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Abstract: In this work, we present a delay general nonlinear discrete-time population model with and without
Allee effects which occur at low population density. We investigated local stability conditions of equilibrium
point of both models and we compared the local stability of the same equilibrium point of these two models.
Obtained all theoretical results were supported by numerical simulations.
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Gecikmeli ve Allee Etkili Lineer Olmayan Ayrik-Zamanh bir Popiilasyon
Modelinin Lokal Kararhhik Analizi

Ozet: Bu caligmada, genel lineer olmayan ayrik zamanli gecikmeli bir popiilasyon modeli, diisiik popiilasyon
yogunlugunda ortaya cikan Allee etkisiyle ve Allee etkisiz olarak ele alinmistir. Her iki modelin, denge
noktasinda lokal kararlilik sartlar1 incelendik ve bu iki modelin lokal kararliliklarin1 karsilastirdik. Elde edilen

tlim teorik sonuglar niimerik simiilasyonlar ile desteklenmistir.

Anahtar Kelimeler: Lokal kararlilik Analizi, Allee Etkisi, Denge Noktasi, Popiilasyon Modeli.

1. INTRODUCTION

Mathematical models of biological processes and
systems are generally expressed in terms of
difference or differential equations with or
without delay. Difference equations are applied
frequently to populations whose generations do
not overlap. For example, when adults die and are
replaced by their progency, the population size
from one generation to the next, X; to X1, can be
modelled by difference equations. Furthermore, to
use models described by difference equations is
more efficient for numerical simulations and
computations ( see [1-3]). Populations where there
is delayed sexual maturation before reproduction
may be affected by many previous generations.
The effect of the generation t-T which T is the
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time for sexual maturity on the current generation
t+1 may be effected by a delayed effect. So, in a
population model which is expressed by an
difference equation of order T+1, the current
generation is affected by generations from 1 and
T+1 generations ago.

In recent years, the study of the Allee effect in
population dynamics has become a very important
topic in biology and many areas of ecology [4-
8,13,14]. In population models, the Allee effect is
often modelled as a threshold, below which there
is population extinction. This effect is firstly
introduced by Allee in 1931 as "negative density
dependence when the growth rate of the
population decreases in low population density
[9]." The main causes of the Allee effect are the
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difficulty in finding mates, imbreeding
depression, social dysfunction at small population
sizes, predator avoidance of defence and food
exploitation.

In [12], a model was introduced as follow:

Nes1 =71N: + f(Ni—7) 1)

where N, is the adult breeding population,
F(N.—r) is the adult stage population with delay

of T years and r is the survival coefficient such
that r&(0,1).

In [14], she worked the model (1) with and
without Allee effect for the case T=1. He
concluded that Allee effect either reduces the local
stability of equilibrium point of the population
model or does not cause any change in it.

In this paper we consider the model (1) for T=2
case without and with Allee effect at different
times t, t-1 and

t-2 as follows respectively,

N

=rN,+ f(N,,),re(0, )

t+1

Noy =r'Nea(N)+ F(N,),r'>0  (3)

where N, is the population density at time t, r is
per capita growth rate, the function
f (N,_,)describes interactions among mature

individuals and r’is the normalized per capita

growth rate given by r . a=a(N,) is the
a

(N°)
Allee function at time t. and the function f satisfies
the conditions (1) and (2) and r” is the normalized
L N s
a(N')
equilibrium point of the model. "The general
assumptions on the function f are as follows:

per capita growth rate given by

1) f'(N)<0 for Neg[0,©), that is, f
continuously decreases as density increases.
Biologically, it means that the reproductive output

of an individual never increases as the population
size increases.

2) 0< f(0) <o [4-8, 13-15].

Also, we consider the model above Eg.(3) which
includes the Allee effects. The conclusion of the
biological facts requires the following assumption
on o.

3) If N=0, then (N)=0. That is, there is no
reproduction without partners.

4) a'(N)>0 for Ne(0,0). Allee effect

decreases as density increases.

5) lima(N)=1. That is, Allee effect vanishes

N—w©

at high densities [4-8, 13-15].

"The positive equilibrium point of the model
which is liable to an Allee effect can become
either one of destabilization or of stabilization.
Namely, the local stability of a positive
equlibrium point can be changed from the stable
case to an unstable case or vice versa. It is also
possible that even if the model is stable at an
equilibrium point, to reach its equilibrium point
may take a much longer time. This case has been
referred to in the statement that the Allee effect
decreases the local stability of the equilibrium
point [13]." The aim of this paper is to investigate
the local stability analysis of equilibrium solutions
of Eq.(2) and Eq.(3) for T=2 and to compare the
local stability of these models. The remainder of
this manuscript is organized as follows: In the
following section, we present a characterization of
the stability of the positive equilibrium points of
Eq.(2) with and without Allee effect. In Section 3
we present some numerical simulations that the
analytical results. In the final section we
summarize obtained results.

