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ABSTRACT

In this paper, we study developable surfaces which are flat and normal approximation of parallel
surfaces along curves associated with three special vector fields. It is known that a surface whose
points are at a constant distance along the normal of the surface is called a parallel surface. We
investigate singularities of such developable surfaces. We show that under what conditions the
approach surfaces are parallel. Also, we show that the approach surfaces are constant angle ruled
surfaces if the curves selected on the surfaces are isophote, relatively normal-slant helix and helix.
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1. Introduction

Izumiya and Otani [5] introduced the osculating developable surface tangent to the surface along the
curve for a regular curve on a surface in Euclidean 3-space. Such a surface gives flat approximation of the
surface along the curve. They gave existence and the uniquesness of the flat approximation surface. On
the other hand; Hananoi, Ito and Izumiya [3] introduced 3 type of Darboux vector fields called normal,
rectifying and osculating Darboux vector fields. They showed that [5] an flat approximation surface is directed
osculating Darboux vector field. Also, they introduced two invariants which interested in the singularities of
flat approximation surfaces by using three invariants related to the Darboux frame of a curve on a surface. In
another work, Izumiya and Hananoi [4] introduced the normal developable surface normal to the surface along
the curve for a regular curve on a surface in Euclidean 3-space. Such a surface gives normal approximation of
the surface along the curve. They showed that a normal approximation surface is directed rectifying Darboux
vector field. Also, they introduced two invariants which interested in the singularities of normal approximation
surfaces by using three invariants related to the Darboux frame of a curve on a surface.

In this paper, we investigate a flat approximation of a parallel surface along a curve. In §3, we introduce
a developable surface tangent to the parallel surface along the curve. We show that, flat approximation of
the surface along the curve and flat approximation of its parallel surface along curve are parallel surfaces.
Similar to given in their study [5] by Izumiya and Otani, we introduce an invariant which interested in the
singularities of flat approximation surfaces of the parallel surfaces along the curves by using three invariants
related to the Darboux frame of a curve on a surface. We show that if the curve on the surface is isophote
curve then flat approximation surface of the parallel surface is a constant angle ruled surface. Then we give
an example of helicoid. Also, we investigate a normal approximation of a parallel surface along a curve, too.
In §4, we investigate a developable surface normal to the parallel surface along the curve and we saw that
we can’t define developable surface associated with rectifying Darboux vector field, directly. Therefore, we
can’t find normal approximation of the parallel surface along the curve, directly. Then, we consider 2 type of
parallel surfaces which are ruled surfaces and normal approximation of those surfaces by using rectifying and
normal Darboux vector fields. In §4.1, we introduce one of those parallel surfaces which is Y parallel surface
and normal approximation of Y parallel surface associated with rectifying Darboux vector field. Then, we
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show that normal approximation of Y parallel surface and normal approximation of the surface are parallel
surfaces. Also, if the curve on the surface is relatively normal-slant helix then normal approximation surface
of Y parallel surface is a constant angle ruled surface. We give an example of helicoid. Then, in §4.2, we
introduce other parallel surface which is T parallel surface and normal approximation of T parallel surface
associated with normal Darboux vector field. Finally, we show that if the curve on the surface is helix then
normal approximation of T parallel surface is a constant angle ruled surface.

2. Basic Consept

Let M be a surface in R® with its unit normal vector n and a: I C R — M be a curve. T' = H%:H is tangent
vector field and Y = n A T. Due to properties of the cross product, moving frame {T',Y’,n} is orthonormal
frame of T,,(,\R*. {T', Y, n} frame is called Darboux frame or Surface frame of curved surface pair (, M) [8].
Equations of this surface frame:

T (s) 0 kg(s)  kn(s) T(s)
V()| = [ —h(s) 0 ()| (Y0
n/(s) —kn(s) —t,(s) 0 n(s)

Here, k,, is normal curvature of surface, k, is geodesic curvature of surface and ¢, is geodesic torsion of surface
[8].

