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ABSTRACT.  In this work, we construct the new sequence spaces ¢o(Q), c¢(Q), {.(Q) and £,(Q) derived by the
domain of quadruple band matrix, which generalizes the matrices A®, B(r, s, 1), A%, B(r, 5), A, where A3, B(r, s, ),
A?, B(r, s) and A are called third order difference, triple band, second order difference, double band and difference
matrix, in turn. Also, we investigate some topological properties and some inclusion relations related to those
spaces. Furthermore, we give the Schauder basis of the spaces cy(Q), c¢(Q) and £,(Q), and determine « — S~ and
y—duals of those spaces. Lastly, we characterize some matrix classes related to some of those spaces.
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1. INTRODUCTION

The set of all complex valued sequences is a vector space under point-wise addition and scalar multiplication. This
space is denoted by w. Each vector subspace of w is called a sequence space. By £, ¢y, ¢ and £,,, we denote the spaces
of all bounded, null, convergent and absolutetely p-summable sequences, respectively, where 1 < p < co.

Let X be a sequence space such that it is a complete metric linear space with continuous coordinate projections.
Then, we say that X is an FK-space. If the metric of an FK-space X is given by a complete norm, then we say that X
is a BK-space [11].

We know that the spaces £, co and c are all BK-spaces with the norm [|x||c = sup,¢y [xx|. Also, £, is a BK-space

with the norm
> 1
el = (D bael?)”,
k=0
where 1 < p < co.

Let x = (x;) € wand A = (a,;) be an infinite matrix with a,; € C for all n,k € N. Then, the A-transform of x is
defined by

(Ax)y = ) aucxs
k=0
and is assumed to be convergent for all n € N [18]. Here, our convention is that the summation without limits runs
from O to co.
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Let X and Y be two sequence spaces and A = (a,;) be an infinite matrix of complex numbers. Then, the matrix
domain of A in X is defined by

&pﬁx=QQEW:AxeX} (1.1)

Also, the class of all matrices A = (ay;) such that X C Yy is denoted by (X : Y). An infinite matrix A = (a,;) is called
a triangle provided a,; = 0 for k > n and a,, # O for all n,k € N. The inverse of a triangle exists, is unique and a
triangle [18].

The spaces of all bounded and convergent series are defined by bs = ({»)s and cs = cs, respectively, where
S = (sy) is called summation matrix defined by

_J 1, 0<k<n
k=30, k>n,

forall n,k € N.

A Banach Limit is a functional L : {,, — R provided

(1) L(ax, + by,) = aL(x,) + bL(y,) a,beR

(i) L(x,) = 0ifx, >0, Vn e Ny = {0, 1,2, ...}

(iil) L(p’(xn)) = L(x,), p'(x,) = Xn+js Jj=123,..

(iv) L(e) = 1 where e = (1, 1, ...)

Let x = (x,) be a bounded sequence. Then, x = (x,) is called almost convergent to the generalized limit & if
L(x,) = £ holds for all Banach Limit L and denoted by f — lim x,, = £ [10].

Lorenz [10] proved that f — lim x, = & if and only if lim,, e 35—, 7% = £ uniformly in 7.

So the spaces f and fs are defined by

nm—o0

f= {x =(x) ew:AE€C> lim Z xn+kl = & uniformly in n},
=0 m+

and

Xj

m n+k
fs:{x:(xk)ew:ﬂfeCBIimZZ =§uniformlyinn},
k=0 j=0

m—o0 m+1

and called the space of all almost convergent sequences and almost convergent series, respectively.

The theory of matrix transformation is of great importance in the summability theory which was obtained by Cesaro,
Norlund, Borel, Riesz.... So, many authors have constructed new sequence spaces by using matrix domain of infinite
matrices. The usage of matrix domain of difference matrices was first motivated by Kizmaz. He defined the spaces
co(A), c(A) and £ (A) in [8], and many authors followed him by defining the spaces Acy(p), Ac(p) and Al (p) in [1],
co(u, A, p), c(u, A, p) and € (u, A, p) in [2], co(A?), ¢(A?) and €.(A?) in [6], co(u, A?), c(u, A?) and £o(u, A?) in [13],
co(u, A, p), c(u, A%, p) and £o(u, A%, p) in [5], co(A™), c(A™) and Lo(A™) in [7], £w, Co, & and pr in [9], co(B), ¢(B),
{e(B) and £,,(B) in [14], fl(Af) and bv(Af) in [17], h(A?) in [12,16].

2. Four NEw SPACEs

In this section, we construct four new sequence spaces co(Q), c¢(Q), €w(Q) and £,(Q) by using the domain of the
quadruple band matrix, where 1 < p < co. Furthermore, we show that the spaces cy(Q), c(Q), €(Q) and £,(Q) are
linearly isomorphic to the spaces cy, ¢, £ and £, respectively. Moreover, we prove some strict inclusion relations.

Letr,s,t,u € R\ {0}. Then, the quadruple band matrix Q = Q(r, s, t, u) = (qu(7, s, t,u)) is defined by

r , k=n

s , k=n-1
qu(r, s, t,uy=<3 t , k=n-2

u , k=n-3

0 , otherwise,

for all n,k € N. Here, we would like to bring attention that Q(1,-3,3,-1) = A3, o(l, _7% 1, _Tl) = A?, o(r, s,t,0) =
B(r,s,1), 0(1,-2,1,0) = A%, O(r,5,0,0) = B(r, s) and Q(1,—-1) = A, where A3, B(r, 5, 1), A, B(r, s) and A are called

third order difference, triple band, second order difference, double band(generalized difference) and difference matrix,
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respectively. Therefore, our results derived from the matrix domain of the quadruple band matrix are more general and
more comprehensive than the results on the matrix domain of the others mentioned above.

