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Introduction 
 

Harmonic numbers are important in various branches 
of combinatorics and number theory. The harmonic 
numbers are defined by 

 

𝐻0 = 0 and 𝐻𝑛 = ∑
1

𝑖

𝑛

𝑖=1

   for 𝑛 = 1, 2, ⋯.         

 

Some harmonic numbers are 1,
3

2
,

11

6
,

25

12
, ⋯. Recently, 

some authors have generalized them[1, 2, 4, 8, 13, 19]. 
In [8], for any 𝛼 ∈ ℝ+, the generalized harmonic 

numbers 𝐻𝑛(𝛼) are defined by 
 

𝐻0(𝛼) = 0 and 𝐻𝑛(𝛼) = ∑
1

𝑖𝛼𝑖

𝑛

𝑖=1

   for 𝑛 = 1, 2, ⋯. 

 
When 𝛼 =  1, 𝐻𝑛(1) = 𝐻𝑛 and the generating 

function of these numbers is 
 

∑ 𝐻𝑛(𝛼)𝑥𝑛

∞

𝑛=1

= −
ln (1 −

𝑥
𝛼

)

1 − 𝑥
.          

 
In [12], for the generalized harmonic numbers 𝐻𝑛(𝛼), 

Ömür and Bilgin defined the generalized hyperharmonic 
numbers of order 𝑟, 𝐻𝑛

𝑟(𝛼) by: For 𝑟 < 0 or 𝑛 ≤ 0, 
𝐻𝑛

𝑟(𝛼) = 0 and for 𝑛 ≥ 1, 
 

𝐻𝑛
𝑟(𝛼) = ∑ 𝐻𝑖

𝑟−1(𝛼)

𝑛

𝑖=1

, 𝑟 ≥ 1, 

 

where 𝐻𝑛
0(𝛼) =

1

𝑛𝛼𝑛. 

      When 𝛼 =  1, 𝐻𝑛
𝑟(1) = 𝐻𝑛

𝑟  are the hyperharmonic 
numbers of order 𝑟. The generating function of 𝐻𝑛

𝑟(𝛼) is 
 

∑ 𝐻𝑛
𝑟(𝛼)𝑥𝑛

∞

𝑛=1

= −
ln (1 −

𝑥
𝛼

)

(1 − 𝑥)𝑟
.                       (1)   

 
In [4, 19], the generalized harmonic numbers 𝐻(𝑛, 𝑟) 

of rank 𝑟 are defined as for 𝑛 ≥ 1, 𝑟 ≥ 0, 
 

𝐻(𝑛, 𝑟) = ∑
1

𝑛0𝑛1 ⋯ 𝑛𝑟
1≤𝑛0+𝑛1+⋯+𝑛𝑟≤𝑛

. 

 
When 𝑟 =  0, 𝐻(𝑛, 0) = 𝐻𝑛. The generating function 

of the generalized harmonic numbers 𝐻(𝑛, 𝑟) of rank 𝑟 is 
 

∑ 𝐻(𝑛, 𝑟)𝑥𝑛

∞

𝑛=1

=
(− ln(1 − 𝑥))𝑟+1

1 − 𝑥
.         

 
In [7], inspiring from these definitions, 𝐻(𝑛, 𝑟, 𝛼) are 

defined as for 𝑛 ≥ 1, 𝑟 ≥ 0, 
 

𝐻(𝑛, 𝑟, 𝛼) = ∑
1

𝑛0𝑛1 ⋯ 𝑛𝑟𝛼𝑛0+𝑛1+⋯+𝑛𝑟

1≤𝑛0+𝑛1+⋯+𝑛𝑟≤𝑛

. 

 
For 𝛼 =  1, 𝐻(𝑛, 𝑟, 1) = 𝐻(𝑛, 𝑟). The generating 

function of the generalized harmonic numbers of rank 𝑟, 
𝐻(𝑛, 𝑟, 𝛼) is given by 

 

∑ 𝐻(𝑛, 𝑟, 𝛼)𝑥𝑛

∞

𝑛=0

=
(− ln (1 −

𝑥
𝛼

))
𝑟+1

1 − 𝑥
.           (2) 
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The Cauchy numbers of order 𝑟, 𝐶𝑛
𝑟 have an 

exponential generating function 
 

(
𝑥

ln(1 + 𝑥)
)

𝑟

= ∑ 𝐶𝑛
𝑟

𝑥𝑛

𝑛!