In addition to Darboux frame, we can give the following frame associated with Darboux frame:

M is a surface on E? with n unit normal vector and D, is osculating Darboux vector field[3]. a: I C R — M is
a curve on surface M.

Co(s) = .
ViR (s) + ki (s)
Do(s) t.(s)T(s) — kn(s)Y (s)
205) + k2(5)
Equations of {n,C,, D,} frame:
n/(s) 0 f(s) 0 n(s
Co(s) | =|—=f(s) 0  g(s)| | Cols)
Dy (s) 0 —g(s) 0 Do(s)
Here, f(s) = v/B(5) + R2(3), §(s) = ky(s) + L2 eIk o1tnCe),
The formula between {n,C,, D,} and {T',Y,n} Darboux frame:
—kn(s) tr(s)
T(s) VEE)TRE(s) /() TRE () Co(s)
Y(S) = 27tf'(3)2 27}‘%(5)2 0 DO(S)
n(s) \/tr(sgrkn(s) \/tr(si;rkn(s) X n(s

Definition 2.1. Let M and M, be an orientable surfaces and n an orthogonal positive normal vector field of
M. If there is exist smooth function f : R* — R?, impending a fixed number r and its restriction to surface M
is bijection defined by

f:M— M., f(p)=p+rn(p)

then M, is called parallel to M [8].

Let M and M, be an oriented surface in Euclidean 3-space. a(s) is curve on surface M and (sg) is curve on
parallel surface M,. Then, the formula between Darboux frame of a(s) and 5(sg) is

y 1—7rk,(s) —rt,(s) 0
T(s) VArkn ()24t (5)? A/ (L—rkn ()24 (rt ()2 T(s)
Y*(S) = 7't7‘(2) _ 1_7'k7;(5) ~ 0 Y(S)
n(s \/(1—74«”(38 +(rt,(s)) \/(1—rkn(s)0) +(rt,(s)) X n(s)
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Then we have the following Frenet-Serret type formula:

T"(s) 0 kg(s)  kn(s)\ (T7(s)
dfjﬁ Y*(s) | = | —k5(s) 0 t*(s) Y*(s)
n(s) —ki(s) —ti(s) O n(s)

Here,
= kg 3 rte(rk,) + (1 — rky)(rt,)
S A= k)2 ()2 (L= rkn)? + (rt,)?)3/2
o kn(1 —rky) — t.(rt)
" (1= rky)? + (rt,)?
4
by = -
T (1= k)2 + (rt,)?
where k} is geodesic curvature, k;, is normal curvature and ¢; is geodesic torsion [6].

A constant angle surface in Euclidean 3-space E? is a surface whose normal n of the curve makes a constant
angle with the fixed direction k& [7],

(n,k) = 6.

In addition, we review special curves. Let a be a unit speed curve on an oriented surface M and {T,Y,n}
be the Darboux frame along a. The curve « is called a relatively normal-slant helix if the vector field Y of a
makes a constant angle with a fixed direction, i.e. there exists a fixed unit vector d and a constant angle § such
that (Y, d) = cosf [2].
Let M be a regular surface and let o : I € R — M be a unit-speed isophote curve. Then from the definiton of
the isophote curve

(n(u,v),d) = cosd = constant,

where n(u, v) is the unit normal vector of the surface S(u, v) (a parameterization of M) and d is the unit fixed
vector on the axis of isophote curve[1].

