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In this study, we consider an inverse problem of determining an unknown source function in the right-hand side
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of an elliptic equation which is ill-posed in the Hadamard sense. To investigate the solvability of the problem,
we reduce it to a Dirichlet problem for a third-order partial differential equation with homogeneous boundary
condition. Since the problem is linear, the proof of the uniqueness theorem is based on the Fredholm Alternative

Theorem. We prove the existence of the solution to the problem by using the Galerkin method.
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Introduction

Elliptic equations are used to describe the behavior of
electromagnetic fields, the propagation of waves in a
medium and the motion of fluids. They appear in a wide
range of applications in various fields of science and
technology such as physics, engineering and computer
science.

In this paper, we consider the equation

Pu = a(x, ) (we + Ayu) + ku, — b(x,y)u
=c(x,)f (x.¥) (1)

in the domain
Q={CyIxe(01),y; € (0D,
where y = (¥, v,), ¥ = V1, Y2, ) VYn—1)- The boundary
of the domain is defined as

0Q = 0o U {y, = 0} U {y, = 1},

g9 = 0Q/({yn = 0} U {y, = 1}).

The coefficients of equation (1) satisfy the following
conditions:

a(x,y) € C'(Q), b3, &y €C(Q),
a(x,y), b(x,y), a'(x,y) >0, k <0.

i=12,..,n}

We consider the following problem:

Problem 1. Find the functions u(x, y) and f (x, y) from
equation (1), provided that the following conditions are
given:

u

= Uy, Vn yn=1 =Uu,, u ao = Uy, (2)

u
9y, =0

u|yn=0 = Us. (3)

|"@myildiz@bartin. edu.tr

Keywords: Elliptic equation, Inverse problem, Solvability of the problem.

https://orcid‘ org/0000-0003-3367-7176

A problem is said to be well posed if a unique solution
exists which depends continuously on the data. Problem 1
is not a well posed problem. Some of the typical ill-posed
problems for partial differential equations are the Cauchy
problem for the Laplace equation, the Dirichlet problem
for the wave equation and the initial-boundary value
problem for the backward heat equation, [1].

The existence, uniqueness and stability of solution of
various inverse problems for elliptic, hyperbolic and
parabolic equations are studied in [2-5]. As for the
solvability results for some ill-posed problems for other
type equations, we refer to [6-10].

The first result of this paper is given below:

Theorem 1. Problem 1 has at most one solution (u, f)

such that u € H3(Q), f € H*(Q).

In the proof, we shall use the Fredholm Alternative
Theorem and show that the homogeneous problem has
only zero solution.

Proof of Theorem 1.

It is sufficient to prove for u € C¥(Q), since C*(Q) is
dense in HX(Q). Let us assume that (u,f®),
(u@, @) are two solutions of problem (1)-(3) in the
space C3(Q) x C*(Q) .
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Then we can write

a(x,7) (e ® + 8,u®) + ku, @ — b, Pu = c(x,7)f P (x,3), (4)
(L)|yn_0 Uo, u3(12|yn=1 =uy, u®|, = u,, (5)
u®|, o =us, i =12 (6)

Forii = u® —u®, f=f@ — fO e have

a(x,y) (ﬁxx + Ayﬁ) + ki, — b(x, y)ii = c(x, 37)f(x, ¥) (7)
aYn'ZVn=0 = 0’ ‘I:l'y?‘Lll/TL:1 = 0’ ﬁla'o 0 (8)
iy, o =0, i =12. (9)

Taking the derivative of both sides of equation (7) with respect to y,, yields to

Pii, =0 (10)
and taking @i, = 1, we obtain

Pii =0, (11)
a)’n')’n=0 = 0’ ayn|3’n=1 = 0’ ﬁlo'o =0. (12)

Dividing both sides of equation (11) by a(x, y), we get

q b(xy) ~ _
Uy + A0 + —— ( =25 8= 0, (13)

Multiplying equation (13) by — and using the equalities

—Uyll = —(A, ), + 1 92(:
—fly, 0 = — (i, @)y, + 12,  i=12,..,n
_ﬁa(xL.y’)ﬁx - _% a(:.y) 0% = ; a' (chy) o?
we see that
—GPR =03+ ¥, 0y, (Zz; % a (xy))A2
~()x = Xy, Dy, — 3 (7557 8°) - (15)

X

Since a(x,y), b(x,¥), a'(x,y) > 0andk <0, we have

72 n o a2 b(xy) 1 02
x+ X 1uyl+(a(x.37) 2a(xy)) > 0.