∞

𝑛=0

.                         (3) 

 
The Daehee numbers of order 𝑟, 𝐷𝑛

𝑟  have an 
exponential generating function 

 

(
ln(1 + 𝑥)

𝑥
)

𝑟

= ∑ 𝐷𝑛
𝑟

𝑥𝑛

𝑛!

∞

𝑛=0

.                       (4) 

 
When 𝑟 =  1, 𝐷𝑛

1 = 𝐷𝑛 are called Daehee numbers. 
In [22], the 𝑟 −derangement numbers, 𝐷𝑟(𝑛) have an 

exponential generating function 
 

𝑥𝑟𝑒−𝑥

(1 − 𝑥)𝑟+1
= ∑ 𝐷𝑟(𝑛)

𝑥𝑛

𝑛!

∞

𝑛=0

.                            (5) 

 
For 𝑟 =  0, 𝐷0(𝑛) = 𝑑𝑛 are called derangement 

numbers. 
The generalized geometric series are given by for 

positive integers 𝑎, 𝑏, 
 

   
𝑥𝑏

(1 − 𝑥)𝑎+1
= ∑ (

𝑛 + 𝑎 − 𝑏

𝑎
) 𝑥𝑛

∞

𝑛=𝑏

.                (6) 

 
The exponential generating function is 
 

                                𝑒𝑥 = ∑
𝑥𝑛

𝑛!

∞

𝑛=0

.                                     (7) 

 
The Stirling numbers of the first kind 𝑠(𝑛, 𝑖) are 

defined by 
 

𝑥𝑛 = ∑ 𝑠(𝑛, 𝑖)𝑥𝑖 ,

𝑛

𝑖=0

 

 

where 𝑥𝑛 = {
𝑥(𝑥 − 1) ⋯ (𝑥 − 𝑛 + 1) if 𝑛 ≥ 1,

0 if 𝑛 = 0.
 

 
The Stirling numbers of the first kind 𝑠(𝑛, 𝑘) satisfy the 

recurrence relation 
 

𝑠(𝑛 + 1, 𝑘) = 𝑠(𝑛, 𝑘 − 1) − 𝑛𝑠(𝑛, 𝑘), 
 
and the generating functions of these numbers are 

given by 
 

∑ 𝑠(𝑛, 𝑘)
𝑥𝑛

𝑛!
=

(ln(1 + 𝑥))𝑘

𝑘!
, 𝑘 ≥ 0

∞

𝑛=0

.                     (8) 

 
Recently, using generating functions, there are some 

works including generalized harmonic, 𝑟 −derangement 
and special numbers by authors [5, 6, 7, 9, 10, 11, 14, 15, 

16, 17, 18, 20, 23, 24, 25, 26, 27, 31]. At the same time, 
many studies have been carried out on the degenerate 
states of these numbers [28, 29, 30, 32, 33]. 

In [22], the authors gave many formulas for the 
𝑟 −derangement numbers. For example, for a positive 
integer 𝑟 and 𝑟 ≤ 𝑛, 

 

(𝑟 + 1)! 𝐿(𝑛, 𝑟 + 1) = ∑ (
𝑛

𝑖
) 𝑖𝐷𝑟(𝑛 − 𝑖),

𝑛

𝑖=1

 

 
where 𝐿(𝑛, 𝑘) are the Lah numbers. 
In [18], Rim, et al. examined some identities relating 

the hyperharmonic and the Daehee numbers. For 
example, for any positive integer 𝑛, 

 

𝑛! 𝐻𝑛
𝑟 = (−1)𝑛−1 ∑ (

𝑛

𝑖
) (𝑛 − 𝑖)(−𝑟)𝑖−1𝐷𝑖

𝑛−1

𝑖=0

. 

 
In [7], some sums including generalized harmonic 

numbers have been obtained by Duran et al. For example, 
for any positive integers 𝑛 and 𝑟, 

 

𝐻(𝑛, 𝑟, 𝛼) = (−1)𝑛−𝑟 ∑
(−1)𝑖𝑠(𝑛 − 𝑖, 𝑟)𝑟!

𝛼𝑛−𝑖(𝑛 − 𝑖)!
𝐻𝑖(𝛼)

𝑛

𝑖=0

. 