Finally, we review three special vector fields and approx1mat10ns of surfaces along curves. Hananoi, Ito and
Izumiya in [3] defined three vector fields D,,(s), D..(s), D,(s) along a by

Di(s) = —kn(5)Y (5) + kg(s)n(s),
D (s) = tr(s)T(s) + kg(s)n(s),
D,(s) = tr(s)T(s) — kn(s)Y (5)

which are called the normal Darboux vector field, the rectifying Darboux vector field and the osculating
Darboux vector field along «, respectively. They also defined the spherical image of each Darboux vector field
as follows:

Do) = IR i (o) o) # 0.0
D, (s) = HETE) + ka()n(s)
" VE2(5) +t2()
D, (s) = HOTE) — kn(5)¥ (5)
’ 12(s) + k2(s)

Zf (tT(S)ka(S)) 7é (070)7

if (kn(s),t:(s)) # (0,0).

Izumiya and Otani [5] defined osculating developable surface of M along «. « is a regular curve on a surface
M with 2(s) + k2(s) # 0, they define a map OD,, : I x R — R3 by

OD,(s,u) = a(s) +uD,(s)

o (BOTE) - k&Y ()
_a(”( () 1 R2(5) )

OD, is called an osculating developable surface of M along a. If (s9,0) € I xR is a regular point (i.e.,
kn(so) # 0), the normal vector of OD,, at OD,(s¢,0) = a(sg) has the same direction of the normal vector of
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M at a(sg). Therefore, OD,, is called osculating developable surface of M along a. Moreover, Hananoi and
Izumiya [4] defined normal developable surface of M along a. a is a regular curve on a surface M with
k2(s) +t7(s) # 0, they define amap ND,, : I x R — R? by

ND,(s,u) = a(s) +uD.,(s)

(LT + k()
Sab)t ( ) 7 R20) )

N D, is called a normal developable surface of M along a. If (s9,0) € I x Ris a regular point (i.e., k4(so) # 0),
the normal vector of ND, at ND,(so,0) = a(s) is orthogonal to the normal vector of M along a. Therefore,
ND,, is called normal developable surface of M along .

3. Flat Approximations of Parallel Surfaces Along Curves and Constant Angle Surfaces

In this section we introduce flat approximation of M, which is parallel of M.Leta: I CR— M C R®be a
regular curve on surface M with k2 (s) + t2(s) # 0 and ruled surface given with ®, (s, u) = a(s) + uD,(s) is flat
approximation surface of M along a [5]. 3 =a+rnand B8: U C R — M, C R? is a regular curve on surface
M, with k2(s) + t2(s) # 0. Flat approximation of M, along (3 can be given a map ®5: U x R — R3 by

oo, = 8-+ 1 (SLFLELENE ) = 0(s) 0D (5,

This is a developable surface being that

7'T_ nY n/-_ / T nT 7’Y
det(B', Dy, D) = ((1—rkn)T—rt7.Y,tk ( 4 Fnfr it ) T 1 ¢ )

vErR \"TTese ) yErR

We can also give two invariants of (3, M,.). One of these invariants is d(s) given in [5] by Izumiya and Otani.
Also, we introduce the other invariant 5(s) as follows:

kn(8)t).(5) = k7, (s)tr (s)
B2(s) +k3i(s) 7

po) =t (k) k() e
5(5)/72(5) + 2 (5)

<S)> . (when §(s) # 0).

Besides,

0By 0B5 _ (—kn (k2 +12) _u5> .

0s ou
Hence, (so,up) € U x R is a singular point of ®3 if and only if §(sg) # 0 and

—kn(s0) +r(k2(so) + tE(SO))'
6(s0)v/ka(s0) + 3 (s0)

Uug =

If (s0,0) is a regular point, the normal vector of ®3 at ®5(s0,0) = B(s¢) has the same direction of the normal
vector of M, at B8(so). Therefore, ®4 is osculating developable surface of M, along 3.

Also, if r = 0, flat approximation of M coincide with flat approximation of M,. In other words, osculating
developable surface ®5 and invariant 5(s) coincide with, respectively, osculating developable surface OD,,
and invariant o(s) given in [5] by Izumiya and Otani.