Now, we define the spaces co(Q), c(Q), t(Q) and £,(Q) by means of the domain of quadruple band matrix as
follows:

co(Q) = {x =(xp) eEw: klim(rxk + SXp_1 + IXpp + UXy_3) = O},
—00
c(Q) = {x =(x) Ew: I}im(rxk + SXp_1 + tXp_p + UXy_3) exists},

l(0) = {x = (X)) €W :sup|rxg + sxp—1 + X + uxp_3| < 00},
keN

and
t,(Q) = {x =(x) eEw: Z [rx + sxp_y + txp_p + uxp_3|’ < oo},
k

where 1 < p < co. Unless stated otherwise, any term with negative subscript is assumed to be zero. By considering the
notation of (1.1), we write

co(Q) = (co)g, ¢(Q) = cg, €w(Q) = ({x)g and €,(Q) = (£))0- (2.1)
Let x = (xx) € w. Then the Q-transform of x is defined by
(QX) = i = rxp + sXp1 + tx 2 + UXp_3,
for all k € N.

Theorem 2.1. The followings hold.
(a) The sequence spaces co(Q), c(Q) and €. (Q) are BK-spaces with the norm defined by

Ixlleoc0) = Ixlleco) = Ixllenco) = |QXllco = SUP [rxx + $Xp—1 + EXp2 + UXp_3].
keN

(b) The sequence space t,(Q) is a BK-space with the norm defined by

> 1
IFdle, 0 = 101, = ( D I + sy + 132 + e al?)”,
k=0

where 1 < p < oo

Proof. (a) It is clear that cg, ¢ and £, are BK-spaces according to their sup-norm and Q = QO(r, s, t,u) is a triangle
matrix. Moreover, the relations (2.1) hold. By combining these three conditions and Theorem 4.3.12 of Wilansky [18],
we make inferences that cy(Q), c(Q) and ¢, (Q) are BK-spaces.

(b) This part can be proved by using a similar way. So, we omit the details. This completes the proof. O

Now, let us consider the equation
rz3+sz2+tz+u:O,
where r,s,t,u € R\ {0}. It is well known that, this equation has three roots such that z; = %[a -b-35],2 =
—d[(1-iV3)a—-(1+iV3)b+2s]and z3 = —£[(1 +iV3)a — (1 — i V3)b + 2s], where

3 {/ N(=27r2u + 9rst — 253)2 + 4(3rt — s2)3 — 27r2u + 9rst — 253
‘" 2
and

2
Here and in the following, unless stated otherwise, we assume that yu;, p, and u3 are random three roots of the
equation rz> + sz + tz+u = 0.
Also, by using a simple calculation, we have

b {/ \/(—27r2u +9rst —253)2 + 4Q3rt — 52)3 + 27r2u — 9rst + 283

s t u
Hu i i3 = = Hpy s+ o = and ppouz = —
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s t u
M+ =+ =+~ =0,
r r r
s t
K+ 1+~ + ) + g+~ =0,
2, 2, 2 s t
MY+ Mo + U3+ p o + i3+ pops + ;(/Jl + Mo+ p3) + p =0,

N
#1+/12+#3+;=0.

2.2)
(2.3)
2.4)

(2.5)

Theorem 2.2. The sequence speces co(Q), c(Q), €w(Q) and €,(Q) are linearly isomorphic to the sequence spaces cy,

¢, lw and €, respectively, where 1 < p < oo,

Proof. In order not to reduce repetition, we give the proof of theorem for only the sequence space c(Q).

For the proof, to display of existence of a linear bijection between the spaces c(Q) and c is needed. Consider the
transformation L defined by L : ¢(Q) — ¢, L(x) = Qx. The linearity of L is clear. Also, it is obvious that x = 6

whenever Qx = 6. So, L is injective.
Let y = (yx) € c and define a sequence x = (x;) by

X .
1 k—j—i—v vy |
X = —
k rz' T,

for all k € N. Then, by considering (2.2)-(2.5), we obtain

(OX)r = TrXp+ SXp_1 + tXp—p + UXp_3
k  k—j k—j—i sk—lk]lk]zl
_ k—j—i—v v i k—j—i—v=1 v i
= 22 2 0 0 T
Jj=0 i= j=0 i=0 v=0
¢ k=2 k—j-2 k—j—i-2 u k=3 k—j-3 k—j—i-3
k—j—i—v-2 v i k—j—i—v=3 v |
. zzu Yoye £ 5SS e,
Jj=0 i=0 v=0 j=0 i=0 v=0
’;

Jj=0

k—j—i-2 4
+ (u?+u§+;0ul+uz)+muz+;)

Vi

s t
+ ok Z(ﬂf S D I ol + (o i) + ;)
2,22 u !
|2 H e s s G )
N
+ yk_l(,ul +Ho + 3+ ,j)“‘yk

Yk

for all k € N. Therefore, Qx = y and since y € ¢, we deduce that Qx € ¢, namely x = (x;) € ¢(Q) and L(x) = y. Thus,
L is surjective. Also, we have from the Theorem 2.1 that

IL(Olleo = 11QXle0 = lIxlleco)

for all x = (xz) € c(Q). Since L is norm preserving. Hence, L is a linear bijection between the spaces c(Q) and c, as
desired. So the proof is complete. O

Now, we list the following statements which are needed in the next lemma.

su |ai|? < o0, (2.6)
up 2l
sup |au| < oo, 2.7

n,keN



Four New Sequence Spaces 298

sup Z lal? < oo, 2.8)
q
[s(lelgzk: éank < 00, 2.9)
P
18(;1;):; | éank < o, (2.10)
r}l—{Ic;lo an, =& forall k e N, (2.11)
lim ) au =&, (2.12)