 
Let 𝐹(𝑥) = ∑ 𝑎𝑛𝑥𝑛∞

𝑛=0  and 𝐺(𝑥) = ∑ 𝑏𝑛𝑥𝑛∞
𝑛=0  be two 

infinite series. The Cauchy product of these series is given 
as follows: 

 

𝐹(𝑥)𝐺(𝑥) = (∑ 𝑎𝑛𝑥𝑛

∞

𝑛=0

) (∑ 𝑏𝑛𝑥𝑛

∞

𝑛=0

) = ∑ 𝑐𝑛𝑥𝑛

∞

𝑛=0

, 

 
where 𝑐𝑛 = ∑ 𝑎𝑘𝑏𝑛−𝑘

𝑛
𝑘=0  for all positive integer 𝑛. 

 
In this paper, we derive some sums involving 

generalized harmonic and 𝑟 −derangement numbers by 
using generating functions of these numbers and some 
combinatorial identities. The relationship between 
Daehee numbers and generalized harmonic numbers of 
rank 𝑟, 𝐻(𝑛, 𝑟, 𝛼) is given. In addition, sums including 
Daehee numbers of order 𝑟, 𝐷𝑛

𝑟 , generalized 
hyperharmonic numbers of order 𝑟, 𝐻𝑛

𝑟(𝛼), Cauchy 
numbers of order 𝑟, 𝐶𝑛

𝑟 and the stirling numbers of the 
first kind, 𝑠(𝑛, 𝑖) are also calculated. 

 
Some Sums Involving Generalized Harmonic and r-
Derangement Numbers 
 

This section, we will give some sums including 
generalized harmonic and 𝒓 −derangement numbers by 
using generating functions of these numbers and some 
combinatorial identities. 

 
Theorem 1. Let 𝑛, 𝑟 and 𝑚 be positive integers. For 

𝑛 ≥ 𝑚(𝑟 + 1), then 
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∑ ∑(−1)𝑗−𝑖𝑟𝑗−𝑖 (
𝑛 − 𝑗 + 𝑟 − 1

𝑛 − 𝑗
) (

𝑗

𝑖
)

𝐷𝑚(𝑟+1)(𝑖)

𝑗!

𝑗

𝑖=0

𝑛

𝑗=0

= ∑
𝐷𝑚(𝑙1)𝐷𝑚(𝑙2) ⋯ 𝐷𝑚(𝑙𝑟+1)

𝑙1! 𝑙2! ⋯ 𝑙𝑟+1!
𝑙1+𝑙2+⋯+𝑙𝑟+1=𝑛

. 

 
Proof. By (5), (6) and (7), we consider 
 

𝑥𝑚(𝑟+1)𝑒−𝑥

(1 − 𝑥)𝑚(𝑟+1)+1
𝑒−𝑟𝑥

1

(1 − 𝑥)𝑟

= ∑
𝐷𝑚(𝑟+1)(𝑛)

𝑛!

∞

𝑛=0

𝑥𝑛 ∑(−1)𝑛
𝑟𝑛

𝑛!

∞

𝑛=0

𝑥𝑛 ∑ (
𝑛 + 𝑟 − 1

𝑛
) 𝑥𝑛

∞

𝑛=0

= ∑ ∑(−𝑟)𝑛−𝑖
𝐷𝑚(𝑟+1)(𝑖)

𝑖! (𝑛 − 𝑖)!

𝑛

𝑖=0

∞

𝑛=0

𝑥𝑛 ∑ (
𝑛 + 𝑟 − 1

𝑛
) 𝑥𝑛

∞

𝑛=0

, 

 
and from product of generating functions, equals 
 

∑ ∑ ∑(−𝑟)𝑗−𝑖 (
𝑛 − 𝑗 + 𝑟 − 1

𝑛 − 𝑗
) (

𝑗

𝑖
)

𝐷𝑚(𝑟+1)(𝑖)

𝑗!

𝑗

𝑖=0

𝑛

𝑗=0

∞

𝑛=0

𝑥𝑛 , 

 
and 
 

𝑥𝑚(𝑟+1)𝑒−𝑥

(1 − 𝑥)𝑚(𝑟+1)+1
𝑒−𝑟𝑥

1

(1 − 𝑥)𝑟

= (
𝑥𝑚𝑒−𝑥

(1 − 𝑥)𝑚+1
) (

𝑥𝑚𝑒−𝑥

(1 − 𝑥)𝑚+1
) ⋯ (

𝑥𝑚𝑒−𝑥

(1 − 𝑥)𝑚+1
)

= ∑
𝐷𝑚(𝑙1)

𝑙1!