Theorem 3.1. Let M, be parallel surface of M. cv: I C R — M C R? is a reqular curve on M with k2(s) + t2(s) #0
and B=a+rn, B:U C R — M, C R3isareqular curve on M, with k2(s) + t2(s) # 0. ®,(s,u) = a(s) + uD,(s)
and ®s(s,u) = B(s) + uD,(s) are flat approximation surfaces of M and M, respectively. Then, ® g is parallel surface
of ®,.
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Proof.

Bs(s,u) = B(s) +u (tr(S)T(s) - k’n(s)Y(s)>

t2(s) + ki (s)
= a(s) + rn(s) + uD,(s)

= a(s) + uD,(s) + rn(s)

= ®,(s,u) +rn(s).

O

In the study of Izumiya and Otani in [5], they gave the Theorem 3.1. for flat approximation surface of the
surface along the curve. Now, we give the following theorem which is similar to Theorem 3.1.[5], for flat
approximation surface of the parallel surface along the curve:

Theorem 3.2. Let M, be parallel surface of M and 3 = o+ rn, 3: U C R — M, C R® is a regular curve on M, with
kZ(s) +t2(s) # 0. ®s(s,u) = B(s) + uD,(s) is flat approximation surfaces of M,. Then we have:
(A) The following are equivalent:
(1) ®3 is a cylinder,
(2) 6(s) =g(s) =0,
(3) B is a contour generator with respect to an orthogonal projection.
(B) If 6(s) # O, then the following are equivalent:

(1) ®3 is a conical surface,
(2) 3(s) =0,
(3) B is a contour generator wiht respect to a central projection.

In the study of Izumiya and Otani in [5] gave singularities of flat approximation surface of surface along the
curve through Theorem 3.3. and now we give the following theorem which is similar to Theorem 3.3.[5], for
singularities of flat approximation surface of the parallel surface along the curve:

Theorem 3.3. Let M, be parallel surface of M and 3 = ac+rn, 3: U C R — M, C R? is a reqular curve on M, with
k2 (s) +t2(s) # 0. ®5(s,u) = B(s) + uD,(s) is flat approximation surfaces of M,.. Then we have the following:

(1) The image of flat approximation surface ® 5 of M, along B is nonsingular at (so,uo) if and only if

—kn(s0) + (k2 (s0) + t2(s0))
t2(s0) + k2(s0)

— uOé(So) 75 O,

(2) The image of flat approximation surface ®g of M, along B is locally diffeomorphic to the cuspidaledge C x R at
(s0,u0) if 6(s) # 0, 5(s) # 0 and
—kn(s0) + (k3 (s0) + £(50))
d(s0)\/7(50) + k7 (s0)
(3) The image of flat approximation surface ® 5 of M, along B is locally diffeomorphic to the swallowtail at (so, uo) if
d(s) #0,(s) #0,5'(s) # 0and

Ug =

—kn(s0) + (k7 (s0) + (30))
8(s0)/t2(s0) + k2(s0)

ug =

Here, C x R = {(z1, 72, 23)|23 = 23} is the cuspidal edge and SW = {(z1, x2, z3)|z1 = 3u* + u?v, 22 = 4u® +
2uv, x3 = v} is the swallowtail.

Theorem 3.4. Let M, be parallel surface of M. o : I C R — M C R3 is a reqular curve on M with k2(s) + t2(s) # 0
and B=a+rn, B:U C R — M, C R3isa reqular curve on M, with k2(s) + t2(s) # 0. ®,(s,u) = a(s) + uD,(s)
and ®3(s,u) = B(s) + uD,(s) are flat approximation surfaces of M and M,, respectively. Then, the following are
equivalent:

(1) Curve v on M is isophote curve,
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(2) Curve 3 on M, is isophote curve,
(3) @, is constant angle ruled surface,
(4) ®3 is constant angle ruled surface,
(5) 4 = constant,

(6) n is circle.

