By using the Binet formula for kFGQ, we have

o~

GrorssGrps — G2, = ﬁ [ (aam _ gﬁm) (aaH _5 5%5)
(o -3)’
_ 1{32;4_4 [75@0[#55%5 _ Bagrtears
+Baa" B + 6230/”6”]
- o 1+ ; [_ar_s grs (agazs n 3@325)
+(=1)" 2 (Hyo +u1)] .

Substituting Eqgs. (2.5) and (2.6) into the last equation and making some ele-
mentary operations, we obtain

Gk,r—&—sGk,r—s - Gi,r = (*1)T+S+1u2Fk,2s
1
(-1 (H 2 — (=1)° Ly, 24].
g (1) (g ) 2= (1)L ]
The identity (k* +4)Ff 5, = Li,2s — 2(—1)* gives the Eq. (3.1). Accordingly, Eq.
(3.2) can be proved similarly. O

If we take s = 1, we obtain Cassini’s identities for kFGQ and kLGQ as in the
following result.
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Corollary 3.1. For any integer r, we have

(3.3) Gk,r+1Gk,r—1 — Gz)r = (—1)T [Hk,o + uy + ku2]
and
(34) Hk,r+1Hk,r71 — H]%’T = (—].)T—"_1 (/ﬂz + 4) [Hk,(] —+ u + ku2] .

In the next theorem, d’Ocagne’s identities for the kFGQ and kLGQ are given.
Theorem 3.2. For any integers v and s, we have
(3.5) GrrGrst1 — Grri1Grs = (—1)°[(Hi,o + u1) Fiopr—s + ua L p—s]
and
(3.6) HypHysi1 — Hyry1 Hy o = (1) (K2 +4)[(Hpo +u1) Frp—s +ua Ly r—).
Proof. The Binet’s formula for kFGQ gives
GirGrs+1 — Grr+1Gr.s

e [l 30) s -5

o (A r+1 5BT+1> (aas o B\Bs>:|
Vk? +4 S | ~% r—s _ a~ar—s
= S@aq (U [aBor —Basr].
Substituting the Egs. (2.5) and (2.6) into the last equation and making some
operations, we get Eq. (3.5). The Eq. (3.6) can be handled in the same way. O

4. SOME IDENTITIES FOR THE k—FIBONACCI AND k—LUCAS GENERALIZED
QUATERNIONS

In this section, we present adaptations of some well-known identities between
Fibonacci and Lucas numbers for kFGQ and kLGQ. The following identity explains
the summation and subtraction of squares of kFGQ and kLGQ.

Theorem 4.1. For any integer v, we have

k*+5
H;?,r +Gh, = P {(01 + Hyo)Lior + (K2 +4)(v2 + Gk,O)Fk,%}
2(—1)"(k? + 3)
T hrya ko)
and
k*+3
HE =Gy = oy | (o1 + Hio)Lzr + (K + ) (02 + Gio) P
2(-=1)"(k* +5)
g (1t Hko)
Proof. By using the Binet formulas for kFGQ and kLGQ, we have
H2 G2 1 -~ r 27 2 -~ r 2T 2
ket Glr = m(aa —55) +<aa +55)
1 2 2r 2 02r ~D T A ror
g (@77 +(8)28% — 6o’ — Baa’ i

+ {(a)2a2r + (3)252T + aBarﬁr _i_gaarﬁr} )
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By substituting (@)2, ()2 from Lemma 2.1 and &3+ Ba from Eq. (2.9) into the last
equation and simplifying the result with some elementary operations, we obtain the
first identity in theorem. The second identity can be proved in a similar way. [

Now, we provide several interesting identities in the following theorems.

Theorem 4.2. For any integer r, we have

3 (:) KGri = Grar
1=0

and

Proof. For kFGQ, we have

> (Jeon = 3 ([ =2]

=0

- (14 k)" = = (L4 k).

Since o and J are roots of the equation z? — kz — 1 = 0, we have 1 + ka = o? and
1+ kB = 2. Using these two equations, we obtain

r ~ or _ 7p2r
3 (7‘) KG,, = 200 BB
i—o \! a-p

= Gk,Qr-

In the same manner, we can see the second identity. (Il

Theorem 4.3. For any integers v, s and t, we have
Hk,r+sGk,r+t - Hk,r+tGk,r+s = 2(*1)T+8(u1 + Hk,O)Ft—s-
Proof. Using Binet’s formulas for kFGQ and kLGQ, we have

Hk,r+sGk,r+tHk,r+tGk,r+s
1 ~ ~
— aar+s + ’I"+S) (aar+t _ r+t>
il Bs Bs

 (oart 2 ) (a3
1 ~D r+sor Daarts, v
:\/ﬁ[—aﬂa tsgrit 4 Baprteartt
_i_agar—&-tﬁr—&-s _ Baar+36r+t}
— (aﬂ + Ba) |:_ ar+35r+t + ar+tﬁr+s:| .

Vk?+4
After we substitute Eq. (2.9) into the last equation, we obtain the result of the
theorem. (]
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Theorem 4.4. For any integers r and s, we have

Gk},T+S + (_1)SGk,r75 = Gk,TLk?,S'

Proof. Binet’s formulas for kFGQ and kLGQ give

Gk7r+s + (_1)3Gk7rfs [aar—i-s _ B\Br-ﬁ-s

1
W
+(=1)° (aar_s _ Bﬁ?’—s’) }
_ \/ﬁ [aar+s _ Bﬁr+s
n (aarﬂs _ ga55r> }
= \/k%ﬁ [aof (0 + %) = BA" (a® + 58)}
= GprLis.

]

We know that H(A, x) is non-commutative. It can be seen what happens when
any two kFGQs or kLGQs are displaced.

Theorem 4.5. For any integers r and s, we have
GrrGrs = GrsGrp +2(=1) T ugFy.
and
Hy Hys = Hi sHy,p +2(—1)°(K* + 4)uaFy .

Proof. For the first equation in theorem, from the Binet formula for kFGQ, we have

GirGrs — GisGryr = ﬁ [ (aar - B@T) (aas - 355)
. Y

1 ~ ~ . N e A
_@Ba"B° — Baa B + aBat s + Baaéﬁ’“].

:k2+4

Substituting Egs. (2.5) and (2.6) into the last equation and making some simplifi-
cations get the first equation in theorem. Taking similar steps, the second identity
in theorem can be obtained. ]

In the next theorem, we give some interesting identities for kFGQ and kLGQ
without proof.
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Theorem 4.6. We have the followings

=

GroHy,s = GrsHip +2(=1)" (u1 + Hi o) Fro s,

GrrHy s = Hy G s +2(—1)"! [(Ul + Hi o) Fips—r — U2 L s—r |,
GrpysFrys — Grr—sFr_s = Fi 25Gp or,

HyyysLrvs — HiposLo_s = (k* +4)Fy 2.G 20,

Grr =kGr -1+ G r—2,

Hyr=kHypr 1+ Hy o,

Hy = Grr—1+ Grri1,

- ka+kam—1
G n+m "= . : y
Z hintm® 1—kx—a?

n=0

o0

Z H, " = Hym + 2 Hgm—1
,n+m 1 — kx — 22 )
n=0

Gk,’r‘ — ele},r+1 — esz;’r+2 - eBGk,T+3
= 4+ A+ (K + Dp+ (K 4 36> + 1)Au] Frr
+ [RA A+ (B 2K+ (k° + 4k% + 3K) A1) Firg
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