∞

𝑙1=0

𝑥𝑙1 ∑
𝐷𝑚(𝑙2)

𝑙2!

∞

𝑙2=0

𝑥𝑙2 ⋯ ∑
𝐷𝑚(𝑙𝑟+1)

𝑙𝑟+1!

∞

𝑙𝑟+1=0

𝑥𝑙𝑟+1 

= ∑ ∑
𝐷𝑚(𝑙1)𝐷𝑚(𝑙2) ⋯ 𝐷𝑚(𝑙𝑟+1)

𝑙1! 𝑙2! ⋯ 𝑙𝑟+1!
𝑙1+𝑙2+⋯+𝑙𝑟+1=𝑛

∞

𝑛=0

𝑥𝑛. 

 
Hence, comparing the coefficients on both sides, we 

have the proof. 
 
Theorem 2. For 𝒏 ≥ 𝒓, then 
 

(−1)𝑛−𝑟
𝐷𝑛−𝑟

𝑟

𝛼𝑛(𝑛 − 𝑟)!
 

          = 𝐻(𝑛, 𝑟 − 1, 𝛼) − 𝐻(𝑛 − 1, 𝑟 − 1, 𝛼), 
 
and for 𝑛 > 2𝑟, 
 

∑ (
𝑖 − 1

𝑟 − 1
) 𝐻(𝑛 − 𝑖, 𝑟, 𝛼)

𝑛

𝑖=0

= ∑ ∑ (
𝑛

𝑗
) (

𝑗

𝑖
)

(−1)𝑖−𝑟−1𝑠(𝑖, 𝑟 + 1)(𝑟 + 1)!

𝛼𝑖𝑛!
𝐷𝑟(𝑗 − 𝑖)

𝑗

𝑖=0

𝑛

𝑗=0

. 

 
Proof. From (4), we have 
 

∑(−1)𝑛−𝑟
𝐷𝑛−𝑟

𝑟

𝛼𝑛(𝑛 − 𝑟)!
𝑥𝑛

∞

𝑛=𝑟

 

=
𝑥𝑟

𝛼𝑟
∑(−1)𝑛

𝐷𝑛
𝑟

𝛼𝑛

𝑥𝑛

𝑛!

∞

𝑛=0

= (− ln (1 −
𝑥

𝛼
))

𝑟

. 

 
By (2), we get 
 

∑(−1)𝑛−𝑟
𝐷𝑛−𝑟

𝑟

𝛼𝑛(𝑛 − 𝑟)!
𝑥𝑛

∞

𝑛=𝑟

=
(− ln (1 −

𝑥
𝛼

))
𝑟

1 − 𝑥
(1 − 𝑥) 

=
(− ln (1 −

𝑥
𝛼

))
𝑟

1 − 𝑥
− 𝑥

(− ln (1 −
𝑥
𝛼

))
𝑟

1 − 𝑥
 

= ∑ 𝐻(𝑛, 𝑟 − 1, 𝛼)𝑥𝑛

∞

𝑛=0

− ∑ 𝐻(𝑛, 𝑟 − 1, 𝛼)𝑥𝑛+1

∞

𝑛=0

 

= ∑(𝐻(𝑛, 𝑟 − 1, 𝛼) − 𝐻(𝑛 − 1, 𝑟 − 1, 𝛼))𝑥𝑛

∞

𝑛=1

. 

 
Secondly, by product of exponential generating 

functions, we write 
 

(− ln (1 −
𝑥

𝛼
))

𝑟+1 𝑥𝑟𝑒−𝑥

(1 − 𝑥)𝑟+1
𝑒𝑥 

= ∑
(−1)𝑛−𝑟−1𝑠(𝑛, 𝑟 + 1)(𝑟 + 1)!

𝛼𝑛

𝑥𝑛

𝑛!

∞

𝑛=0

 

                         × ∑ 𝐷𝑟(𝑛)
𝑥𝑛

𝑛!

∞

𝑛=0

∑
𝑥𝑛

𝑛!

∞

𝑛=0

 

= ∑ ∑ (
𝑛

𝑖
)

(−1)𝑖−𝑟−1𝑠(𝑖, 𝑟 + 1)𝐷𝑟(𝑛 − 𝑖)(𝑟 + 1)!

𝛼𝑖

𝑥𝑛

𝑛!

