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Abstract 

El-Shabrawy has introduced the generalized difference operator denoted by Δ𝑎,𝑏.   Let nonzero real num-

bers  sequences  k
a  and  k

b  be convergent sequences such that lim 0,
k

k

a a


   lim ,   
k

k

b b b a


   and 

supk𝑎𝑘 ≤ 𝑎,  𝑏𝑘
2 ≤ 𝑎𝑘

2 , for all 𝑘 ∈ ℕ. The generalized difference operator 
,a b

  is 

   , , 1 1 0a b a b n n n n n n
x x a x b x



  
      with

1 1
0x b

 
  . In this paper we study the approximate point spec-

trum, the defect spectrum and the compression spectrum of the operator 
,a b

  on the p-absolutely sum-

mable sequences space
p

.  

Keywords — Generalized difference operator, approximate point spectrum, defect spectrum, compres-

sion spectrum. 

 

 
1  Introduction 
In functional analysis spectral theory has many ap-

plications in mathematics. In mathematics and phys-

ics we can see these applications in matrix theory, 

function theory, complex analysis, differential and 

integral equations, control theory and quantum 

physics. 

Quite recently, many authors have studied several 

types of spectra, both for one or many commuting 

operators, with important applications, for example 

the approximate point spectrum, defect spectrum, 

compression spectrum, essential spectrum, etc. 

 

The spectrum and fine spectrum of linear operators 

defined by some particular summable matrices over 

the sequence spaces have been studied by several 

authors. We give some basic study in the existing 

literature concerned with the spectrum and the fine 

spectrum. In [1], Gonzalez has investigated the fine 

spectrum of the Césaro operator on the sequence 

space 
p

for 1 p   . Also, Wenger [2] has studied 

the fine spectrum of the Hölder operator over c  , 

and in [3] these results have been generalized to the 

weighted mean methods by Rhoades. In [4], Reade 

exemined the spectrum of the Césaro operator over 

the sequence space
0

c . The spectrum of the Rhaly 

operators on the certain sequence spaces is studied 

by Yildirim [5,6,7] and the fine spectrum of the Rhaly 

operators on the certain sequence spaces is studied 

by Yildirim [8,9]. Quite recently, several authors have 

investigated spectral divisions of generalized differ-

ance matrix. For example, the spectrum and fine 

spectrum of the generalized lower triangle double-

band matrix 
v

  have been worked by Akhmedov 

and El-Shabrawy, [10,11] over the sequence spaces 

0
 ,  c c  and 

p
 where 1 p   . In [12], Kayaduman 

and Furkan have studied the fine spectrum of the 

difference operator   on the sequence spaces 
1
 and

bv . Also in [13], Altay and Başar have studied it on 

0
c  and  c . 
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The above-mentioned articles, concerned with the 

decomposition of spectrum which defined by Gold-

berg. However, in [14] Durna and Yildirim have in-

vestigated subdivision of the spectra for factorable 

matrices on 
0

c  and in [15] Basar et al. have investi-

gated subdivisions of the spectra for genarilized 

difference operator over some sequence spaces. 

 

1.1 Preliminaries, Background and Notation 
Let :L X Y  be a bounded linear operator where 

X  and Y  are Banach spaces. The range of L ,  denot-

ed by  R L , is 

   : ,  R L y Y y Lx x X    . 

Let  B X  be the set of all bounded linear operators 

on X  into X . Let X  be a Banach space and

 L B X . In this case the adjoint operator *
L  of L  is 

a bounded linear operator on the dual space *
X  of 

X and it is defined by      
*

L f x f Lx  for all 

*
f X  and x X . 

In this paper we call as X  be a Banach space over  ℂ 

and  L B X . The resolvent set of L  is denoted by 

𝜌(𝐿) = {𝜆 ∈ ℂ: 𝜆𝐼 − 𝐿  bijection}. (1.1) 
The spectrum of L is defined by 
𝜎(𝐿) ≔ ℂ − 𝜌(𝐿) (1.2) 
where ℂ is compleks plain. The inverse operator 

      
1

; :    LR L I L   


    (1.3) 

is always bounded from closed graph theorem. Also 
it is usually called resolvent operator of L  at  . 