, (2.13)

k
fim > laul = Y| ‘ lim ay
n—oo k k n—oo

where F is the collection of all finite subsets of N, % + é =land1<p < oo

Lemma 2.3 ( [15]). For an infinite matrix A = (a), the following statements hold:
1) A =(an) € (b : t) = (c: l) = (o : ) © (2.6) holds with g = 1.
(i) A = (aw) € () : L) © (2.6) holds with 117 + é =land1 < p < oo.
(iil) A = (aw) € (€] : ) © (2.7) holds.
iv) A =(an) € (lw : ¢) © (2.11) and (2.13) hold.
V) A=(ay) €(c:c) e (2.6), (2.11) and (2.12) hold with g = 1.
(vi) A= (an) €(co:c) e (2.6) and (2.11) hold with g = 1.
(Vi) A = (au) € (¢, : ) & (2.6) and (2.11) hold with  + 7 = 1 and 1 < p < co.
(viii) A = (an) € (¢ : ¢) © 2.7) and (2.11) hold.
(ix) A = (am) € (co : co) © (2.6) and (2.11) hold with q = 1 and &, = 0 for all k e N.
X) A= (aw) € : ) © (2.8) holds with p = 1.
(xi) A = (au) € (€, : €1) © (2.9) holds with % + é =land1 < p < co.
(xii) A = (am) € (co : €1) = (c: £1) © (2.10) holds with p = 1.
(xiii) A= (aw) €, :€p) © A= (an) € Lo : b)) N (L) 1 1), 1 < p < 00,
(xiv) A = (an) € (¢ : €,) & (2.10) holds with 1 < p < oo.
(xv) A = (aw) € (€1 : €p) & (2.8) holds with 1 < p < co.

Theorem 2.4. Let X € {co, ¢, lw, €} and Q = Q(r, s,t,u). Then,
(@) X =Xp, iflusl < 1, Yo € {1,2,3}
(b) X C X is strict, if lus| 2 1, o € {1,2, 3}

Proof. Let us take X € {c, ¢, w0, )} and Q = O(r, s,t,u). By considering the Lemma 2.3 (i), (v), (ix), (x) and (xiii),
we have

SUp > lgui(rs s, £,1)| = lul + 11l + || + I,
neN %

lim g (r, s,t,u) = 0 forall k € N,

n—oo

lim ank(r,s,t,u):r+s+t+u,
k

n—oo

and

sup > 1gue(r, 5,1, w)] = Irl + Il + 1e] + .
keN

Therefore, we obtain Q € (X : X), namely X C Xp.
(a) Let |uy| < 1, Vo € {1,2,3} and H = (hy) be the inverse of Q = Q(r, s, t, u) defined by

ln—kn—k—i n—k—i-v,,v,,i
By = ;ZO Zou, wy . 0<k<n
nk — =0 y=
0 , k>n
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for all n, k € N. Then, we have:
In case of: y) # o # 113

sup Z hl < 1 sup[ pul? = " ol = |l
nell 47 7l pere [ (1= | DIGuy — o)y = p3)l (1 = JuaDIr = p2) (i3 — o)
N sl = sl ]
(1 = 3Dl = p3) (2 = p3)l
< 1 1 1

m[(l DI — ) — gl (1= aaDlar — ) — o)

1
T A DI — ) —u3)|]

< oo,
_ n—k+2 + _ n—k+2 + _ n—k+2
lim o, = lim (2 — 3] (3 — )ity (1 — p2)pts _0
n—oo n—oo r(uy — po)(ur — p3)(po — u3)
forall k € N,
1 2 _ ,n+3 2, n+3
lim S by = —lim[ Bl + M
n—eo £ ronsoo | (1= )y — p2)(n —p3) (1= po)(uy — po)(us — p2)
.\ 3 — s ]
(1 = p3) (1 — p3) (2 — 43)
_ 1[ 1 . 14
L =) — )@y —p3) (1= po)(uy — p2)(us — p2)
4 i ]
(1 = p3)(uy = p3) 2 — p3) |
1 Juas [ |z
su h,, < —su +
pec zn:' dos e [(1 “ DG — ) — )l (= Dl — ) — )]
N sl ]
(1 = |usDIGur = p3) (o — p3)| |
1 [ 1 1
< = +
(AL =l DIy = g2y — p3)l - (1 = |u2DIGy — p2)(u3 — o)
| )
+
(1 = |usDIGur = p3) (o — p3)| |
< oo

Incaseof: u=pu =, =13

(% +5n+ Q)™ = 2% + 4n + )™ + 2 + 3n + )" -2
sup Z || sup

neN 47 neN 2/r|(l = 1)
1
< -
Irl(1 = |ul)?
< o0

>

k(- k +2)(n—k + 1
lim fyy = lim K=k D=kt D

n—oo n—oo 2r

0
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forall k € N,
fim S Ay = lim (7 + 5n+ 6)u™ — 2(n* + 4n + 3™ + (0 + 3n + 2u3 -2
n—oo n—oo 27'(].1 - 1)3
_ 1
o=
sup ) |hul =
keN Z A1 - I,uI)3
Incaseof: u=p; = p;#py, 0, j,A €{1,2,3}
Jul |eeallpd
sup ) |hul < — sup[
neN Z & Pl et [ i = pal(l = 1 | = pal?(1 = |ual)
2
N |/;A|
e = pal>(1 = |pal) |
1 1
< = 5+ 5
Il I = pal(ul = 1) = pal>(1 = ud)
| _
+
e = pal>(1 = |pal) |
< oo,
, s (TR GRS S VT B e
lim A, = lim 5 =0
n—oo n—oo r(/‘l _/J/l)
forall k e N,
. 1. [-m+2u" 2 +(n+ D3 +pu
lim hy = - lim 5
n—oo  n—oo (ll_ﬂ/l)(l'l_ 1)
™ = p) Hi =i }
(M=w)*@w—=1) (= p)* @ —1)
_ 1 [ Ju _ M
rlu=p)@ =12 (u—p)*(1 = p)
. ﬂ—]
(u—p)*A =) |
1 lul |eeallpd
sup > Il < — sup[
keN Z Pl ker [ e = pal(ued = 1 = pal>(1 = |ul)
2
N |,l;1| ]
e = pal>(1 = lual)
1 1
S >+ 2
Il = gl = 1) = pal>(1 = )
=
+
e = pal>(1 = lual)
< oo,

Therefore, we obtain H € (X : X), namely X, C X. Hence, X = Xp.
(b) We know that the inclusion X C X, holds. Let |u,| > 1, o € {1,2, 3}. Now, we define four sequences such that

n-2 n—i-2

2 2, M

i=0 v=

n—i-2—-v v i

HoH3

n={; L
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. g3 ={=1"(+3)] and ¢4 = {(-1)]

neN ne neN’