𝑛

𝑖=0

∞

𝑛=0

 

 × ∑
𝑥𝑛

𝑛!

∞

𝑛=0

 

= ∑ ∑ ∑ (
𝑛

𝑗
) (

𝑗

𝑖
)

(−1)𝑖−𝑟−1𝑠(𝑖, 𝑟 + 1)𝐷𝑟(𝑗 − 𝑖)(𝑟 + 1)!

𝛼𝑖𝑛!
𝑥𝑛

𝑗

𝑖=0

𝑛

𝑗=0

∞

𝑛=0

, 

 
and by (2) and (6), we have 
 

(− ln (1 −
𝑥

𝛼
))

𝑟+1 𝑥𝑟

(1 − 𝑥)𝑟+1
 

=
(− ln (1 −

𝑥
𝛼

))
𝑟+1

1 − 𝑥

𝑥𝑟

(1 − 𝑥)𝑟
 

= ∑ 𝐻(𝑛, 𝑟, 𝛼)𝑥𝑛

∞

𝑛=0

∑ (
𝑛 − 1

𝑟 − 1
) 𝑥𝑛

∞

𝑛=𝑟

 

= ∑ ∑ (
𝑖 − 1

𝑟 − 1
) 𝐻(𝑛 − 𝑖, 𝑟, 𝛼)𝑥𝑛

𝑛

𝑖=0

∞

𝑛=0

. 

 
      Comparing the coefficients of 𝑥𝑛 in the first and 

last series. So, we have the proof. 
 
Theorem 3. Let 𝒎 be positive integer. For 𝒏 > 𝒓, then 
 

∑
(−1)𝑖

𝑖! 𝛼𝑖−𝑚
𝐶𝑖

𝑚𝐻(𝑛 + 𝑚 − 𝑖, 𝑟 + 𝑚, 𝛼)

𝑛

𝑖=0

= 𝐻(𝑛, 𝑟, 𝛼), 
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and  
 

∑ ∑ (
𝑗

𝑖
)

(−1)𝑖

𝑗! 𝛼𝑖−𝑟
𝐶𝑖

𝑟𝑑𝑗−𝑖𝐻(𝑛 − 𝑗, 𝑟 − 1, 𝛼)

𝑗

𝑖=0

𝑛

𝑗=0

= ∑(−1)𝑖 (
𝑟 − 1

𝑖
)

𝐷𝑟(𝑛 − 𝑖)

(𝑛 − 𝑖)!

𝑛

𝑖=0

. 

 
Proof. From (2) and (3), we write 
 

∑ 𝐻(𝑛, 𝑟, 𝛼)𝑥𝑛

∞

𝑛=0

=
(− ln (1 −

𝑥
𝛼

))
𝑟+1

1 − 𝑥
 

=
(− ln (1 −

𝑥
𝛼

))
𝑟+𝑚+1

1 − 𝑥

(−𝑥 𝛼⁄ )𝑚

(ln (1 −
𝑥
𝛼

))
𝑚

𝛼𝑚

𝑥𝑚
 

= ∑ 𝐻(𝑛, 𝑟 + 𝑚, 𝛼)𝑥𝑛−𝑚

∞

𝑛=0

∑(−1)𝑛𝛼𝑚−𝑛𝐶𝑛
𝑚

𝑥𝑛

𝑛!

∞

𝑛=0

 

= ∑ 𝐻(𝑛 + 𝑚, 𝑟 + 𝑚, 𝛼)𝑥𝑛

∞

𝑛=0

∑(−1)𝑛𝛼𝑚−𝑛𝐶𝑛
𝑚

𝑥𝑛

𝑛!

∞

𝑛=0

, 

 
and by product of exponential generating functions, 
 

∑ 𝐻(𝑛, 𝑟, 𝛼)𝑥𝑛

∞

𝑛=0

 

= ∑ ∑
(−1)𝑖

𝑖! 𝛼𝑖−𝑚
𝐶𝑖

𝑚

𝑛

𝑖=0

𝐻(𝑛 + 𝑚 − 𝑖, 𝑟 + 𝑚, 𝛼)𝑥𝑛

∞

𝑛=0

, 

as claimed. 
Secondly, we will give the proof of the other sum. 