Recall that a number 𝜆 ∈ ℂ is called eigenvalue of L  
if the equation 
Lx x  (1.4) 

has a nontrivial solution x X . Any such x  is then 

called eigenvector, and the set of all eigenvectors is a 
subspace of X  called eigenspace. 
Throughout the text, we will call the set of eigenva-
lues 
𝜎𝑝(𝐿) = {𝜆 ∈ ℂ: 𝐿𝑥 = 𝜆𝑥 for some 𝑥 ≠ 0 }. (1.5) 

We say that 𝜆 ∈ ℂ  belongs to the continuous spect-

rum  c
L  of L  if the resolvent operator (1.3) is 

defined on a dense subspace of X  and is unboun-
ded. Furthermore, we say that 𝜆 ∈ ℂ  belongs to the 

residual spectrum  r
L  of L  if the resolvent opera-

tor (1.3) exists, but its domain of definition (i.e. the 

range  R I L   of I L  ) is not dense in X ; in this 

case  ;R L  may be bounded or unbounded. Toget-

her with the point spectrum (1.5), these two 

subspectra form a disjoint subdivision 

       p c r
L L L L      . (1.6) 

of the spectrum of L .  
The sequence (𝑥𝑛) ⊂ 𝑋 a Weyl sequence for L  if 
‖𝑥𝑛‖ = 1 and ‖𝐿𝑥𝑛‖ → 1 as 𝑛 → ∞. 
The approximate point spectrum of L  is defined by 
𝜎𝑎𝑝(𝐿) = {𝜆 ∈ ℂ: 𝜆𝐼 − 𝐿 has a Weyl sequence }. (1.7) 

Also, the set 
𝜎𝛿(𝐿) = {𝜆 ∈ 𝜎(𝐿): 𝜆𝐼 − 𝐿 is not surjective} (1.8) 
is called defect spectrum of L . 
The two subspectra (1.7) and (1.8) form a (not neces-
sarily disjoint) subdivision 

     ap
L L L


     (1.9) 

of the spectrum. Finally, the compression spectrum 
of L  defined by, 

𝜎𝑐𝑜(𝐿) = {𝜆 ∈ ℂ: 𝑅(𝜆𝐼 − 𝐿)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅≠X}. (1.10) 

Hence we have another (not necessarily disjoint) 
decomposition of spectrum: 

     ap co
L L L    . (1.11) 

Clearly,    p ap
L L   and    co

L L


  . Also, 

we obtain that  

     \
r co p

L L L    (1.12) 

and 

       \
c p co

L L L L     
 

 (1.13) 

from these subspectras and (1.6). 
The following Proposition is quite useful for calcula-
ting the decomposition of the spectrum of a bounded 
linear operatör. 
 
Proposition 1 ([16], Proposition 1.3). Let X  be a 

Banach space over  ℂ,  L B X  and its adjoint 

 * *
L B X . Then we have the following relations 

for their spectrum and subspectrum; 

(a)    
*

,L L    

(b)    
*

,
c ap

L L   

(c)    
*

,
ap

L L


   

(d)    
*

,
ap

L L


   

(e)    
*

,
p co

L L   

(f)    
*

,
co p

L L   

(g)          * *
.

ap p p ap
L L L L L         

 

1.2. Goldberg’s Classification of Spectrum 
Let  T B X , then there are three possibilities for 
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 R T , the range of T : 

(I)   ,R T X  

(II)    ,   but  ,R T X R T X   

(III)   .R T X  

and three possibilities for 1
:T

  

(1) 1
T

 exists and continuous, 

(2) 1
T

  exists but discontinuous, 

(3) 1
T

  does not exist. 
If these possibilities are combined in all possible 
ways, nine different states are created. These are 
labelled by: . , , , , , , , ,

321321321
IIIIIIIIIIIIIIIIII  If an 

operator has state 𝐼3 for example, then   ,R T X  

and 1
T

  does not exist  ([17]). 

Let 𝜆 ∈ ℂ if 
11

or    IILITILIT     then 

 XL,  . All scalar values of   not in  XL,  

contain the 𝜎(𝐿, 𝑋). This classification of  XL,  

gives rise to the fine spectrum of L .This means that, 
we can find disjoint subsets of  XL, : 

 2
, Ø,I L X   

       3 2 3 1
, ,  , , , ,  , ,I L X II L X II L X III L X     

   2 3
, , , .III L X III L X   Instance, if we have state, 

2
III  for 𝑇 = 𝜆𝐼 − 𝐿  than we can say that 

 .,
2

XLIII    

By the definitions given above we can write fol-
lowing table: 

 
Table 1.1 

 

2. The fine spectrum of the operator 𝚫𝒂,𝒃  on 

𝓵𝒑  (𝟏 < 𝑝 < ∞). 