P2 = {n}
If |uy| > 1, o € {1,2,3}, then
In case of: ) # o # 113

- {(ﬂz — MM + (U3 — DM + ( —,uz)ug’} ‘X
r(un — p2) (i — 3)(p2 — p3) e
Incaseof: u=pu =, =13
{,u”zn(n -1
Y1=\"""F7_

X.
2r }n€N¢
In case of: = p; = p; # pa, i, j, A €{1,2,3}

n—1 n
H [(#—#A)(n—l)—#a]“‘,u/l}
= X.
4 { r(u = p1)? neN *

But Q¢ = e? =(0,0,1,0,...) € X, that is ¢1 € Xp. So, ¢ € Xp \ X.
If lus| = 1, do € {1,2,3}, then ¢; € Xp \ X whenever X € {co, {,,}.
Let X € {c, {}. Then, there are two cases such that
(I) in case of uy = 1, namely r + s + ¢ + u = 0, we obtain Qo = (r —t = 2u,r —t —2u,...) € X. So, ¢, € Xp \ X
(II) in case of u, = —1, thatis r— s+t —u = 0, we obtain Qgsz = {(—1)”(2r— S+ u)}neN € {w, Qs = (0,0,0,...) e c.
S0, 3 € (fe)g \ £ and @4 € ¢ \ ¢. Considering the result of all these, we obtain that the inclusion X C X is strict.
This completes the proof. o

Theorem 2.5. Ifr+ s+t + u = 0, the inclusion ¢ C co(Q) is strict.

Proof. Suppose that r + s + t+u = 0 and x = (x) € ¢, that is limy xx = [. Then, we have lim;_,(Qx); =
(r+s+t+ul =0. So, Ox = ((Qx)r) € co, thatis x = (xx) € co(@). This gives us that the inclusion ¢ C co(Q)
holds. Now, we define a sequence z = (zi) such that z;z = In(k + 4) for all k € N. Then, it is clear that z = (z) ¢ c,
but Qx = ((Qx)) = (sln(’ﬁ) + tln(%) + uln(iﬁ)) € cg, namely z = (zx) € co(Q). As a consequence, the inclusion
¢ C co(Q) strictly holds. The proof is complete. O

Theorem 2.6. The inclusions €,(Q) C co(Q) C c(Q) C Lo(Q) strictly hold.

Proof. It is known that the inclusions £, C ¢y C ¢ C { hold. Then, it is clear that the inclusions £,(Q) C ¢y(Q) C
c(Q) € €-(Q) hold. Let us now consider three sequences x = (xi), ¥y = (yx) and z = (zz) defined by

| & gk o 1
- —j=i=v v i 1) E
X = ;Z s+ 1),
7=0 i=0 v=0
1 k  k—j k—j—i
_ k—j—i—v vy |
Ve = v My M35
=0 i=0 v=0
and
| & ek
_ k—j=i—v v i J
= z Z My Hops(— 1)
=0 i=0 v=0

for all k € N. Then, we have Ox = ( ! l) € oo\ Oy = (L1, 1,.) € ¢\ coand 0z = (=1)}) € €w \ ¢, namely

(k+l)”
x = (x) € co(Q)\ €,(Q),y = ) € c(Q) \ co(Q) and z = (zx) € Ce(Q) \ c(Q). As a consequence the inclusions
£,(Q) C co(Q) C c(Q) C €u(Q) are strict. This completes the proof. |

Lemma 2.7 ([15]). A = (an) € (b : ¢o) if and only if lim } |au| = 0.
n—oo k

Theorem 2.8. The sequence spaces ., and cy(Q) overlap but do not include each other.
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Proof. Let us consider the quadruple band matrix Q = (gx(r, s, t,u)) and Lemma 2.7. Then, we obtain

fim " 1gu(r, 5, 6,10 = |1l + Is| + ] + Jul # O
n—oo T

for all r, s,t,u € R\ {0}. This means that, Q ¢ ({« : c¢), namely for at least a = (ax) € €w, Qa ¢ cg. So, £ ¢ co(Q).
Now, we define two sequences b = (b;) and d = (d;) such that b, = 47 and d; = 5**3 for all k € N. Then, it is clear
that b = (by) € € N co(Q). By assuming » = t = 1 and s = u = -5, we obtain that Qd = (0,0,0,...) € ¢y, namely
d = (dy) € co(Q)butd = (di) ¢ le- S0, € N co(Q) # @ and co(Q) ¢ €. So the proof is complete. O

Theorem 2.9. The inclusions €,(B) C £,(Q), co(B) C co(Q), c¢(B) C c(Q) and t(B) C {o(Q) strictly hold, where
B = B(b1, by, b3) = (by) is triple band matrix defined by

b] N k=n
b, = b2 5 k=n-1
nk by , k=n-2
0 , otherwise

foralln,k € N and by,b,,b; € R\ {0}.

Proof. Consider the quadruple and matrix Q = Q(r, s, t, u). In case of u = 0, we obtain Q(r, s,t,0) = B(b1, by, b3). So,
the inclusions £,(B) C £,(Q), co(B) C co(Q), c(B) C ¢(Q) and £(B) C £ (Q) hold. Assume that r, s,¢,u € R \ {0}. Let
us define two sequences x = (x;) and y = (y;) such that x; = k*+3k+2and vi = (k+ 2)3 for all k € N. Then, we obtain

(Bx)k = (b] + b2 + b3)k2 + (3b] + b2 - b’;)k + Zbl,
(Ox) = (r+s+1+wk>+QGr+s—1-3uwk+Qr+2u),
(By)i = (b1 + by + b3)k> + (6b1 + 3by)k* + (12by + 3by)k + (8by + b»),
and
(Qy) = (r+ s+t + wk® + (6r + 35 — 3u)k* + (127 + 35 + 3u)k + (8 + 5 — 1)
for all k € N. So, we can see that
(DIn case of by, by, b3 € R\ {0}, Bx ¢ co, £, and By ¢ ¢, {w, namely x € co(B), {,(B) and y ¢ c(B), {(B),