From Binomial theorem and (5), we have 
 

(1 − 𝑥)𝑟−1
𝑥𝑟𝑒−𝑥

(1 − 𝑥)𝑟+1
 

= ∑(−1)𝑛 (
𝑟 − 1

𝑛
) 𝑥𝑛

𝑟−1

𝑛=0

∑ 𝐷𝑟(𝑛)
𝑥𝑛

𝑛!

∞

𝑛=0

            

= ∑ ∑(−1)𝑖 (
𝑟 − 1

𝑖
)

𝑛

𝑖=0

𝐷𝑟(𝑛 − 𝑖)

(𝑛 − 𝑖)!
𝑥𝑛

∞

𝑛=0

,   (9) 

 
and by product of generating functions, 
 

(1 − 𝑥)𝑟−1
𝑥𝑟𝑒−𝑥

(1 − 𝑥)𝑟+1
 

=
𝑒−𝑥

1 − 𝑥
(

−
𝑥
𝛼

ln (1 −
𝑥
𝛼

)
)

𝑟

𝛼𝑟
(−ln (1 −

𝑥
𝛼

))
𝑟

1 − 𝑥
 

= ∑ 𝑑𝑛

∞

𝑛=0

𝑥𝑛

𝑛!
∑

(−1)𝑛𝐶𝑛
𝑟

𝛼𝑛−𝑟

∞

𝑛=0

𝑥𝑛

𝑛!
∑ 𝐻(𝑛, 𝑟 − 1, 𝛼)

∞

𝑛=0

𝑥𝑛 

= ∑ ∑(−1)𝑖 (
𝑛

𝑖
)

𝐶𝑖
𝑟𝑑𝑛−𝑖

𝛼𝑖−𝑟

𝑛

𝑖=0

𝑥𝑛

𝑛!

∞

𝑛=0

∑ 𝐻(𝑛, 𝑟 − 1, 𝛼)

∞

𝑛=0

𝑥𝑛 

= ∑ ∑ ∑(−1)𝑖 (
𝑗

𝑖
)

𝐶𝑖
𝑟𝑑𝑗−𝑖𝐻(𝑛 − 𝑗, 𝑟 − 1, 𝛼)

𝛼𝑖−𝑟𝑗!

𝑗

𝑖=0

𝑛

𝑗=0

∞

𝑛=0

𝑥𝑛. (10) 

 
By (9) and (10), comparing the coefficients on both 

sides, we get the desired result. So, the proof is complete. 
 
Theorem 4. For 𝒏 ≥ 𝒎 and 𝒏 > 𝒓 ≥ 𝟏, then 
 

∑ ∑ 𝐻(𝑖, 𝑟 − 1, 𝛼)𝐻𝑗−𝑖
𝑚 (𝛼)

𝑗

𝑖=0

𝑑𝑛−𝑗

(𝑛 − 𝑗)!

𝑛

𝑗=0

= ∑ 𝐻(𝑛 − 𝑖 + 𝑚, 𝑟, 𝛼)
𝐷𝑚(𝑖)

𝑖!

𝑛

𝑖=0

, 

 
and for 𝑛 ≥ 𝑟 ≥ 1, 
 

𝐷𝑟(𝑛)

= 𝑛! ∑ ∑
(−1)𝑖+𝑗𝐷𝑟−1(𝑖 + 𝑟 − 1)𝐶𝑗−𝑖

𝑟 𝐻(𝑛 − 𝑗, 𝑟 − 1, 𝛼)

(𝑖 + 𝑟 − 1)! (𝑗 − 𝑖)! 𝛼𝑗−𝑖−𝑟

𝑗

𝑖=0

𝑛−𝑟

𝑗=0

. 

 
Proof. From product of exponential generating 

functions, we write 
 

(−ln (1 −
𝑥
𝛼

))
𝑟+1

(1 − 𝑥)𝑚+2
𝑒−𝑥 

=
(−ln (1 −

𝑥
𝛼

))
𝑟+1

1 − 𝑥

𝑥𝑚𝑒−𝑥

(1 − 𝑥)𝑚+1
𝑥−𝑚 

= ∑ 𝐻(𝑛, 𝑟, 𝛼)

∞

𝑛=0

𝑥𝑛−𝑚 ∑
𝐷𝑚(𝑛)

𝑛!

∞

𝑛=0

𝑥𝑛 

= ∑ 𝐻(𝑛 + 𝑚, 𝑟, 𝛼)

∞

𝑛=−𝑚

𝑥𝑛 ∑
𝐷𝑚(𝑛)

𝑛!