The generalized difference operator 
,a b

  has been 

defined by El-Shabrawy [18]. In [18] El-Shabrawy 

considers the 
,a b

  which is represented by the lower 

triangular double band matrix 

0

0 1

, 1 2

2 3

0 0 0

0 0

0 0

0 0

a b

a

b a

b a

b a

 
 

 

  
 

 
 
 

   (2.1) 

We suppose that here and hereafter that the nonzero 

real numbers sequences  k
a  and  k

b  are conver-

gent sequences such that 

lim 0,
k

k

a a


       (2.2) 

lim ,   
k

k

b b b a


   (2.3) 

and 

supk𝑎𝑘 ≤ 𝑎,  𝑏𝑘
2 ≤ 𝑎𝑘

2 ,  for all 𝑘 ∈ ℕ. (2.4) 

Note that, if  k
a  and  k

b  is a constant sequence, say  

 

0
k

a r   and 0
k

b s   for all 𝑘 ∈ ℕ, then the opera-

tor 
,a b

  is reduced to the operator  ,B r s  and the 

results for the subdivisions of the spectra for general-

ized difference operator 
,a b

  over 
0
,  ,   and 

p p
c c bv  

have been studied in [15]. 
 

2. Subdivision of the spectrum of 𝚫𝒂,𝒃  on 𝓵𝒑  

(𝟏 < 𝑝 < ∞). 

 

1 2 3 

 ;R L  

e x i t s 

a n d  i s 

b o u n d e d  

 ;R L  

e x i t s 

a n d  i s 

u n b o u n d e d  

 ;R L  

d o e s  n o t 

e x i t s 

I   R I L X    𝜆 ∈ 𝜌(𝐿) 
𝜆 ∈ 𝜌(𝐿) 

_ 
𝜆 ∈ 𝜎𝑝(𝐿) 

𝜆 ∈ 𝜎𝑎𝑝(𝐿) 

II   R I L X    𝜆 ∈ 𝜌(𝐿) 
𝜆 ∈ 𝜎𝑐(𝐿) 

𝜆 ∈ 𝜎𝑎𝑝(𝐿) 

𝜆 ∈ 𝜎𝛿(𝐿) 

𝜆 ∈ 𝜎𝑝(𝐿) 

𝜆 ∈ 𝜎𝑎𝑝(𝐿) 

𝜆 ∈ 𝜎𝛿(𝐿) 

III   R I L X    
𝜆 ∈ 𝜎𝑟(𝐿) 
𝜆 ∈ 𝜎𝛿(𝐿) 
𝜆 ∈ 𝜎𝑐𝑜(𝐿) 

𝜆 ∈ 𝜎𝑟(𝐿) 
𝜆 ∈ 𝜎𝑎𝑝(𝐿) 

𝜆 ∈ 𝜎𝛿(𝐿) 
𝜆 ∈ 𝜎𝑐𝑜(𝐿) 

𝜆 ∈ 𝜎𝑝(𝐿) 

𝜆 ∈ 𝜎𝑎𝑝(𝐿) 

𝜆 ∈ 𝜎𝛿(𝐿) 
𝜆 ∈ 𝜎𝑐𝑜(𝐿) 
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Let :
p p

T   (1 p   )  be a bounded linear op-

erator with matrix A . Then the adjoint operator 
* * *

:
p p

T   is defined by the transpoze of the matrix 

A . We notice that the dual space *

p
 of 

p
 is iso-

morphic to 
q

 with 1 1
1p q

 
  . 

In [18], El-Shabrawy has investigated the fine spec-

trum of the operator 
,a b

  on the sequence space ℓp  

(𝟏 < 𝑝 < ∞). In this subsection we summarize the 
main results. 
Theorem 1 ([18], Theorem 3.2) Let 

𝐷 = {𝜆 ∈ ℂ: |𝜆 − 𝑎| ≤ 𝑎}  
and 

𝐸 = {𝑎𝑘: 𝑘 ∈ ℕ ,  |𝑎𝑘 − 𝑎| > 𝑎}.  
 

Then  ,
, .

a b p
D E     

Theorem 2 ([18], Theorem 3.3)  ,
, .

p a b p
E    

Theorem 3 ([18], Theorem 3.4) 

𝜎𝑝(Δ𝑎,𝑏
∗ , ℓ𝑝

∗ ) = {𝜆 ∈ ℂ: |𝜆 − 𝑎| < 𝑎} ∪ 𝐸.  

Theorem 4 ([18], Theorem 3.6) 

𝜎𝑟(Δ𝑎,𝑏 , ℓ𝑝) = {𝜆 ∈ ℂ: |𝜆 − 𝑎| < 𝑎}.  