(IDIn case of s = =3r,t = 3r,u = —rand r € R\ {0}, Ox € co,{, and Qy € ¢, {, namely x € co(Q), {,(Q) and

y € c(Q), €w(Q),
As a results of these the inclusions £,(B) C €,(Q), co(B) C ¢o(Q), c(B) C ¢(Q) and €o(B) C {o(Q) strictly hold.
This completes the proof. O

3. THE ScHAUDER Basis aND @—, S—, y— DuaLs

In this section, we give the Schauder basis of the spaces cy(Q), c(Q) and £,(Q) and determine -, - and y-duals
of the spaces ¢o(Q), c(Q), £-(Q) and £,(Q), where 1 < p < co.
Let (X, ]|.llx) be a Banach space and (b,,) be a sequence in X. Then, (b,) is called a Schauder basis if for every x € X
there is a unique sequence (4,,) of scalars such that

=0.
X

lim

n—oo

X — Zn: /lkbk
k=0

Let X be a sequence space. Then, a-, 8- and y-duals of X are defined by

X"z{az(ak)ew:VxEX,axz(akxk)€€1},

Xﬁz{az(ak)ew:VxeX, ax:(akxk)ecs},
and
Xyz{a:(ak)ew:\/xeX, ax:(akxk)ebs},

respectively.
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Theorem 3.1. Let i = (Ox)i for allk € N, and let | = limy_oo xi. Let d®(r, s, t,u) = {dﬁlk)(r, s, 1, u)} o for evey fixed
k € N and g = (g,) be two sequences such that

0 , 0<n<k
d(k) r, S, tu) = n—k n—k—i - R
n ( ) %Z%) ZO sz—k—t—mﬂxzzﬂg , n> k
i=0 v=

and

n n—jn—j—i

Z DT

j=0 i=0 v=

8n =

N =

forall n € N. Then,

(a) Schauder basis of the sequence spaces co(Q) and €,(Q) is the sequence {d(k>(r, s, t, u)}
or £,(Q) can be uniquely represented by the form

X = ZXkd(k)(r, s, 1, u).
k

. and every x € co(Q)

(b) Schauder basis of the sequence space c(Q) is the sequence {g, dO®, s, t,u), dV(@, s, 1, 1), } and every x € ¢(Q)
can be uniquely represented by the form

x=1Ilg+ Z[,\/k - l]d(k)(r, s, tu).
k

Proof. (a) One can easily seen that
0d®(r,s,t,u)y = e® €, t,, 1 <p<oco, keN,

where ¢ is called k-th unit vector so that ¢® = (0,0, ..., 1.0, 0, ...) where only the Kk place is 1 and zero otherwise.
(k) (k)
Therefore, {d®(r, 5,1, u)}keN c co(Q) and {d¥(r, s, 1, u)}keN C £,(Q) hold.
Let us take x € co(Q) or £,(Q), 1 < p < oo and define
X = ZXkd(k)(r, S, 1, 1)
k=0
for all m € N. Then, by applying the quadruple band matrix Q = Q(r, s, t, u) to x"!, we get

m

ox" = Z){de(k)(", s,tu) = Z(Qx)ke(k)
k=0 k=0

and
0 0<n<m
_ ml — s = =
oG-}, { Q1) . n>m
for all n,m € N.
For arbitrarily given € > 0, there exists a my € N such that

QX! < g

and

21 o <(5)

for all m > mp and 1 < p < oo. Then, we have

€
llx = x| oc0) = sup [(Qx),] < sup [(Qx),| < = <€

ms, mo<n 2

and

00

b= 2o = (S 100a) < () 1) <

n=m+1 n=my+1

<€

N m
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for all m > my. This gives us that,

X = Z/\/kd(k)(}’, s, t,u).
k
Now, we suppose that x = (x;) has another representation such that

X = Z /lkd(k)(r, s, t,u).
k

Because of the transformation L defined by L : ¢o(Q) — ¢o or L : £,(Q) — {,, L(x) = Qx is continuous, we
obtain that

(Qx), = Zak {0, 5,1,u)) sze@ =

for all n € N. This result contradicts the fact that, (Qx), = x, for all n € N. As a consequence, the representation of
the sequence x € ¢(Q), £,(Q) is unique.

(b) It is obvious that, {d(k)(r, s, t, u)}keN C co(Q) and Qg = e € c. This implies that, the inclusion { 2, d®r, s,1, u)}keN
c(Q) holds.

Let y = x — Ig for arbitrarily taken x = (x;) € c(Q), where [ = limy_,. yx. Then, it is clear that y = (y;) € co(Q).
It follows that y = (y;) has a unique representation according to part (a). So, every x = (x;) € c(Q) can be uniquely
written on the form

x=Ilg+ Z[,\/k — 11d®(r, s, 1, u).
k
So the proof is complete. O
By using the results of Theorem 2.1 and Theorem 3.1, the next result can be given.
Corollary 3.2. The sequence spaces co(Q), c(Q) and £,(Q) are separable, where 1 < p < co.

Theorem 3.3. Define the sets 11, T, and 13 by

1 n—k n—k—i
T =3a=(ay) €w: sup Z - Z u’l’*k*’*‘,u;,ugan <ooyp,
Ker "0 1 kek =0 v=0
n—k n—k—i
a= u"klv,u;,u’%an<oo
keN i=0 v=0
and
n—k n—k—i q
a=(@)ew: Z DT e < oot
Kef nEK i=0 v=l
where F is the collection of all finite subsets ofN, > + S=land1 < p < oo

Then, the followings hold.
@ {co(@}" = {c(Q)}* =11
(i) {61(Q))" = .
(iii) {fp(Q)} = T3, where 1 < p < oo,

Proof. We only prove the part (i) as a sample. The rest of the theorem can be proved by using similar methods and
Lemma 2.3.
(1) By considering the Theorem 2.2, take a sequence x = (x,,) with

n n—k n—k—i

DN G.1)

k=0 i=0 v=0
for all n € N. Then, for each a = (a,) € w, we have

1 n  n—k n—k—i

k— 2851,
Xy = ~ Z Z Z P i anye = (V)

k=0 i=0 v=0
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for all n € N, where V"5 = (v;’]f’t’”) is defined by

n—k n—k—i .
vr,s,tu _{ Z Z /ln lv/lé,ugdn R 0<k<n

nk i=0 v=0
0 , k>n

for all n, k € N.

