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Abstract: In this paper, we prove some uniqueness theorems for the solution of inverse spectral problems of
Sturm-Liouville operators with boundary conditions depending linearly on the spectral parameter and with a
finite number of transmission conditions.
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Sonlu Sayida Siireksizlik Kosullarina Sahip ve Sinir Kosullar:

Parametreye Bagh Sturm-Liouville Problemi icin Teklik Teoremleri

Ozet: Bu makalede, sonlu sayida siireksizlik kosullarina sahip ve smir kosullar1 spektral parametreye lineer
sekilde bagli Sturm-Liouville operatorlerin ters spektral problemlerinin ¢ozliimii i¢in bazi teklik teoremleri
ispatlayacagiz.

Anahtar Kelimeler: Ters problem, Sturm-Liouville operatér, Weyl fonksiyonu, Priifer Agis.

1. INTRODUCTION from physical problems, for example, vibration
of a string, quantum mechanics and geophysics.
In [7] and [12], an operator-theoretic
formulation of the problems with the spectral
parameter contained in only one of the
boundary conditions has been given. Boundary
conditions depend nonlinearly on the spectral
parameter were also considered in [15-19].

First important results for inverse problem of a
regular Sturm-Liouville operator were given by
Ambarzumyan in 1929 [1] and Borg in 1945
[2]. In the following years, results which is
obtained in these works have been generalized
to various versions for Sturm-Liouville
operator.

Sturm-Liouville problems with transmission
conditions at interior points arise in a variety of
applications in applied sciences. For general
background of these kind of problems, we refer
(e.g.) to the monographs [21-27].

Inverse problems for Sturm-Liouville
equations with boundary conditions linearly
dependent on the spectral parameter were
investigated in [3-14] Such problems often arise

* Corresponding author. Email address: ycakmak @cumhuriyet.edu.tr
http://dergipark.gov.tr/csj  ©2016 Faculty of Science, Cumhuriyet University



Cakmak, Keskin / Cumhuriyet Sci. J., Vol.38-3 (2017) 535-543

1. Preliminaries:

Consider a boundary value problem generated
by the Sturm Liouville equation for

xel :LNJ(di’dm)

ty:==y"+aq(x)y = W(x)y (L1)
subject to the boundary conditions
A(Y'(0)+hy(0)) =hy'(0)+ h,y(0)  (1.2)
A(Y'(D)+Hoy(1)) = Hyy'(1)+ H,y(1)(1.3)
and a finite number of discontinuity conditions

y(d; +0) = ;y(d; - 0)
y'(d, +0) = o, y'(d, - 0) (1.4)
- (a)iﬂ’ + B, )Y(di -0)

where q(X) is real valued function in L, (0,1);
B, h;and H;, j=0,1,2, are real numbers;

o, eR", d,=0, d (01, d,=1,
pi=h,—hh >0, p,:=HH, -H, >0,
w(x)=1/o¢, d <x<d,,, o eR for

k=0,...,.N, o,=1 and A is a spectral
parameter. We denote the problem (1.1)-(1.4) by
L=1L(q,h,H,s,,s,,...,Sy) where
h=(h,h,h,), H=(Hy, Hy, Hy),
s, =(d,a,®»,6), 1=1...,N.

Consider a Hilbert Space
H =1,(0,1)®C""?, equipped with the inner
product

Y,z):= Iwz(x)y(x)ﬁdx

+ ZiYi Z + Zaia)iYHZZHZ’
i1 P i=1

where Y = (YyOOM(X), Y, Yy, oo Yoo )
Z = (z()MW(X),Z,,Z,, ..., Zy,,) €H.