2. LOCAL STABILITY ANALYSIS

In this section, we studied the local stability
conditions of the positive equilibrium point of
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Eq.(2) and Eq.(3) with Allee effect at different
times t, t-1 and t-2.

Assume that Eqgs.(2) and (3) have one positive
equilibrium point. Note that, Eq.(2) and Eq.(3)
have the same equilibrium point.

2.1 Local Stability Analysis of Eq. (2)

Theorem 1 The equilibrium point N~ of Eq. (2)
is locally stable, if the inequalities

r—ri+4 ./ . —T+yr’+4

U R (paa e
2 2

hold.

Proof. N™ be a positive equilibrium point of

Eq.(2). By the equilibrium point definition, one

has

(4)

. f(N))
N = 5
1t (5)
Linearization of Eq. (2) around N will be
Neo =N+ f/(N7)N,, (6)

So, from Eq. (6) we obtain its characteristic
polynomial as follow:

p(u)=u’—ru—f'(N") (7)
Then, we write
a=-ra, =0a, =—f’(N*)
We say that N is locally stable, if
|a, +a,|<1+a, )
|a, —a,3;| <1-a;’ (9)

with the help of Schur-Cohn Criteria[2,3]. From
where, we have

f’(N*)+r+l>0, (10)
£'(N") —rf'(N")-1<0, (1)
£'(N°) +rf'(N")-1<O0. (12)

If Egs.(10)-(12) are resolved, inequality (4) is
confirmed easily. So the proof is completed.

2.2 Local Stability Analysis of the Nonlinear
Discrete Delay Model (2) with Allee Effect

We study the stability analysis of the equilibrium
points of Eqg. (2) with Allee effect at different
times t, t-1 and t-2.

2.2.1 Allee Effect at Time t

We consider the following nonlinear delay
difference equation by the addition of Allee effect

to discrete delay model (2)
Ne,=ra(N)N+ f(N).rr >0 (13)

where the function f satisfies the conditions (1)
and (2), (N, )is Allee function at time t.

Then we get the following theorem:

Theorem 2 The equilibrium point N” of Eq. (13)
is locally stable if the inequalities

f'(N*)+ra'(N )N*+r—1<o,

a(N*) (14)

’ * a’(N*) *
—f(N7)=r a(N*) N —r-1<0, (15
F(N )ZH“'(N*) F(N)N"+rf(N)-1<0,  (16)

hold.

Proof. Likewise, if a; ,a, and a; values are

calculated for Eg. (13), we obtain
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a,=—f'(N") (19
If we write the values of a, ,a, and a; in the
inequalities (8)-(9), we can write
r+ra(N*)N*+f(N*)<L (20)
a(N’)
, * a’(N*) , * * , *\2 2
rf(N7)+r f/(N" )N <1 £/(N7Y. (21)

From (20) and (21) , one can conclude the result.
2.2.2 Allee Effect at Time t-1

We now consider model (2) with the Allee effect
at time t-1 as follows:

N, =r N (N )+ f(N_,) r >0.

t+1

(22)
Then, we can state the following theorem.

Theorem 3 The equilibrium point N* of Eq. (22)
is locally stable if the inequalities

a’(N )N*+r—1<0,

Fr(N
(N7)+r (V) (23)
—f’(N*)+rZ((§*)) N'-r—1<0, (24)
. a'(N°) o
t'(N )z—ra((N*))N +rf(N°)-1<0, (25)
’ *\2 a'(N*) * ’ *\_
f(N°) +r—a(N*) N"+rf’(N")-1<0.  (26)
hold.
Proof. According to Eqg. (22), a; ,a, and a3

expressions are as follows:
a'(N7) -
a(<N*))N 3 =—1 (N )

If we write the values of a; ,a, and as
inequalities (8)-(9), we get

a,=-r,a,=-r

in the
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s a’(N*) X
‘r+f (N )‘<1—r (V] N 27)
and
a' (N X -
r a((N*))+rf'(N ) <1-£'(N)" (28)

So, the proof is completed.

2.3 Allee Effect at Time t-2

We now incorporate an Allee effect into the
discrete delay model (2) as follows:

Ne,=r'Na(N_,)+ f(N_,),r >0. (29)
Then, we can state the following theorem.