∞

𝑛=0

𝑥𝑛 

= ∑ ∑ 𝐻(𝑖 + 𝑚, 𝑟, 𝛼)
𝐷𝑚(𝑛 − 𝑖)

(𝑛 − 𝑖) !

𝑛

𝑖=0

𝑥𝑛

∞

𝑛=0

,                        (11) 

 
and 
 

(−ln (1 −
𝑥
𝛼

))
𝑟+1

(1 − 𝑥)𝑚+2
𝑒−𝑥 

=
(−ln (1 −

𝑥
𝛼

))
𝑟

1 − 𝑥

−ln (1 −
𝑥
𝛼

)

(1 − 𝑥)𝑚

𝑒−𝑥

1 − 𝑥
 

= ∑ 𝐻(𝑛, 𝑟 − 1, 𝛼)

∞

𝑛=0

𝑥𝑛 ∑ 𝐻𝑛
𝑚(𝛼)

∞

𝑛=0

𝑥𝑛 ∑
𝑑𝑛

𝑛!

∞

𝑛=0

𝑥𝑛 

= ∑ ∑ 𝐻(𝑖, 𝑟 − 1, 𝛼)

𝑛

𝑖=0

∞

𝑛=0

𝐻𝑛−𝑖
𝑚 (𝛼)𝑥𝑛 ∑

𝑑𝑛

𝑛!

∞

𝑛=0

𝑥𝑛 

= ∑ ∑ ∑ 𝐻(𝑖, 𝑟 − 1, 𝛼)𝐻𝑗−𝑖
𝑚 (𝛼)

𝑑𝑛−𝑗

(𝑛 − 𝑗)!

𝑗

𝑖=0

𝑛

𝑗=0

∞

𝑛=0

𝑥𝑛.         (12) 

 
From here, (11) and (12) yield the desired result. 
Now, we will give the other sum. With the help of 

generating functions of (2), (3) and (5), we get 
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∑
𝐷𝑟(𝑛)

𝑛!

∞

𝑛=0

𝑥𝑛 =
𝑥𝑟𝑒−𝑥

(1 − 𝑥)𝑟+1
 

= 𝑥−𝑟+1
𝑥𝑟−1𝑒−𝑥

(1 − 𝑥)𝑟
(

−
𝑥
𝛼

ln (1 −
𝑥
𝛼

)
)

𝑟

𝛼𝑟
(− ln (1 −

𝑥
𝛼

))
𝑟

1 − 𝑥
 

= ∑
𝐷𝑟−1(𝑛)𝑥𝑛−𝑟+1

𝑛!

∞

𝑛=𝑟−1

∑
(−1)𝑛𝐶𝑛

𝑟

𝛼𝑛−𝑟

𝑥𝑛

𝑛!

∞

𝑛=0

 

× ∑ 𝐻(𝑛, 𝑟 − 1, 𝛼)𝑥𝑛

∞

𝑛=0

 

= ∑ ∑(−1)𝑛−𝑖
𝐷𝑟−1(𝑖 + 𝑟 − 1)𝐶𝑛−𝑖

𝑟

(𝑖 + 𝑟 − 1)! (𝑛 − 𝑖)! 𝛼𝑛−𝑖−𝑟
𝑥𝑛

𝑛

𝑖=0

∞

𝑛=0

 

× ∑ 𝐻(𝑛, 𝑟 − 1, 𝛼)𝑥𝑛

∞

𝑛=0

 

= ∑ ∑ ∑(−1)𝑗−𝑖
𝐷𝑟−1(𝑖 + 𝑟 − 1)𝐶𝑗−𝑖

𝑟 𝐻(𝑛 − 𝑗, 𝑟 − 1, 𝛼)

(𝑖 + 𝑟 − 1)! (𝑗 − 𝑖)! 𝛼𝑗−𝑖−𝑟
𝑥𝑛

𝑗

𝑖=0

𝑛

𝑗=0

∞

𝑛=0

. 

 
Thus, the desired result is given. 
 
Theorem 5. For 𝒏 ≥ 𝟐𝒓 + 𝟏, then 
 

∑(−1)𝑖+𝑟+1 (
𝑛

𝑖
)

𝑠(𝑖, 𝑟 + 1)𝐷𝑟(𝑛 − 𝑖)(𝑟 + 1)!

𝛼𝑖𝑛!