Define an operator T with the domain

DM)={YeH:y(x) and Yy'(x) are
absolutely continuous in I, ¢Y eL,(0,1),
y(d; +0) = o, y(d; =0), Y, = y'(0)+hyy(0),
Y, = y1(1)+Hyy(1), Yi,. =@ y(d; —0),
i=1...,N}
such that,

T(Y)

—Y"(x) +a(x) y(x)
h,y'(0)+h,y(0)
H,y'(1)+H,y(1)

= —y'(d;+0)+a;"y'(d, - 0)- Ay(d, - 0)

—y'(d, +0)+ az_ly’(dz —0)-4,y(d, -0)

- y’(dN +0)+a|;lyl(dN _O)_ﬂN Y(dN _0)
(1.5)

It can be proven, using classical methods in
the similar works (see for example [20]), that

the operator T is symmetric in H; the
eigenvalues problem for the operator T and the
problem L coincide.

Let ¢(X, A) be the solution of equation (1.1)
satisfying the initial conditions
y(0)=h —-2A:=a, y'(0)=4h, —h,:=b and
transmission conditions (1.4). This solution is
found in the interval 0=d, <x<d, by the
method of the variation of parameters as

b .
X, ) = acosJAx + ——sin/Ax
(X, 4) I

n %Esin JA(x=t)q(t)e(t, 2)dt.

In each interval d <x<d_ =1

(i=1,2,...,n) the solutions such as
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o(X,A) = A(\/Z)cos\/zx +B, (\/Z)sin Jax
+ %Esin Va(x=t)(t)e(t, 2)dt

are searched. For each interval if the coefficients
A(ﬁ) and Bi(ﬂ) are found by using

transmission conditions (1.4) and substitued in
then the following asymptotics hold for the
solution ¢(X, A)

p(x, 2)

— 2c0s/Ay(X)

+O(\/Zexp|r|y(x)) . dy<x<d,
— w0, cos/Ay(d,) x

xsin/2(y(d,) — 7(X))
+ O(/l exp|z'|7/(X)) , d, <x<d,

- a)10)26162ﬂ’2 Cos \/Zy(dl) X

xsiny 2 (y(d,) - 7(d,))

_ xsin\/z(y(dz) - 7(X))

+ o4 exp|r|y(x)) , dy<x<d,

— (ll[ 0, Oy jﬂ«(mz)/z COoS \/Z}/(dl) X
xsiny/ A ((d,) - y(d,)) x
x---sinvA(y(d, ,)-(d, ) x

xsin VA ((d,) - 7(x))
+ O explely(x)), d,<x<d,,

@'(X, 4)
222sinAy(x)
+0(2explely(x)) ,
w,A2 cos~Ay(d,) x

x cos A (y(d,) - 7(x))

+O(/13‘2 exp|r|;/(x)) , d, <x<d,
w,0,6,2°? cos~Ay(d,) x
xsinvA(y(d,) - 7(d,)) x

_ JxcosVA(p(d,) - 7(x))
+o(Zexpley(v),  d, <x<d,

(f[ wkau)ﬂ(””)’z cos/27(d,)
x Sin \/Z(j/(dl) —y(dy))x
x---sinA(y(d, ) -r(d,)) x

xc0sA(y(d, ) - r(x)
+0(A™ 22 explely(x)) . d, <x<d,,

d, <x<d,

Similarly, let w(X,4) be the solution of
equation (1.1) satisfying the initial conditions
y1)=H,-1:=a, y(1)=4AH,-H, =b
and transmission conditions (1.4). This solution
is found in the interval d, < x<d,,, =1 by the
method of the variation of parameters as

w(x,A) = acos/A(l- x)—%sin Jax

+ %Ji‘sin JA(t=x)(t)e(t, A)dt.