Theorem 5 ([18], Theorem 3.7) 

𝜎𝑐(Δ𝑎,𝑏 , ℓ𝑝) = {𝜆 ∈ ℂ: |𝜆 − 𝑎| = 𝑎}.  

Lemma 1 ([17], Theorem II 3.1). The adjoint operator *
T  

is surjective ⇔T  has a bounded inverse.. 
Lemma 2 ([17], Theorem II 3.7). A linear operator T  has 

a dense range ⇔ the adjoint operator *
T  is 1-1. 

Lemma 3 If lim 1
k

k

a a


    for all 𝑘 ∈ ℕ where 0
k

a   

for all 𝑘 ∈ ℕ, then the product 
k

k

a   is divergent. 

Theorem 6  𝐼𝐼𝐼1𝜎(Δ𝑎,𝑏 , ℓ𝑝) = {𝑎𝑘: 𝑘 ∈ ℕ ,  |𝑎𝑘 − 𝑎| <

𝑎}.  

Proof We investigate whether the operator 

 
*

*

, ,a b a b
I I       is surjective or not. Does there 

exist 
q

x   for all 
q

y   such that  *

,a b
I x y    ? 

If for all 
q

y  ,  *

,a b
I x y    , then we get 

 

 

 

 

0 0 0 1 0

1 1 1 2 1

2 1 2 3 2

1

.

n n n n n

a x b x y

a x b x y

a x b x y

a x b x y










  

  

  

  

 

Thus we have 

0

1 0 1

0 0

1

2 1 1

1 1

0 1 1

0 0 1

0 1 0 1 1

1

1

1 1

a
x x y

b b

a
x x y

b b

a a a
x y y

b b b b b





  


 


 

  
  

 

2

3 2 2

2 2

0 1 2 1 2

0 0

0 1 2 0 1 2

2

1 2

1 2 2

1

1
.

1 1

a
x x y

b b

a a a a a
x y

b b b b b b

a
y y

b b b



    




 

    
 


 

 

… 

Hence 
1 11

11

0

10 1 1 1

,  2 .

n nn

k k i n

n

kk i kk k i n

a y a ya
x x n

b b b b b

   



  

  
    

      (2.5) 

Now, we must show that 
q

x  . That is, is the series 

1

q

n

n

x





  convergent? Since 

11

0

10 1 1 1

lim lim ,
k k i n

n
n n

kk i kk k i n

a y a ya
x x

b b b b b

   



 
  

  
     

if for all 𝑘 ∈ ℕ, 
k

a   then the limit of the general 

term of the infinite product 
0

k

k k

a

b






  is 

lim
n

n
n

a a

b b

 



 
 . If  ,

,
r a b p

   , then we get 

1
a

b

 
  from Theorem 4. Thus, the infinite product 

0

k

k k

a

b






  is divergent from Lemma 3. This means 

that lim 0
q

n
n

x


 . Thus for  ,
,

r a b p
    and for all 

𝑘 ∈ ℕ, 
k

a   implies 
q

x  . In this case, *

,a b
I    is 

not surjective and so 
,a b

I    has not bounded in-

verse from Lemma 1. 

Now let we assume that  ,
,

r a b p
    and for 

some 𝑘0 ∈ ℕ, 
0k

a  . In this case, 1

1

n

n

n

y
x

b





 , since the 

products are zero on the right hand of 2.5). Since for 

𝑛 ∈ ℕ, 0
n

b  , from (2.3), we have 1 1
lim
n

n
b a

 . Since 

every convergent sequence is bounded, there exists 

𝑚 > 0such that 
1

|𝑏𝑛|
≤ 𝑚  for all 𝑛 ∈ ℕ. Therefore we 
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have 

∑|𝑥𝑛|𝑞 < 𝑚𝑞

∞

𝑛=2

∑|𝑦𝑛|𝑞 ≤ 𝑚𝑞‖𝑦‖ℓ𝑞

𝑞
.

∞

𝑛=1

 

 

That is, the operator  
*

,a b
I    is surjective if and 

only if ∈ {𝑎𝑘: 𝑘 ∈ ℕ ,  |𝑎𝑘 − 𝑎| < 𝑎}. Hence 
,a b

I    

has bounded inverse from Lemma 1. 

Corollary 1  

𝐼𝐼𝐼2𝜎(Δ𝑎,𝑏 , ℓ𝑝) = {𝜆 ∈ ℂ:|𝜆 − 𝑎| < 𝑎}               

−{𝑎𝑘: 𝑘 ∈ ℕ ,  |𝑎𝑘 − 𝑎| < 𝑎}.
  