Proof. Let a be isophote curve on M. Then we have (n,d) = cosf = constant where d is a unit fixed vector. Due
to surface M, is parallel of surface M, normal vector of M, is n, too. Therefore, curve 3 is isophote curve on
M,.. Namely, the condition (1) is equivalent to the condition (2).

Let 3 be isophote curve on M,. Then we have (n,d) = cosf = constant where d is a unit fixed vector. On the
other hand, normal vector of flat approximation surface ®,, is n, too. Therefore, surface ®,, is a constant angle
ruled surface. Namely, the condition (2) is equivalent to the condition (3).

Let ®,, is a constant angle ruled surface. Then we have (n,d) = cosf = constant where d is a unit fixed vector.
Besides, normal vector of ®5 is n, too, because of ®3 is flat approximation surface of M,. Therefore, flat
approximation surface ®3 is a constant angle ruled surface, too. Namely, the condition (3) is equivalent to
the condition (4).

Let ®4 is a constant angle ruled surface. Then we have (n,d) = cost = constant where d is a unit fixed vector.
Also, o is isophote curve on M because of normal vector of M is n. We know that % is geodesic curvature of

a. Then % is constant. Namely, the condition (4) is equivalent to the contition (5).

Suppose that, geodesic curvature ?— is constant. Then, n is circle. Namely, the condition (5) is equivalent to the
contition (6).

Let n is circle. Then, curve o on M is isophote curve. Namely, the condition (6) is equivalent to the contition
(1). O

Example 3.1. Let M, is parallel surface of M. M = p(u,v) = (ucosv, usinv,v) is a helicoid (Figure 1a) and
t

at)=¢ (17 %) = (cos (%) , Sin (%) , \/5) is a helix on M. Darboux frame is {T',Y,n} along «. Let’s attain
flat approximations of M and M,.. By directlyforward calculations, we have

s (o () (5)-)
- () (5))
o= () (5))

and
kn(t) =0,
1
kg(t) = 5’
1

Then, flat approximation surface of M as below (Figure 1b):
D, (v, w1) = (cosv, sinv, v) + wy (—sinv, cosv, 1).
Indeed, we have
det ((—sinv, cosv, 1), (—sinv, cosv, 1), (—cosv, —sinv, 0)) = 0.
Namely, ®,, is a developable surface. Also, we have

od,, " od,,
ov ow,

= wi(—sinv, cosv, —1)
= —V2win

That is, the normal vector of @, has the same direction normal vector of M.
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(b) Surface P o,

(a) Surface M

Figure 1. Flat approximation of surface M with curve « in red color

Now, parallel surface of M as below (Figure 2a):
M, = o, (u,v) = o(u,v) + V2n
= (ucosv, usinv,v) + \/%

(sinv, —cosv, u)

and B on M, with r = /2 as below:

S

B(t) = ¢r (1, %) = (cos (%) + sin (%) | sin < t > — cos (%

Then, flat approximation surface of M, (Figure 2b) as below :

() M and &,

®3(v,wa) = (cosv + sinv, sinv — cosv, v + 1) + wa(—sinv, cosv, 1).

Indeed, we have

Namely, ®; is a developable surface. Also, we have

0B 0By .
0 Dwy (1 — we)(sinv, —cosv, 1)
= \/5(1 — wg)n.

That is, the normal vector of ® 3 has the same direction normal vector of M,.

(a) Surface M- (b) Surface & g

Figure 2. Flat approximation of surface M, with curve 8 in red color

det((—sinv + cosv, cosv + sinv, 1), (—sinv, cosv, 1), (—cosv, —sinv,0)) = 0

(c) M, and &3

721
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4. Normal Approximations of Parallel Surfaces Along Curves and Constant Angle Surfaces

In this section we investigate normal approximations of M,,, M, which are parallel of M, associated with D,
and D,, Darboux vector fields. We know that, o : I C R — M C R? is a regular curve on surface M with 2 (s) +
t2(s) # 0 and ®,(s,u) = a(s) + uD,(s) is normal approximation surface of M [4]. M, = M + rn is parallel
surface of M and 8 =a +rn, 8:U CR — M, C R? is a regular curve on surface M, with k(s) + t2(s) # 0.
With the thought in §3, ruled surface ®4(s,u) = B(s) + uD,(s) is not normal approximation surface of M,,
directly. Because, this ruled surface can’t be developable directly. Accordingly, we introduce M, = a + wY,
M; = a + wT which are ruled surfaces and their normal approximations.