In each interval d ,<x<d

n—i+1

(i=n,n—1,...,1) the solutions such as
w(x,A) = A(ﬁ)cosﬂx+ IEAS—i (\/Z)sin NEY
1 7.
+—— [sinVA(x=t)q(t)e(t, A)dt
T [sin A=ttt
are searched. For each interval if the coefficients

A(\/E) and I§i(ﬁ) are found by using

transmission conditions (1.4) and written in the
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their places then the following asymptotics hold
for the solution w(X, 4)

w(x,1)

—2cosV(y(1) - y(x))
+oWZexpld(y()-y(x)), d, <x<d,,
- 0,05, cosVA(r(1) - 7(d,))x

xsinA((x)-7(d, )
+o(1explr|y(1)-7(¥)) . d,,<x<d,
~ 0,0, 6,6, A COS\/Z(}/(l) —7(d,))x

XSin\/Z(y(dn—l)_}/(dn))
XSin\/Z(y(X)_y(dn—l))

+0(2% explel(¥ (1) - 7(%)). d,» <X <d,

- (]ﬁ 0,0, ]ﬂ,(mz)lz COS\/Z(Q/(]-) - 7(dn))x
xsinyA(y(d, ;) -7(d,))x

><---Sin\/z(}’(dl)—7(d2))5in\/z(7(x)_7(d1))

+0[2" 2 explel(7(1) - 7(x))) , d < x <,

y'(x,4)

- %0, sinvA (1) - (%)
+0(2exple|(y(1) - () . d, <x<d,.,
— 0,0,0,57° cosvA(y(1) - 7(d,))x

x cosvA(y(x)-(d,))
+0(2% exple](»(1) - 7(x))) . d,. . < x < d,

These solutions are entire functions of A and
satisfy the relation (X, /In):ﬂngo(x,ﬂn) for

each eigenvalue A where
5 = v0A)rh0.4)

" Py

The characteristic function A(A) and

norming constants ¢, of the problem L are
defined as follows.

A(1) =Wlp,y]
= Up'(1,2) + Hyo(1, 1))

~H,0'(1,4) - H,0(L,2) (1.6)
= -A(y'(0,4) + hyw (0, 1))
+hy'(0,4) + h,w (0, 1)
ay = [0 5,2,
+ 2 (¢/(0,40) + (0,2,
P (1.7)

+ 2 (@) + Hop(L 2

P2

N
+ zaia)i¢2 (d,-0,4,)
i=1

It is obvious that, A(A) is an entire function
in 2 and the zeros namely {,} of A(A)
coincide with eigenvalues of the problem L.

— 0,0, ,0,0,,0.,2°% cos~A(y(1) - y(d,))x Now, from the asymptotics of solutions

% Sin \/Z(V(dn,l) _7(dn))
x cosv/A (y(x) - 7(d,,))

+0(2 exple|(7(1) - 7(0)) , dyp < X<,y

xsin/A(y(d, ) - (d,)) x
x---sin 2 (y(d,) - 7(d, )) x

x cosvA (7(x) - 7(d,))
+0(A™ % exple|(y(1) ~ 7(x)) , dy < x < d,

o(x,4) and y(x, 1), we can write

N
A(2) = /1<N+5>’2(H o, O'i_ljx
i=1

x c0sv/A7(d,) x
xsin/A(y(d,) - 7(d,)) x
x...sinVA((d )= 7(dy ) x
x cosV A (y(dy ) - (@)
+0(A™2 explely (1))

(1.8)
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where 7= ImJ 2, 7(X) = JX‘,/W(t)dt.

Lemma 1 i- All eigenvalues of the problem L
are real.

ii- A'(4,) = B,a,, so eigenvalues are

simple zeros of A(A).

iii- Two eigenfunctions ¢@(x,4,) and
(X, 4,), different
eigenvalues 4, and A,, are orthogonal, i.e.,

corresponding  to

[ o(x 2)p(x, 4,)dx

+ L (/(0,2) + hyo(0.1))x

1

x(¢(0,4,) + hy(0, 2,))
+ 2 (/L 2) + Hop(L, )%

X ((/7'(1!/12) + Ho(”(li;tz))

+ Y ,0,0(d, ~0,2)0(d, ~0,,) = 0.