Proof This is clear from Theorem 4 and Theorem 6, 

since      2 , , 1 ,
, , \ ,

a b p r a b p a b p
III III      . 

Theorem 7   3 ,
, .

a b p
III E    

Proof Let us find  *

,
ker

a b
I   . If   *

,
0

a b
I x    ,  

then we have 

 

 

 

 

0 0 0 1

1 1 1 2

2 1 2 3

1

0

0

0
.

0
n n n n

a x b x

a x b x

a x b x

a x b x










  

  

  

  

 

Hence we get 
1

0

0

,  1 .

n

k

n

k k

a
x x n

b






   

Since for ,   and 
k k

E a a a a     , we obtain that 

   

  

* 0

, 0 0 0

0

0 0 1

0 0 0

0 0 1

ker , 0, 0, , , , 0, 0, ,

, , , 0, 0,

0, 0, 0, .

a b

a
I x x x

b

a a a
x x x

b b b




  

  
     

  

    
 
 



This means that if E  , then *

,a b
I    is not one to 

one. Thus for E  , 
,a b

I    does not have dense 

range from Lemma 2. Therefore we get 

 3 ,
, .

a b p
III E    

 

Corollary 2    3 , 3 ,
, , .

a b p a b p
I II       

Proof This is clear from Theorem 7 since from Table 

1.1, 

     

 

, 3 , 3 ,

3 ,

, , ,

,

p a b p a b p a b p

a b p

I II

III

E

  



    

 



 

and 

     3 , 3 , 3 ,
, , ,

a b p a b p a b p
I II III         . 

 
Theorem 8  

(a) 𝜎𝑎𝑝(Δ𝑎,𝑏 , ℓ𝑝) = (𝐷 ∪ 𝐸) − {𝑎𝑘: 𝑘 ∈ ℕ,  |𝑎𝑘 − 𝑎| < 𝑎},  

(b) 𝜎𝛿(Δ𝑎,𝑏 , ℓ𝑝) = 𝐷 ∪ 𝐸,  

(c)  𝜎𝑐𝑜(Δ𝑎,𝑏 , ℓ𝑝) = {𝜆 ∈ ℂ: |𝜆 − 𝑎| < 𝑎} ∪ 𝐸.  

 

Proof (a) This is clear from Theorem 1 and Theorem 

6. 

(b) This is clear from Theorem 7 and Corollary 2, 

since from Table 1.1, 

     , , 3 ,
, , \ , .

a b p a b p a b p
I

 
       

(c) This is clear from Theorem 4 and Theorem 7, since 

from Table 1.1, 

     

 

   

, 1 , 2 ,

3 ,

, 3 ,

, , ,

,

, , .

co a b p a b p a b p

a b p

r a b p a b p

III III

III

III

  



 

    

 

   

 

Corollary 3 (a)  *

,
, ,

ap a b q
D E     

(b) ) 𝜎𝛿(Δ𝑎,𝑏
∗ , ℓ𝑞) = (𝐷 ∪ 𝐸) − {𝑎𝑘: 𝑘 ∈ ℕ,  

|𝑎𝑘 − 𝑎| < 𝑎}.  

Proof This is clear from Theorem 8 and Proposition 1 

(c) and (d). 

 

3. Conclusion 
In 2011, Durna and Yildirim [14] calculated apporox-

imate point spectrum, defect spectrum and compres-

sion spectrum of factorable matrices on 
0

c  using the 

relationship between spectral divisions of operators 

easily. After this study, these spectral parameters are 

taken into account by the authors while the fine divi-

sion of spectrum was found. So far the studies, ap-

poroximate point spectrum, defect spectrum and 

compression spectrum of operators were calculated 

using fine division of spectrum. Generally, it is ob-

tained that operator has dense image or bounded 

inverse using the injectivity and surjectivity of its 

adjoint while the fine division of operator was inves-

tigated. However, it may not be possible to find ad-

joint operator. Even if adjoint operator is found, it 

may not be possible to examine character of obtained 

series while injectivity and surjectivity of operator 

were investigated. For example, on ℓ∞, it is not pos-

sible to mention the adjoint of operator in the usual 

sense since ℓ∞ does not have the Schauder basis in 
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the usual sense. Therefore we will first calculate ap-

poroximate point spectrum, defect spectrum and 

compression spectrum of operator with the help of 

the relationship between spectral division of opera-

tor and spectral division of its adjoint.  
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