Theorem 4 The equilibrium point N of Eg. (29)
is locally stable if the inequalities

f'(N*)+ra’(N*) N*+r-1<0,
a(N')
—f’(N*)—ra,(N )N*—r—1<0,

a(N')

[ra'(N:) N"+ f’(N*)]Z—[rz «(N) N*+rf’(N*)J—1< 0, (32

(30)

31)

a(N')

el e o

hold.

Prof. According to Eg. (22), a; ,a, and az

expressions are as follows:

a --ra=0a, _—[r Z((Il\\ll)) N+ f’(N*)}

we get by using the inequalities (8)-(9) follows:
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— N7+ /(N7 <1 (34)

and

r? a'(N )N*+rf'(N*)

(V) [%f”}

So, the proof is completed.

Theorem 5 Allee effect at time t, t-1 and t-2
decreses the stability of the Eq.(2).

df (N”)
Proof. Let's X= <0
dN,
La'(N) o .
andy=N —~. The equation (2) is stable if
a(N)
X+r+1>0
the following  x* —rx—1<0 (36)
X*+rx—-1<0

hold. Similarly, the Eq. (2) with Allee effect at
time t, t-1 and t-2 is stable if, respectively, as
follows:

X+ry+r-1<0,
-X—-ry—-r-1<0,
) (37)
X“+rxy+rx—1<0,

X® —rxy—rx—1<0.

X+ry+r—-1<0,

—X+ry—-r-1<0,

2 (38)

X" —ry+rx—-1<0,
X?+ry+rx—-1<0.

and

X+ry+r—-1<0,
—X—-ry—r-1<0,

(x+ry)" =(r’y+rx)-1<0, (39)

(x+ry) +(r’y+rx)-1<0.

It is easily seen that the inequalities (37), (38) and
(39) are not provided for at least one value t under
the inequalities (36) by using Mathematica.

(%5)NUMERICAL SIMULATIONS

In this section, we report on numerical simulations
of the presented model with and without Allee
effect to support the analytical results obtained in
previous sections. We use the Maple for
computations and Sigmaplot for graphic arts.

As an example, we consider the functions f and «
as follows:
1 N,

F(N)= N +1’a(Nt): a+l
t

where a is a positive constant. So, Egs.(2), (13),
(22) and (29) reduce to following forms,
respectively.

1

N,,, =rN, + , 40
t+1 t Nt,2+1 ( )
2
N=r L gy
a+N, N_,+1
N,,=rN, Ney L : (42)
a+N,_, N_,+1
N, =rN Ne, 1 (43)

where r>0and. r = . Figures 1, 2 and

_r
a(N)
3, we graph the 2D trajectories of the population
dynamics models (2) with and without Allee
effect at time t, t-1 and t-2 for different values of
r=05and r=0.7. So, we conform that The
Allee effect decreases the local stability of the
equilibrium point of the population model.
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Figure 1. (a) Density-time graphs of the models (40) and (41) with r=0.5N" =1L =1r =1land the initial
conditions N , =0.4,N_, =0.5,N, =0.6 .

(b)Density-time graphs of the models (40) and (41) with r =0.7, N" =1.392969449, o =1,r" =1.202523584 and the
initial conditions N_, =0.4,N_, =0.5,N, =0.6.
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Figure 2. (a) Density-time graphs of the models (40) and (42) with r=0.5N" =1 =1r =1land the initial
conditionsN_, =0.4,N_; =0.5,N, =0.6 .

(b)Density-time graphs of the models (40) and (42) with r =0.7, N" =1.392969449, o =1,r =1.202523584 and the
initial conditions N_, =0.4,N_; =0.5,N, =0.6.
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Figure 3.(a) Density-time graphs of the models (40) and (43) with r=0.5N"=1La=1r =1land the initial

conditionsN_, =0.4,N_; =0.5,N, =0.6 .

(b)Density-time graphs of the models (40) and (43) with r =0.7,N" =1.392969449, & =1, =1.202523584 and the

initial conditions N_, =0.4,N_; =0.5,N, =0.6.

4. CONCLUSION

In this paper, we considered a delay difference
population models with and without Allee effect.
First, we investigated local asymtotic stability
conditions for the equilibrium point of both
models. Next, we compared the local stability of
the same equilibrium point of these two models.
In conclusion, Corallary 1 showed that an Allee
effect at different times (t, t-1 and t-2). decreases
the local stability of the equilibrium point of
Eq.(<ref>1d</ref>). This result differs from the
former one for case T=1 [14]. In [14], she
concluded that Allee effect either reduces the local
stability of equilibrium point of the population
model or does not cause any change in it.
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