4.1. Y Parellel Surface

Leta: I C R — M C R3 be a regular curve on surface M. M,, = a + wY is Y parallel surface of M and 3 =
a+rY,B:U CR— M, C R?is aregular curve on surface M, with k2(s) + ¢7(s) # 0. Normal approximation
of M, along 3 can be given amap ®5 : U x R — R3 by

_ B B b0 (8)T () + kg (5)(s)
®s(s,v) = B(s) + vD,(s) = a(s) +rY (s) +v ( VRIS )

This is a developable surface being that

to k! — kgt _
det(ﬁ/,Dr,D;_) = ((1 — T]{g)T + Ttrn’ M <kn + g g T‘) t’r‘n kgT) _ O

Ve \" T ) e
We can also give an invariant 4, (s) of (3, M) given in the study of [4] by Hananoi and Izumiya as follows:

tr(8)kg(s) — kg(s)t1.(s)
ki (s) + t3(s)

Besides,

9s ~ ov NER?

Hence, (so,v0) € U x R is a singular point of ®4 if and only if §,(so) # 0 and

kq(s0) — r(k2(s0) + t2(s0))

0%, 0%, (@w(kﬁﬂ%) s ) v

Yo = 2 2
dr(80)\/k2(s0) + t2(s0)
Also, normal vector of M, is
OM, oM,
8sy X 8wy = (1 —wky)n —wt, T.

Thus, we can say that if (s, 0) is a regular point the normal vector of ®4 at 3(sg) = ®3(s0,0) is orthogonal to
the normal vector of M, at 3(so). ®3 is the normal approximation surface of M, along 3.

Theorem 4.1. Let a: I CR — M C R® be a regular curve on M with k2(s) +t2(s) # 0 and ®,(s,v) = a(s) +
vD,.(s) is normal approximation of M along o. My = oo+ wY is Y parallel surfaceof M. 3 =a +rY,3:U CR —
M, C R? is a regular curve on M, with k2(s) + t2(s) # 0 and ®5(s,v) = B(s) + vD,(s) is normal approximation of
M, along 3. Then, ® g is parallel surface of ®..

Proof. Unit normal vector of ®,is Y.

O
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Theorem 4.2. Let o : I C R — M C R? be a regular curve on M with k2(s) + t2(s) # 0. My, = a + wY is Y parallel
surface of M. B=a+rY, B:U CR— M, C R? is a regular curve on surface M, with k2(s) +t7(s) # 0 and
®5(s,v) = B(s) + vD,(s) is normal approximation of M, along 3. Then,  is relatively normal-slant helix on M if
and only if ® is a constant angle ruled surface.

Proof. Let a is relativly normal-slant helix on M and Darboux frame is {T", Y, n} along . Then, there exists a
fixed unit vector d which provide equation (Y, d) = cosf = constant. On the other hand, unit normal vector of
®; is Y. Therefore, ruled surface ®4 is a constant angle ruled surface. Backwards, let ®4 is a constant angle
ruled surface. Then, we have (Y, d) = cosf = constant with d is a fixed unit vector. It follows that, « is relatively
normal-slant helix on M. O

Example 4.1. Let M, is Y parallel surface of M. M = ¢(u,v) = (ucosv, usinv,v) is a helicoid (Figure 3a) and
a(v) = ¢(1,v) = (cosv, sinv,v) is a helix on M. Darboux frame is {T',Y,n} along a and r # 0. Let’s attain
normal approximations of M and M,,. By straightforward calculations, we have