(1.9)

Proof. Since the operator T is selfadjoint, all
eigenvalues are real and two different
eigenfunctions are orthogonal. This proves (i)
and (iii). Let us show that the simplicity of the

eigenvalues A ; write the following equations,

v (%, )+ a(y(x, 4) = Aw(x)y(x, 2),
9"(x, 2,)+ 4()p(X, 4,) = 2,W(X)e(x, 2, ).

If these equations are multiplied by ¢(x, A, )

and (x, ), respectively and subtracting them
side by side and finally integrating over the
interval [0,1], the equality

[0/, 2, (6,2) - (2l 2, )]
o 02, W6 2) =y (Aol 2, 1170

(a2, (6 2) =y (6 Ap(x, 2,1,
= (3 2, WO (6, hp(x, 2, o

is obtained. Add and subtract A(A) in the left-

hand side of the last equality and use initial
conditions (1.5) to get

A(A) + (2= 4, Jw'(0,2)+ hyy (0, 2)
~(2-2 )92, 2,)+ Hopl, 2,))

—(2=2,)> ey (d; =0, A)p(d;, —0,,)

i=1

=(1-4, )Jl. w(x)w(x, A )p(x, 2, )dx,

rewrite this equality as

oL, 2,)+ Hopll, 4,))
—~(y(0,2)+ hoy(0,2))

N

+ Zaiyil//(di -0,2)¢(d; -0,4,)

i=1

= j w(x)y (%, AJp(x, 2, )dx

_ (' (©0.2)+ hyy (0. ))e'(0, 4,) + ho(0, £,))
hohy —,

L P2,)+ Hopll, 2 )Ny (1, 2) + Hoy (1, 4))
HoH, - H,

N
+ Zai7i'//(di -0,2)¢(d; -0,4,)
i1
1

= [wOw (x, Ap(x, 4, )dx

0

('(0,2)+ hyy(0,A))¢'(0, 4, ) + hyp(0. 4,))
%

+
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L (@@ 2,)+ Hoplt, 2y @ 2) + Hoy (1, 4))

P2

+ leaiyiw(di -0,)¢(d; -0,4,)

i=1

As A—>A and from the equalities
(X 2,)= Bop(x, 4,) and (L.7)
A'(4,) = B, (1.10)

is obtained. Thus A'(4,) # 0.

2. Main Results:

In this section, we prove three theorems,
uniquely determined by i) Weyl function, ii)
Priifer angle and iii) eigenvalues and norming
constants, for uniqueness of the solution of the

inverse problem. We consider a boundary value

problem L , together with L, of the same form
but with different coefficients q(x), Fl, I:|, §,
i=1...,,N.

Let the function y(X,A) denotes the solution
of (1.1) under the initial conditions
20,0 =p" 20,4)=-p’'hy and the
transmission conditions (1.4). It is clear that the
solution w(x, 1) satisfies the following relation

w(x,4) = A(A) x(x, 4)

_v'(0,4) + hy(0,4) o(x, 1) (2.1)
P1
If we denote
m(ﬂ.) = V/,(O1ﬂ’) + hOV/(O’j’) (22)
PA(A)

then we have

w(%A4) _
AD) = (X, A)+m(A)ep(x, 4). (2.3)

The function m(A) is called the Weyl
function of the boundary value problem (1.1)-
(1.4).

Theorem 1 If m(1) = M(1), then L=L, ie.,
q(x) = q(x), almost everywhere in 1; h = h,
H=H and s, =5, i=1...,n.

Proof. Let us define the functions F,(x, 1) and
P,(x, 1) as follows,

R (X, 4)

- _ (2.4)
= (X, A)D'(X,4) —D(x,A)p'(X, 1)
P,(x, 1)

- ~ (2.5)
= q)(X, ﬂ,)gD(X, Z’) - (D(X’ l)q)(x’ ﬁ')

_y(%4) _ =

where ®(x, A1) = AG) If m(1) =m(4)
then from (2.3)-(2.5), R(x,4) and P,(x,1)
are entire functions in A. Denote