𝑛

𝑖=0

 

= ∑ 𝐻(𝑖 − 1, 𝑟, 𝛼)
𝐷𝑟−1(𝑛 − 𝑖)

(𝑛 − 𝑖)!

𝑛

𝑖=0

,           

 
and for 𝑛 > 𝑟, 
 
 

𝐻(𝑛, 𝑟, 𝛼) 

 =
(𝑟 + 1)!

𝑛!
∑ ∑(−1)𝑖+𝑟+1 (

𝑛

𝑗
) (

𝑗

𝑖
) 𝛼−𝑖𝑠(𝑖, 𝑟 + 1)𝑑𝑗−𝑖

𝑗

𝑖=0

𝑛

𝑗=0

. 

 
Proof. By product of exponential generating functions, 

we have 
 

(− ln (1 −
𝑥

𝛼
))

𝑟+1 𝑥𝑟𝑒−𝑥

(1 − 𝑥)𝑟+1
 

= ∑(−1)𝑛+𝑟+1𝛼−𝑛𝑠(𝑛, 𝑟 + 1)(𝑟 + 1)!

∞

𝑛=0

𝑥𝑛

𝑛!
∑ 𝐷𝑟(𝑛)

∞

𝑛=0

𝑥𝑛

𝑛!
 

= (−1)𝑟+1(𝑟 + 1)! 

× ∑ ∑ (
𝑛

𝑖
)

𝑛

𝑖=0

(−1)𝑖𝑠(𝑖, 𝑟 + 1)

∞

𝑛=0

𝐷𝑟(𝑛 − 𝑖)
𝑥𝑛

𝛼𝑖𝑛!
, 

 
and from product of generating functions, 
 

(− ln (1 −
𝑥

𝛼
))

𝑟+1 𝑥𝑟𝑒−𝑥

(1 − 𝑥)𝑟+1
 

=
(− ln (1 −

𝑥
𝛼

))
𝑟+1

1 − 𝑥

𝑥𝑟−1𝑒−𝑥

(1 − 𝑥)𝑟
𝑥 

= ∑ 𝐻(𝑛, 𝑟, 𝛼)𝑥𝑛+1

∞

𝑛=0

∑
𝐷𝑟−1(𝑛)

𝑛!
𝑥𝑛

∞

𝑛=0

 

= ∑ 𝐻(𝑛 − 1, 𝑟, 𝛼)𝑥𝑛

∞

𝑛=0

∑
𝐷𝑟−1(𝑛)

𝑛!
𝑥𝑛

∞

𝑛=0

 

= ∑ ∑
𝐻(𝑖 − 1, 𝑟, 𝛼)𝐷𝑟−1(𝑛 − 𝑖)

(𝑛 − 𝑖)!

𝑛

𝑖=0

𝑥𝑛

∞

𝑛=0

. 

 
Thus, comparing the coefficients on both sides, we get 

the desired result. 
Similarly, considering 
 

∑ 𝐻(𝑛, 𝑟, 𝛼)𝑥𝑛

∞

𝑛=0

 

=
(− ln (1 −

𝑥
𝛼

))
𝑟+1

1 − 𝑥
= (− ln (1 −

𝑥

𝛼
))

𝑟+1 𝑒−𝑥

1 − 𝑥
𝑒𝑥 

= ∑(−1)𝑛+𝑟+1𝛼−𝑛𝑠(𝑛, 𝑟 + 1)(𝑟 + 1)!

∞

𝑛=0

𝑥𝑛

𝑛!
 

× ∑ 𝑑𝑛

∞

𝑛=0

𝑥𝑛

𝑛!
∑

𝑥𝑛

𝑛!

∞

𝑛=0

           

= (−1)𝑟+1(𝑟 + 1) 

× ∑ ∑ ∑
(−1)𝑖

𝑛!
(

𝑛

𝑗
) (

𝑗

𝑖
) 𝛼−𝑖𝑠(𝑖, 𝑟 + 1)𝑑𝑗−𝑖

𝑗

𝑖=0

𝑛

𝑗=0

𝑥𝑛

∞

𝑛=0

, 

 
the proof of the other sum is obtained. 

 

Conclusion 
 

With the help of product of generating functions and 
then comparing the coefficients of 𝑥𝑛 in the first and last 
series, some sums are obtained involving generalized 
harmonic, r-derangement, Cauchy numbers and some 
special numbers. In the future, it is aimed to find new 
sums with the help of the derivative operator. 
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