1
n‘a(v) = T(Sinv, —CoSsv, 1),
2
1
T = —(—sinv, cosv, 1),
Nk )
Y o) = (—cosv, —sinv, 0)
and
kn(’l)) = 07
1
k,(v) = —,
9( ) \/5
1
tr(v) = —.
(v) 7

Then, normal approximation surface of M (Figure 3b) as below:

P, (v,w1) = a(v) + w1 D, (v)

= (cosv, sinv,v) +w1(0,0,1)

Namely, normal vectors of these two surfaces are orthogonal. Also, normal approximation surface of M is
cylinder.

(a) Surface M (b) Surface ® o, () M and ®

Figure 3. Normal approximation of surface M with curve « in red color
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Now, Y parallel surface of M (Figure 4a) as below:

My (v, w1) = a(v) + wi Y (s)

(cosv, sinv,v) + w1 (—cosv, —sinv, 0)
(

= ((1 — wy)cosv, (1 — wq)sinv, v)
and B on M, with r = 2 as below:
B(v) = a(v) + 7Y (v)
= (cosv, sinv, v) + r(—cosv, —sinv, 0)
= (—cosv, —sinv,v)

Then, normal approximation surface of M, (Figure 4b):

®(v, wa) = B(v) + wa Dy (v)

= (—cosv, —sinv,v) + w2(0,0, 1)

This means that, normal approximation surface of M, along 3 is a cylinder, too.

“190560.0 .5 4 o

(a) Surface My, (b) Surface ® g © My and ® 5

Figure 4. Normal approximation of surface M, with curve 8 in red color

4.2. T Parallel Surface

Let a: I C R— M C R® be a regular curve on surface M. My = o+ wT is T parallel surface of M and
B(s) = a(s) + (c—s)T(s), B:U CR — My CR? is a involute of a on surface M, with k(s) + kZ(s) # 0.
Normal approximation of M; along 3 can be given amap ¥ : U x R — R3 by

= —kn(8)Y (8)+ky(s s
Ws(s,v) = B(s) +vD,(s) = a(s) + (¢ — s)T(s) + v < (\/)kiisiikéis;n( ))

This is a developable surface being that

-k, Y knk! — kokl\ k.Y + k,,
det(8 D, D) = det | (c— $)(k, Y + kym), — X TR (4 g "9 of Fhnmr)
n g

VEZ+E k2 + k2 VE2 + k2
We can also give an invariant §,,(s) of (3, M) as follows:

_ kn(s)k;(s) —

5a(s) = —t,(s) + QLACK

kg
k() + k3 (s)

a;’;ﬂ x a;'f - ((c— )\ k2 + k2 +vSn)) T.
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Hence, (so,u0) € U x R is a singular point of ¥ if and only if 6,,(sp) # 0 and

(s0 —¢)\/k2(s0) + kZ(s0)

Vo = Sn(so) .
Also, normal vector of My is
oM, OM,;
s X B = —wkgn + wk,Y .

Thus, we can say that if (so,0) is a regular point the normal vector of ¥ at 3(so) = ¥3(s0,0) is orthogonal to
the normal vector of M; at B(s¢). ¥ 3 is the normal approximation surface of M, along 3.

Theorem 4.3. Let a: I CR — M C R? be a regular curve on M with k(s)+ k2(s) #0. My =a+wT is T
parallel surface of M and B(s) = a(s) + (¢ — s)T'(s), B: U C R — My C R? is a involute of o on surface My with
k2(s) + k2(s) # 0. Wg(s,v) = B(s) +vD,(s) is normal approximation of My along 3. Then, o is helix on M if and
only if W 5 is a constant angle ruled surface.

