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Abstract: In this paper, we prove Ambarzumyan type theorems for an impulsive Sturm-Liouville problem with

eigenparameter in the boundary conditions.
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Bir Sinif Sturm-Liouville Problemi icin Ambarzumyan Tipi Teoremler

Ozet: Bu makalede, sinir kosullari parametreye bagl, bir gecis kosullu Sturm-Liouville problemi igin

Ambarzumyan tipi teoremler ispatlanmaktadir.

Anahtar Kelimeler: Ambarzumyan teoremi, Sturm-Liouville denklemi, Ters problem.

INTRODUCTION

Inverse spectral problems consist in recovering
the coefficients of an operator from their
spectral characteristics. The first study which
started inverse spectral theory for Sturm-
Liouville operator was investigated by
Ambarzumyan [1] in 1929. He proved that if
g(x) is continuous function on (0,1) and the

eigenvalues of the problem

{— y"+a(x)y =y, x€(0,1)

y'(0)=y'(1)=0

aregivenas 4 =n’z?, n>0,then q(x)=0.
We refer to some Ambarzumyan type

theorems for the Sturm-Liouville and Dirac
operators in [2]-[11].

* Corresponding author. Email address:  ycakmak @cumhuriyet.edu.tr

Particularly, in [2], an extension of
Ambarzumyan’s theorem is given for Sturm-
Liouville problem with general boundary
conditions. In [3], the classical Ambarzumyan’s
theorem is proven for the regular Sturm-
Liouville problem with the eigenvalue
parameter in the boundary conditions. In [4],
some particular generalizations of the classical
Ambarzumyan theorem are proven for the
regular Sturm-Liouville problem with the
discontinuity conditions.

The aim of this paper is to prove two
Ambarzumyan type theorems for the impulsive
Sturm-Liouville problem with the eigenvalue
parameter in one boundary condition.
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1. Preliminaries:

We consider the boundary value problem
a

L= L(Q'B’%’%J generated by the regular

Sturm-Liouville equation

y"+q(x)y = Ay, x (0,1 (1.1)
subject to the boundary conditions
y'(0)=0 (1.2)
a(2)y(2)+b(2)y'®)=0 (13)
and the discontinuity conditions
R
2 2 (1.4)

(1 1)
y(5+oj=a2y(§_oj

where A is the spectral parameter; q(x) is a
continuous function on (0,1); e, @, € R— {1}
and for a,,b, €R, a,#0, b, =1,meZ”

= Ya i, =30 @)
k=1 k=0

Let us denote a solution of (1.1) by ¢(x, 1)
satisfying the initial conditions

9(0,2)=1, ¢(0,4)=0

and the discontinuity conditions (1.4).

(1.6)

The following asymptotics are given in [12]:

o(x, 1) = cos\/Zerw(X)Sirl/\%zx
X<

+ o(i exp|r|xJ , L
Ja 2

(1.7)

o(x,2)= a* cosv/Ax
+a” cosvA(l-x)
+a+w(x)sin\/zx
Vi

g3
o yont)
and

9'(x,A)= -2 sin+/Ax
+ o(x)cosv2x + olexplex) ,

(1.8)

1
X>—
2

1 (1.9
X< =
2
9'(x, 1) = —JAa" sin\[Ax
+Aa" sinA(1-x)
+a"w(x)cos/Ax
- a’[a)(%j - a)(x)j Ccos \/I(l— X)

+olexple]x) ,

(1.10)

1
X>—=
2

X

where o(x)= falt)dt, a” = (e Fa)

0
r=|m\/z.

The function
A(1):=a(A)p(1,2)+b(2)p'(, 1)

is entire on Aand the roots of A(1)=0 are

(1.11)

coincide with eigenvalues of the problem L.

From (1.8), (1.10) and (1.11), we have

AA) = —a A" WasinZ
—( 1) cos\/— (1.12)
t— J+ o(exp|r|)}
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Let a(L):{ﬂh}nzo be the set of the

eigenvalues of L. The numbers A satisfy the
following asymptotic formula for n — oo

2. Main Results:

a
We consider the problem L, = L(O,B,al,azJ

together with L. It is obvious that eigenvalues
of the problem L, satisfy the following
asymptotic relation for n — oo

2 =(n-m)z

Lemma 1 If 4, =4 for sufficiently large n,

1
then Iq(x)dx =0.
0

Proof. If A, = A as n— oo, then

(n—m)z + (e {o)+a,
sl o4
=(n-m)z

and so

oft)+ (-1 g—l(w@j o)-a, | =of)

for sufficiently large n. Therefore, we get

1
Thus o(1)=0 i.e. Iq(x)dx =0.
0
Theorem 1 If

{(n_m)ﬂ G +o(1);n>no}u{o}cg(u

(n-m)z  \n

for some n, N, then q(x)=0 a.e. on (0,1).
Proof. From Lemma 1, it is obtained that

1
jq(x)deO. On the other hand, since
0

Oeco(L), we get q(x)=0 a.e. on (0,1) from
the classical Ambarzumyan theorem.

Theorem 2 If A is an eigenvalue of the problem

L such that b(4,)#0 and

1
!q(x)dx—/ls + 282) =0,then q(x)=4,, ae.

on (0,1) and a(4,)=0.

Proof. Let Y.(X) be the -eigenfunction
corresponding to A,. Then we can write for

x(01)

- y;'(x) + q(X) ys (X) = ﬂ’s ys (X)
y:(0)=0 (2.2)
a(4, )y, ()+b(4,)y; () =0.

It is clear that y (0)=0 and y,(1)=0.
Otherwise, since b(4 )=0, y.(0)=0 or
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y.(1)=0. In both cases, y,(x)=0 by the
uniqueness of the solution of an initial value

problem.

The function ys(x) has finitely many
isolated nodes on (0,1) and y,(x,)=0 yields
y.(%) =0 but y;(x)=0. Then the function

14 X
ys—() is bounded in the neighborhood of each
ys(X)
X;.
From (2.2) and the relation

!

HOEAGNNEACAN
Y, () [n(x)] +(ys(x>] e o

! 2
L(x (X
[ys( )] :q(x)_ls_(ys( )j |
Y5 (%) ys(X)
By integrating of both sides from 0 to 1, the
following equality is obtained

o yi(x) ’ _a(ﬂs) 1 i
'([(ys(x)j dx = b(}LS)Jf;[Q(X)dx—/lS =0.

Thus y.(X)=0 and so y,(x)=constant.
Hence, it is concluded from (2.2) that q(x)= A,
a.e.on (0,1) and a(4,)=0.
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