The above result implies that ax = (ax;) € €1 whenever x = (x;) € co(Q) or c(Q) if and only if V™5y € ¢,
whenever y = (y;) € ¢ or ¢, namely a = (a,) {co(Q)}* = {c(Q)}* if and only if V"* € (¢q : £1) = (c : ;). It follows
from this result and Lemma 2.3 (xii) that

1 ‘ —k—i-v v i
a = (@) lo(Q))" = {e(Q))* = sup Y. ‘—Z W | < oo,
ker SOk 20 =0
Consequently, {co(Q)}* = {c(Q)}* = 71. This completes the proof. O

Theorem 3.4. Define the sets T4, Ts, Te, T7 and Tg by

n o j-k j—k—i
j—k—i—v v o1

M l‘zﬂéaj

T4={a=(ak)€w supz P

q
<oop, 1<g<oo,
neN 20 M ik 20 v=0

—k j—k—i

1 (o]
75 = {a =(a) Ew: — Z ;1{ k=i ‘wspta; exists for each k € N},
r 4

~.

I
(=}
<

Jj=k i =0

ok k=i
k-
Z w T by exists

1 .
T¢ =13a=(a) €w:— lim
I n—oo
k=0 j=k i=0 v=0

1 n  j—k j—k—i
_ _ J—k—i—v vy |
77 =<1a = (ay) Ew: sup " M Hapsa | < oo
nkeN T ok i=0 v=0
and
1 n j-k j—k-i
. J=k=i=v v i
wefom@ens B3 W e
k j=k =0 v=0
o jk j—k=i
_ 1 J=k—i—v vy i
= - H Hapzdji o
k j=k i=0 v=0

Then, the followings hold.
() {co(Q)Y =14 N 15, where g = 1.
(i) {c(Q)Y =14NT5N T4, where g = 1.
(i) {61(Q)Y =157
(@) (6,0 =75 N7y, where 1 < p < and 1 < g < .
W) {le(QY = 15N 18
(vi) {co(Q)Y ={c(Q)} =74, where g = 1.
(vii) {61(Q)) = 77.
(viii) {€,(Q)f =14, where 1 < p < coand 1 < g < oo,
(%) {€(Q)Y =14, where g = 1.

Proof. We only prove the part (i) as a sample. The rest of the theorem may be proved by using similar methods and
Lemma 2.3.
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(1) Let us take an arbitrary sequence a = (a;) € w and consider the sequence x = (x;) defined by the relation (3.1).
Then, we write

n n 1 k  k—j k—j—i
_ k—j—i—=v v |
QX v Hy HoM3Y j |Gk
k=0 k=0 j=0 i=0 v=0
i~k

n 1 n j—k j—k—i
_ J=k=i-v v i
r —

[

1 #zﬂéaj]yk

— (EV,S,l,lly

for all n € N, where E"*"* = (¢/"") is defined by

Lon ki
AT V1
PSR B 22 XM wpia; , 0<k<n

ok j=k i=0 v=0
0 , k>n

for all n, k € N.
The above calculation implies that ax = (a;x;) € c¢s whenever x = (x;) € co(Q) if and only if E™*"*y € ¢ whenever

y = (y) € ¢o, namely a = (a,) € {co(Q)) if and only if E"*"* € (cy : c). By considering Lemma 2.3 (vi), we see that
a = (ay) € {co(Q)) if and only if

n n Jj—k j—k—i
1 jokeiov
sup ; /,ll ,112/13aj < 00
neN 3o ' %k 0 v=0
and
o jk j—k—i
! k—imv i .
- My Hypsa; exists for each k € N.
"= 0 o
As a consequence of this, we deduce that {co(Q)}ﬁ =14 N 75, where g = 1. This completes the proof. O

4. SoME MATRIX TRANSFORMATION RELATED TO THE FOUR NEW SEQUENCE SPACES

In this section, we characterize some matrix classes related to the spaces co(Q), c(Q), {(Q) and £,(Q), where
1 <p<oo.
In order to simplify notation, we shall use the equality defined by

. 14 icy v
5.0, k=i
gt==) W st
for all n, k € N, throughout the section 4.

Now, we give following two lemmas to use it in the section 4.

Lemma 4.1 ( [18]). The matrix mappings between BK-spaces are continuous.

Lemma 4.2 ( [3]). Let X, Y be arbitrary two sequence spaces. Then, A € (X : Y7) & TA e (X :Y), where A is an
infinite matrix and T is a triangle matrix.

Theorem 4.3. For an arbitrarily given infinite matrix A = (ay) of complex numbers, the followings hold.
(i) A€ (c(Q): tp)ifand only if

P
sup Z Z gt < oo, .1)
Ker 57 ek

g;’]f”’” exists for all k,n € N, 4.2)

Z g converges for alln € N, -
%
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moy oo ki
sup - Z ,u{ k=i V,u;,ugan] <o, neN, 4.4)
mel 32 17 2% 0 V=0
where 1 < p < co.
(i) A € (c(Q) : tw) if and only if (4.2) and (4.4) hold, and
sup Z P 4.5)

neN

Proof. Because of the part (ii) can be proved by using a similar way, by taking Lemma 2.3 (i) instead of Lemma 2.3
(xiv), we shall give the proof of theorem 4.3(i).