If we integrate equality (15) over Q, we get

02 ~2 b(xy) 1 02
)x dQ f ( l luyi + (a(x’y) 2 a' (xy)) )dQ (16)

Sl + Xy (B, 0y, + 2(

a(x ¥)

From the Ostrogradsky formula, we can write

f(ﬁ2+zn:ﬁ2 plEn 1 )a2)dQ = J{[(u ) +a e koo +Z(u 2)n, }dS.
o &7 awy) 2 a(x ) - 17 GGy Y
By a(x,y), b(x,¥), a'(x,y) >0, k <0and i, = 0, we obtain
Q2ayn g2 4 D 1 22
J@2+ S8+ Con — 3wty 0dQ = 0 (17)

which means that
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x =0, @y, = 0and i|,, = 0 and thus &4 = 0 in the domain Q. Moreover, @i = 0 in Q from the equality @,, = i and
condition (9). On the other hand, we see that f = 0 in Q from equation (7). Thus, i = u® —u® =0and f = f® —
f@® =0 whereimply u® = u@® and f@® = f@ Therefore, Theorem 1 is proven.

In order to prove the existence of the solution of the problem, we reduce the problem to a homogeneous Dirichlet
problem.
Taking the derivative of both sides of equation (1) with respect to y,,, we see that

Pu, =0. (18)
In conditions (2), if we take u,, = 1, we can write

Pa =0, (19)
U]y, =0 = U, Uly,=1 = Uy, Ulg, = Uyy,,. (20)
Conditions (20) can be written in the form

Uag = . (22)
Assume that the functions ug, u;, u, are smooth enough on the boundary of the domain and

w € C*(Q), wlag = o

With the help of the new unknown function v = @i — w, we have

k b(x,y) =
=F
aee " T aen W x5

and problem (19)—(21) becomes
b(xy) =
Pv=vy, + AV +—— ( 5 Vx a(xy)v—F(x,y), (22)

Va0 = 0. (23)

Wy — AW —

Theorem 2. Assume that dQ € C?(Q) and F € L?(Q). Then problem (22)-(23) has a generalized solution in the
Hilbert space HZ (Q).

Proof of Theorem 2.

We first take an a priori estimate for the solution of problem (22)-(23). If we multiply (22) by - v, integrate over the
domain @ and using the equalities (15)-(16), we obtain
[w3+ 30, v+ CER 1K yy2)aQ = - [ FudQ. (24)

axy) 2 a’(x )

From the Cauchy-Bunyakovskii inequality, we get

_ 1 252 1 2
[, FvdQ SfQ[ﬁFBv]dQ < [, BPFdQ + [, 7;v?dQ.
By equality (24), we see that

Jo 3+ [ (Biy v, + G2 = 3= v?)dQ — 5 f, v2dQ < B2 [, F2dQ. (25)

a(xy) 2a (x )
Moreover, we apply the Rellich-Poincare inequality to the first term on the left side of inequality (25). Since

va,ZCdQ ZCvade, (C = diamQ)

and by taking
€ J,v?dQ + [ X vy + G~ 3wty V)4Q — 5 Jy v2dQ < B [, F2dQ,

axy) 2 a’(x %)

(€ =59 [ov?dQ + [ Bty v + GE5 - )Z)dQ < B2 [, F?dQ,

alxy) 2a (x 7)
we have

b(x,y) 1
C1fy 2dQ+f(ZL 1 O~ i) vdQ < B [, FRdQ, (26)

where C; = C — —; > 0. Inequality (26) is an a priori estimate which we look for.

B
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We apply the Galerkin method to problem (22)-(23). Let the functions w, (x, y), w, (x, y), ..., w, (X, y), ... be linearly
independent and complete system of functions in L2(Q).

We assume that w;(x,y) = 00n dQ (i = 1,2,...) and w;(x,y) € C?(Q). There exists a system {w;, Wy, ..., Wy, ... }
such that
uy(x, y) = X cw; (x, ).