Proof. Let a is helix on M and Darboux frame is {T',Y,n} along a. Then, there exists a fixed unit vector d
which provide equation (T, d) = cos) = constant. On the other hand, unit normal vector of W4 is T. Therefore,

W¥; is a constant angle ruled surface. Backwards, let ¥ is a constant angle ruled surface. Then, we have
(T, d) = cost = constant with d is a fixed unit vector. It follows that, « is helix on M. O

5. Conclusions

In this paper, we gave flat approximation of parallel surface and showed that flat approximation surface of
the surface and flat approximation surface of parallel surface are parallel, too. Also, if curve on the surface
is isophote curve then flat approximation surface is constant angle ruled surface. Then, we saw that we
can’t define normal approximation of parallel surface associated with rectifying and normal Darboux vector
fields. After, we gave special ruled surfaces called Y parallel surface and T parallel surface. We gave normal
approximations of these parallel surfaces. We showed that normal approximation surface of the surface and
normal approximation surface of Y parallel surface are parallel, too. Finally, we gave that if curve on the
surface be chosen special then normal approximation surface of these parallel surfaces are constant angle
ruled surfaces.

Acknowledgements
We would like to thank to the editor and the anonymous reviewers for their helpful comments and suggestions.

Funding

There is no funding.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Author’s contributions

All authors contributed equally to the writing of this paper. All authors read and approved the final
manuscript.

References

[1] Dogan, FE, Yayl, Y.. On isophote curves and their characterizations. Turkish Journal of Mathematics, 39, 650-664 (2015).
https:/ /doi.org/10.3906 /mat-1410-4

[2] Diildiil, M., Macit, N.: Relatively normal-slant helices lying on a surface and their characterizations. Hacettepe Journal of Mathematics and
Statistics, 46, 397408 (2017).

725 dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

Approximations of Parallel Surfaces Along Curves

(3]
(4]
(5]
6]

(7]
(8]

Hananoi, S., Ito, N., Izumiya, S.. Spherical Darboux images of curves on sutfaces. Beitr. Algebra Geom., 56, 575-585 (2015).
https:/ /doi.org/10.1007 /s13366-015-0240-z

Hananoi, S., Izumiya, S.: Normal developable surfaces of surfaces along curves. Proceedings of the Royal Society of Edinburgh Section A:
Mathematics, 147, 177-203 (2017). https:/ /doi.org/10.1017/5030821051600007X

Izumiya, S., Otani, S.. Flat Approximations of Surfaces Along Curves. Demonstratio Mathematica, 48, 217-241 (2015).
https:/ /doi.org/10.1515/dema-2015-0018

Kiziltug, S., Tarakey, O., Yayli, Y.: On the curves lying on parallel surfaces in the Euclidean 3-space E3. Journal of Advanced Research in
Dynamical and Control Systems, 5, 26-35 (2013).

Ozkaldy, S., Yayly, Y.: Constant Angle Surfaces and Curves in E3. International Electronic Journal of Geometry, 4, 70-78 (2011).

Sabuncuoglu, A.: Diferensiyel Geometri. Nobel Akademik Yaymcilik. Ankara (2016).

Affiliations

BUSRA KOSE

ADDRESS: Department of Mathematics, Faculty of Science, Ankara University, Ankara-Turkey.
E-MAIL: bsrkose@ankara.edu.tr

ORCID ID: 0009-0005-1739-4207

YUSUF YAYLI

ADDRESS: Department of Mathematics, Faculty of Science, Ankara University, Ankara-Turkey.
E-MAIL: yayli@science.ankara.edu.tr

ORCID ID: 0000-0003-4398-3855

dergipark.org.tr/en/pub/iejg 726


https://dergipark.org.tr/en/pub/iejg

	1 Introduction
	2 Basic Consept
	3 Flat Approximations of Parallel Surfaces Along Curves and Constant Angle Surfaces
	4 Normal Approximations of Parallel Surfaces Along Curves and Constant Angle Surfaces
	4.1 Y Parellel Surface
	4.2 T Parallel Surface

	5 Conclusions