(1) Let us take x = (x;) € ¢(Q) and assume that the conditions (4.1)-(4.4) hold. Then, by using Theorem 3.4 (ii),
we have {au ey € {c(Q)) for all n € N. Hence, the A-transform of x exists. Let us define a matrix H"*" = (h;’,f’z’”)
such that A" = g™ for all n,k € N. Accordig to condition (4.1), H"*"* = (k") satisfies Lemma 2.3 (xiv). So,
HSbu ¢ (C gp)

Now, we write the following:

m 1 m m j—k j—k—i
J=k—=i-v v i
Ank Xk = ; H Mol3an Yk
k=0 k=0 j=k i=0 v=0

for all n,m € N.
So, letting m — oo side by side, we see that

Z Ank Xy, = Z gy (4.6)

whence, taking £,-norm, we obtain
lAxll, = IlH"*"yll;, < oco.

This gives us that Ax € £,, namely A € (c(Q) : p).

On the contrary, let us assume that A € (¢(Q) : £,,). By combining Lemma 4.1 and the fact that the spaces ¢(Q) and
¢, are BK-spaces, we can say that

lAxlle, < Ml|xllco)

for every x = (x) € c(Q).

Consider the sequence x = (x;) defined by x; = Yk d®(r, 5,1, u) for every fixed k € N, where d®(r, 5,1,u) =
{dflk)(r, s, 1, u)}neN and K € ¥ . Because of the inequality (4) holds for all x = (x;) € ¢(Q), we can write

1
N
lAxly, = (D] D g

n  kekK

1
g S M”x”c'(Q) = M’

Hence (4.1) holds.
By considering the assumption, we figure out that the matrix A = (a,x) can be applied to the space c(Q). As a
consequence of this the conditions (4.2)-(4.4) obviously hold. This completes the proof. O

Theorem 4.4. For an arbitrarily given infinite matrix A = (a;) of complex numbers, A € (c(Q) : ¢) if and only if (4.2),
(4.4) and (4.5) hold, and

lim g™ = ay for all k € N, 4.7)
lim Z gt = (4.8)

Proof. By taking arbitrary sequence x = (x;) € c¢(Q), we assume that the conditions (4.2), (4.4), (4.5), (4.7) and (4.8)
hold for an infinite matrix A = (a,;). If we consider the Theorem 3.4 and the supposed conditions, we conclude that
{@urtren € {C(Q)}ﬂ for all n € N, and therefore Ax exists. According to conditions (4.5) and (4.7), we can write

la;| = hm Ig””‘l < sup Igr””
Z Z Z
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for all k € N, which yields that (a;) € ¢, and so the series ), ax(yx — [) converges, where limy_,., yx = [, namely
y € c¢. If we connect Lemma 2.3 (v) with conditions (4.5), (4.7) and (4.8), we obtain that G"*"** € (¢ : ¢). Moreover,

according to condition (4.6), we get
Zankxk_zgi”?tu _l)+lzgrYtll (49)

for all n € N. Letting n — oo side by side in (4.9), we obtain that

lim (Ax), = ) axlye = D) + la,
k

which yields that A € (¢c(Q) : ¢).

On the contrary, we suppose that A € (c¢(Q) : ¢). If we consider the inclusion relation ¢ C ¢, we deduce that
A € (c(Q) : t~). By connecting this result and Theorem 4.3 (ii), we obtain that the conditions (4.2), (4.4) and (4.5)
hold.

Now, let us consider the sequences d¥(r, s, t,u) = {dﬁlk)(r, s, 1, u)} . and x = 3, d®(r, 5,t,u). Then, it is clear that

Ad®(r, s,t,u) = {gf{,f’t’”} o €cand Ax = {Zk g ””} o € ¢ forall k € N. This gives us that the necessity of (4.7) and
n n

(4.8) hold. This completes the proof. O

Theorem 4.5. For an arbitrarily given infinite matrix A = (ay) of complex numbers, the followings hold:
(i) A € (L1(Q) : lw) if and only if

sup [gh ™| < oo (4.10)
k,neN
(ii) A € (£,(0) : t) if and only if
su ”’“ < oo, 411
w2 i @10
{@nkbker € T4, (4.12)

where 1 < p < .
(iii) A € (£w(Q) : L) if and only if (4.5) holds, and

m j—k j—k—i
,iii?o Z ] = Z g7 (n € N). (4.13)
j=k i=0 v=0 k

Proof. Because of the parts (i) and (iii) can be proved by using a similar way, we shall give the proof of theorem for
only part (ii).

(ii) By taking arbitrary sequence x = (xz) € £,(Q), we assume that the conditions (4.11) and (4.12) hold for an
infinite matrix A = (a,x). Then according to Theorem 3.4 (iv), it is clear that {a.}ren € {t’p(Q)}ﬁ for all n € N.
Therefore, Ax exists.

If we take {.,-norm (4.6) side by side and apply Holder’s inequality, respectively, we have

rs,tu
2| = sup| D"

k
- p(Zh (S <o

which yields that Ax € ., namely A € (£,(0) : {c).

On the contrary, let us assume that A € (£,(Q) : {w). Then, because of {au}ren € {ZP(Q)}ﬁ for all n € N by the

hypothesis, the condition (4.12) holds and {gl:’,f”’”}n,kEN exists. Moreover, according to same reason, the condition (4.6)

holds and the sequences a,, = {a,}ren define the continuous linear functionals f, on £,(Q) by

Ful0) =) amx

k

llAX]loo

sup
neN

= sup
ne.
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for all n € N. Also, from Theorem 2.2, we know that £,(Q) and £, are norm isomorphic. By connecting this result and
condition (4.6), we obtain

1,
1fll = gy Hrentlly,

which yields us that the functionals are pointwise bounded. According to Banach-Steinhaus theorem, we deduce that
the functionals are uniformly bounded, namely there exists a M > 0 such that

(Z| ) = lfll < M

holds for all n € N. This gives us that the condition (4.11) holds. This completes the proof. O

Theorem 4.6. For an arbitrarily given infinite matrix A = (a) of complex numbers, A € (€,(Q) : {,,) if and only if

”“‘ s 4.14
2up 2l <o 19

where 1 < p < o,

Proof. By taking arbitrary sequence x = (x) € £;(Q), we suppose that the condition (4.14) holds. Then, it is obvious
that y € £; and according to Theorem 3.4 (iii) {@u }ren € {€1(Q)) for all n € N, namely Ax exists. Hence, Y, g””‘yk is
absolutely convergent for every fixed n € N and each y € £;.