Since w; |50 = 0, then we have uy|yo = 0. Now, let us obtain the function uy(x, y) from the system of equations

k b(x,3) _ _
(uNxx +Auy +— ax7) Unx — axy) uN'Wj(x'Y»—(F(x. ), Wj(x: ),
k b(xy) —TN
(uNxx + Ayuy +mu,\,x ~2e9) uy — F,w;(x,y))=0, j =1,N. (27)

We will show that uy which is the solution of system (27) converges to the exact solution of problem (22)-(23) when
N — oo. Then we can write

b(x.y) T
ivzl(ci Wi)x_a(ii) i=1 G Wi — F, W](x 3/)> 0, ] =1N. (28)

k
(Z I(CI. WL)xx +A Zl 16 W; +m

We will prove the homogeneous system

k b(x.y)
(Z?]:I(Ci Wi)xx + Ay Zévzl cwp+ m {Vzl(ci Wi)x - (xji) ZN 1Ci WUW]> =0, ] - 1 N (29)

has only the zero solution. If we multiply the jth equation of system (29) by —¢; and add from 1 to N, we obtain

b(x, y)

<uNxx+Ay Nt+t—— a(xy)

a(x P Unx — —uy)=0.

Then, from equality (17), we have

b(xy) 1 _
f (u’NX +Zl IuNyl (a(x,i) 2 a!(xy)) N)dQ 0.

In this case, uy = 0 in the domain Q and therefore, we write

YL cwi(x,y) = 0.

Since w;(x,y) is linearly independent, we have ¢; = 0,(i = 1,2, ..., N). Thus, the homogeneous system (28) has
only zero solution. Therefore, there is only one solution for every F(x,y) of system (28).

Now, we take an a priori estimate for uy(x,y). For this, if we multiply the jth equation of system (28) by —c; and
add from 1 to N, we obtain

k b(x, y) _
<uNxx +Ayuy + aGe3) Unx — agxyg uy — F, —uy)=0,
k b(x,y
<uNxx + AyuN +— a(x,y) Unx — a(x,y) Up, _uN>=(F! _uN>- (30)

By inequality (26), we see that

Gy [, uddQ + f, (T uby, + (Co2 — o) uk) do < B2 [, F2dQ,

axy) 2a (x ¥)

C, fQ u%dQ < p? fQ F%dQ (31)
and
Jo sy, + CEB — S m)ud)dQ < B2 [, F2dQ. (32)

Since the right sides of inequalities (31) and (32) are independent of N, there is a constant C, independent of N such
that

fQ u(dQ < G,. (33)
Similarly, we get

bxy) 1
f Zl luNy dQ < CZ' fQ(a(x,y) 2 a (xy)

Juy)dQ < C,. (34)

Then, the sequence {uy} is bounded in the Hilbert space H}(Q). Since a bounded set in a Hilbert space is weakly
compact, there is a weakly convergent subsequence of {u,}. Let this subsequence be {uy} for the sake of simplicity.
We can write system (28) in the form

k b(x,7) —
(uy,, +4uy + 2y v a(i;) uy, wj)=(F,w;), j =1,N. (35)

By using the equalities
AyuN : Wj = fQ AyuNWj dQ = fQ Z?:luNyiyi W] dQl
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UN, o "W = (uNij)x — Un, Wijx,

Unyy, " Wj = (uNYiWi)Yi — Uny Wiy

_k Cw, = (L . _k Lk .
aey) Ve W T G U Wj)x atey) Wi T i) VWi
(uNxx' Wj) =- fQ Un , Wix do,
(AyuNle> = _fQ 211'1=1 Uny; Wiy, de,

k k k
<a(x,37) Unx, W}) - = fQ a(xy) uNWjX dQ - fQ a' (x,7) uNWj dQ

in (35), we obtain
k
- fQ Un , Wjx dQ - fQ Z?:luNyi Wiy, dQ - meuNij dQ

b(x,y)
a(x,y)

k k
- Q al(x’y) u’NWj dQ - fQ a(x,y) uNij dQ - fQ

uy w;dQ

Taking the limit for N — oo, in the sense of the generalized function (uy —

(vlp*wj) = (F'W])
or

(Pv — F,w;) = 0.

H; (@)

v converges), we get

(36)

(37)

Since the system {Wj} in (37) is complete in L?(Q), we can write

Pv—F =0.
Hy (@)

Then, v is a solution to equation (22). By uy

(22)-(23) has a generalized solution in the space H3 (Q).
Finally, by (32), we have

n 2 bxy) 1 k
fQ(Zizl vy, + (a(x,y) 2 a'(xy)

)v2)dQ < B2 [, F2d,

- wvanduyls =0, we have u|; = 0.Thus, problem

as N — oo which show that the solution depends continuously on the data.

Conclusion
(4]
In this study, we deal with an inverse problem for an
elliptic equation. We prove the uniqueness, existence and
stability of the solution of the problem. Our main toolsare  [5]
Fredholm Alternative Theorem and Galerkin method.
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