G, ={1eCia=k%k-k|>5,n=1,2,.]
and

G, ={ieCia=k:[k—k[>sn=12,.},

where & is sufficiently small number, k. and

k, are square roots of the eigenvalues of the

n

problem L and E, respectively. One can easily
show that the asymptotics for
d <x<d,,1=0,...,n

D(x,A) = 0(1”’4‘3 exp(- Irly(X))j
. (2.6)
D'(x,A) = 0(/1 2 exp(—|r|7(><))j

are valid for sufficiently large |4|. Thus, the

following inequalities are obtained from the
asymptotics

|Pl(x,/1)|£C5 :

2.7)
P, (x,2)| < C,|4

-1/2

, 1eG, NG,
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According to the last inequalities and

Liouville’s P(x,4) = A(x) and
P,(x,2) =0, x e [0,
fd,.d,.d,.d,,,....d_,,d} Us (24) and
(2.5) again to take

p(x,4) = A(X)p(x, 1),
D(x, 1) = AX)D(X, 1).

theorem,

for

(2.8)

Since W [®(x, 1), @(x, 4)]=1 and similarly

W[B(x, 2),3(x, 2)|=1, then A2(x)=1 for
x in I.

On the other hand, the asymptotic
expressions
p(x, A) 29)
=6(1) exp(— iﬁy(x)XLt o(1)) '
o(X, A
o0x.4) (2.10)

= 0(A) expl— iV Ay(x) 1+ of1))

is valid for sufficiently large A on the imaginary
axis, where

i, d, <x<d,
0 =1"
__(Ha)ko-k ];L(HZ)/ZCi i <x<diy
2\ ka
(2.12)
A d <x<d
~ 2
oW=1" )
2\ a

C, = cosA(d,)] [sinvA(r(d) - (@),

G, = cos @) [sinV (@) - @),

i=%4...,n, d,=0, d, =1, d,=0 and

From (2.8)-(2.12), we can see that d, = Ji

for 1=1,n. Moreover, if we use

O(1) = A(X)0(A) and A’(X)=1, we get
o = for i=1..,n and A(X)=1 from
(2.11)-(2.12). Hence,

v'(6,2) _ 7 (xA)
v(2) )

It can be obtained from (1.1)-(1.4) that
q(x)=q(x), ae. in I; s, =5, i=1...,n

o(x,2) =p(x,A) and

and h=h, H=H. Consequently L = L.
The function called Priifer angle is defined by

P(4)

o

A

|

Theorem 2 If P(i):ﬁ'(l) and h=h,

<

cot™ (
B

1y
¢(0’

—

if (0,1)%0,

(2.13)

SO
NN

if '(0,1)%0

tan

<
>

L= E; i.e. the problem L is uniquely
determined by P(4) and U (y).

Proof. It is obvious from (6), (11) and (22) that
the equality

m(ﬂ)[/l_hlcotP(ﬂ)Jrhz}:_p_l

h, +cot P(1) '

holds. Therefore, under the hypothesis of the
theorem, we get m(A) = m(4). This completes
the proof.

Theorem 3 The problem L
determined by {4,,a, }

is uniquely

n>0

Proof. The meromorphic function m(1) has
simple poles at A, and its residues at these poles
are
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RES{m(/l) ) }: V/'(O’ﬂ“n)_i_ hol//(o’in)
o plA,(ﬂ’n)
__ B 1

A'(4,) a,

n

Denote T, ={A:1=k? |k|=\/4, +&},
where & is sufficiently small number. Consider
the contour integral

_ 1 ¢ m@m) -
F(A)= ZﬂiF{(n—/l)dn' Aeintl.

It can be calculated that limF, (1) =0 and

from Residue theorem that

m(i) = i;

20 =2 . (2.14)

Consequently, if A, = /fn and @, = ¢, for
all n, then from (2.14), m(4) = m(A1). Hence,

Theorem 1 yields L=L when

{ﬂ“n Oy }nzo = {Zﬂ ! &n }nzO'
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