Now, by applying Minkowski’s inequality to (4.6), we get

(Z |(Ax)n|P) Z byl (Z

which yields us that Ax € £, namely A € (£,(Q) : £,,).

On the contrary, let us suppose that A € (£1(Q) : £,), where 1 < p < co. Then, it is clear that Ax exists and belongs
to £, for all x = (x¢) € £1(Q). So, {autken € { é’](Q)}ﬁ for all n € N, which gives us the relation (4.6) holds.

Now, we define a matrix D = (d,;) such that d,;, = g””‘ for all n, k € N. Therefore, it is obvious that D € (¢, : ).
By considering the Lemma 2.3 (xv), we deduce that the condition (4.14) holds. This completes the proof. O

1
rs,tu|P\?
| ) < 0o,

Theorem 4.7. For an arbitrarily given infinite matrix A = (ay) of complex numbers, the followings hold.
(1) A € (L1(Q) : f) if and only if (4.10) holds, and

f—limgis = 4 Vk e N. (4.15)

(ii)) A € (£,(Q) : f)ifand only if (4.11), (4.12) and (4.15) hold, where 1 < p < oo.
(iii)) A € ((x(Q) : f) if and only if (4.5), (4.13) and (4.15) hold, and

: 1 S 1,8, tu
tim Y| Dt -
k o=0
Proof. Since the parts (i) and (iii) can be proved similarly, we shall give the proof of theorem for only part (ii).

(ii) By taking arbitrary sequence x = (xz) € €,(Q), we suppose that the conditions (4.11), (4.12) and (4.15) hold.
Then, Ax obviously exists. If we consider the condition (4.15), we can write

1,
|m+12g2i;2

unifromly in 7, for all k € N. This leads us with (4.11) to the inequality
k k m
1 q
q _ : 1,8,tu
;O el = lim D Z Snise

q
r,S,tu
wp 2 Z o =
p ‘m+1 n+<p,(r

n,meN

Ak| = O uniformly in n.

— |4l (m — o)

(uniformly in n)

IA

M < oo

holds for each k € N. Hence, (1;) € €.
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By the hypothesis, we know that y = (y) € £, whenever x = (x;) € £,(Q). Then, by using Holder’s inequality, we

can write
2 Mo <(Zuk|‘f) (Zw) <,

which yields (Axyx) € €;. Also, since y = (y) € £, for all € > O there exists a fixed kp € N such that

( Z kal”)

k=ko+1

Then, there exists some my € N by (4.15) such that

SIELER R
— [m +1 O_Z::g"*"" B /lk]yk
for all m > my, uniformly in n. By considering these two results and by applying Holder’s inequality, we can write
% ;)(Ax)n-ﬂp - ; AYe| = Z [m i 1 Z Sk~ ﬂk]yk
m
Z [ 2z
|

1 r,8,tu
9\q
r,S,tu
+1 Zgn+(r,k + Mk'] )

IA

A
N m
+
—_
=M1
T:‘

for all m > myg, uniformly in n, which yields us that Ax € f, namely A € (£,(Q) : f).
On the contrary, we assume that A € (£,(Q) : f). Then, if we consider the inclusion f C {., we deduce that
A € (£,(Q) : £w), which yields us that the conditions (4.11) and (4.12) hold.

Now, we consider the sequence d¥(r, 5,1, u) = {d(k)(r s, t, u)} € ¢,(Q) defined in the Theorem 3.1. Because of

the assumption A € (£,(Q) : f), we can write AdX(r, 5,1, u) = { " ””} o € f for all k € N. This gives us the condition
(4.15) holds. This completes the proof. O

In Theorem 4.7, if we use ordinary limit instead of f-limit, we can give the next corollary.

Corollary 4.8. For an arbitrarily given infinite matrix A = (au) of complex numbers, the followings hold.

1) A € (€1(Q) : ¢) if and only if (4.7) and (4.10) hold,
(ii) A € (€,(Q) : ©) ifand only if (4.7), (4.11) and (4.12) hold, where 1 < p < oo,
(iii) A € (£x(Q) : ¢) if and only if (4.5), (4.7) and (4.13) hold, and
lim =0.

n—oo

r,S,tu
gk /lk

k
Finally, by the aid of the Lemma 4.2, Theorems 4.3, 4.4, 4.5, 4.6, 4.7 and Corollary 4.8, the next result can be given.

Corollary 4.9. Assume that the matrix C = (cyy) is defined by

Cnk = Fapg + SAn-1 4 + 1ap-2k + U3
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foralln,k € N, where A = (a) is an infinite matrix with complex entries. Then, the necessary and sufficient conditions

in order to A belongs any of the classes (c(Q) : €,(Q)), (c(Q) : £x(Q)), (c(Q) : c(Q)), (£1(Q) : (), (£,(0) : £(Q)),
(le(Q) : €e(Q)), (€1(Q) = £,(Q)), (L1(Q) = (D)), (£,(Q) = c(Q)) and (L(Q) : c(Q)) are determined, if the matrix
A = (ay) is replaced by the matrix C = (cu) in the required ones in Theorems 4.3, 4.4, 4.5, 4.6, 4.7 and Corollary 4.8.

5. CONCLUSION

By remembering the definition of Quadruple band matrix, we arrive at a decision that Q(1,-3,3,-1) = A3,
o, ‘73 1,3 = Af o(r, s,1,0) = B(r, s,1), Q(1,-2,1,0) = A%, O(r, 5,0,0) = B(r, s) and Q(1,—1) = A, where A3,
B(r, s,1), A%, B(r, s) and A are called third order difference, triple band, second order difference, double band(generalized
difference) and difference matrix, in turn. Also, Quadruple band matrix is not a special case of m-th order generalized
difference matrix B™ defined in [4] and is not a special case of the weighed mean matrices. Therefore, this work fills
up a gap in the known literature.
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