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ABSTRACT

For any semi-Riemannian manifold (}/,g) we define some generalized curvature tensor F as a
linear combination of Kulkarni-Nomizu products formed by the metric tensor, the Ricci tensor and
its square of given manifold. That tensor is closely related to quasi-Einstein spaces, Roter spaces
and some Roter type spaces.
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1. Introduction

Let (M, g) be a semi-Riemannian manifold. We denote by g, R, S, « and C, the metric tensor, the Riemann-
Christoffel curvature tensor, the Ricci tensor, the scalar curvature and the Weyl conformal curvature tensor of
(M, g), respectively. Further, let A A B be the Kulkarni-Nomizu product of symmetric (0, 2)-tensors A and B.
Now we can define the (0, 2)-tensors S? and S?, the (0,4)-tensors R - S, C - S and Q(A, B), and the (0, 6)-tensors
R-R,R-C,C-R,C-Cand Q(A,T), where T is a generalized curvature tensor. For precise definitions of the
symbols used, we refer to Section 2 of this paper, as well as to [34, Section 1], [37, Section 1], [38, Chapter 6] and
[45, Sections 1 and 2].

A semi-Riemannian manifold (M,g), dim M = n > 2, is said to be an Einstein manifold [2], or an Einstein
space, if at every point of M its Ricci tensor S is proportional to g, i.e.,

s="y4 (1.1)
n
on M, assuming that the scalar curvature « is constant when n = 2. According to [2, p. 432] this condition is

called the Einstein metric condition.
Let (M, g) be a semi-Riemannian manifold of dimension dim M = n > 3. We set

2 —try(S?)

-2
E:g/\SQ—&-LS/\S—/@g/\S—i—H gAg. (1.2)
2 2(n — 1)

Itis easy to check that the tensor E is a generalized curvature tensor. Further, we define the subsets i/ and Us of
MbyUr ={z € M|R - 255, G #0atz}andUs = {x € M| S — 7 g # Oatz}, respectively, where G = 1gng.
If n > 4 then we define the set U/ C M as the set of all points of (M, g) at which C # 0. We note that if n > 4
then Us UlUc = Ur (see, e.g., [24]).

An extension of the class of Einstein manifolds form quasi-Einstein, 2-quasi-Einstein and partially Einstein
manifolds. A semi-Riemannian manifold (1, g), dim M = n > 3, is said to be a quasi-Einstein manifold, or a
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quasi-Einstein space, if
rank (S —ag) =1 (1.3)

on Us C M, where « is some function on Us. It is known that every non-Einstein warped product manifold
M xp N with a 1-dimensional (M,3) base manifold and a 2-dimensional manifold (N,g) or an (n — 1)-
dimensional Einstein manifold (N, ), dim M = n > 4, and a warping function F, is a quasi-Einstein manifold
(see, e.g., [7, 34]). A Riemannian manifold (M,g), dim M =n > 3, whose Ricci tensor has an eigenvalue
of multiplicity n» — 1 is a non-Einstein quasi-Einstein manifold (cf. [23, Introduction]). We mention that
quasi-Einstein manifolds arose during the study of exact solutions of the Einstein field equations and the
investigation on quasi-umbilical hypersurfaces of conformally flat spaces (see, e.g., [27, 34] and references
therein). Quasi-Einstein hypersurfaces in semi-Riemannian spaces of constant curvature were studied among
others in [29, 40, 43, 61] (see also [27] and references therein). Quasi-Einstein manifolds satisfying some
pseudosymmetry type curvature conditions were investigated recently in [1, 7, 24, 31, 42]. Quasi-Einstein
hypersurfaces in conformally flat semi-Riemannian manifolds were studied in [55, 78]. In those papers
quasi-Einstein hypersurfaces were called pseudo-Einstein hypersurfaces (see also [66, 71]). Similarly, in
[50, 86, 87] quasi-Einstein semi-Riemannian manifolds (hypersurfaces) were called pseudo-Einstein manifolds
(hypersurfaces).

Let (M, g), dim M = n > 3, be a semi-Riemannian manifold. We note that (1.3) holds at a point = € Us C M if
and only if (S —ag)A (S —ag)=0atz,ie.,

1 a?
ESASfozg/\S+?g/\g:0 (1.4)
at z (cf. [61, Proposition 2.1]). From (1.4), by a suitable contraction, we get immediately
S$? = (k—(n—2)a)S+a((n—1)a—k)g. (1.5)
Using (1.1) we can easily check that the following equation is satisfied on any Einstein manifold (M, g)
) 2 _ 2
gnS2+ =2 gns —wgnsy S o, (1.6)
2 2(n— 1)

i.e., E =0 on M, where the tensor F is defined by (1.2). Moreover, as it was stated in [28, Lemma 2.1], (1.6)
is satisfied on every quasi-Einstein manifold (1, g), n > 3. The converse statement also is true. Precisely, from
Proposition 2.1 it follows that if (M, g), n > 4, is a semi-Riemannian manifold satisfying (1.6) on /s C M then a
condition of the form (1.3) holds on /g, where « is some function on this set. In Section 2 we also present another
result related to the tensor E (see Proposition 2.2). Namely, we prove that if a generalized curvature tensor T
is a linear combination of the tensors R, SA S, gA S, g A S?, and g A g then the Weyl tensor of T is a linear
combination of the tensors C' and E. The tensor E is determined by some Kulkarni-Nomizu products formed
by g, S and S?, i.e., F is defined by (1.2). In the same way, we can define the (0, 4)-tensor E(A) corresponding
to a symmetric (0, 2)-tensor A

(trg(A))2 - trg(AQ)
2(n—1)

-2
E(A):gAA2+nTA/\A—trg(A)g/\A+ gAg. (1.7)
The semi-Riemannian manifold (M, g), dim M =n > 3, will be called a partially Einstein manifold, or a
partially Einstein space (cf. [5, Foreword], [82, p. 20]), if at every point & € Us C M its Ricci operator S satisfies
8? = \S + pld,, or equivalently,

S2=\S+pug, (1.8)

where A, 1 € R and Id, is the identity transformation of 7, M. Evidently, (1.5) is a special case of (1.8). Thus
every quasi-Einstein manifold is a partially Einstein manifold. The converse statement is not true. Contracting
(1.8) we get tr,(S%) = Ak + n u. This together with (1.8) yields (cf. [25, Section 5])

Q—Mg:)\(S—Eg).
n

n

S

In particular, a Riemannian manifold (M, g), dim M =n > 3, is a partially Einstein space if at every point
x € Us C M its Ricci operator S has exactly two distinct eigenvalues x; and x, with multiplicities p and n — p,
respectively, where 1 < p < n — 1. Evidently, if p = 1, or p = n — 1, then (M, g) is a quasi-Einstein manifold.
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In Section 3 we present definitions of some classes of semi-Riemannian manifolds determined by curvature
conditions of pseudosymmetry type. Investigations of semi-Riemannian manifolds satisfying some particular
curvature conditions of pseudosymmetry type lead to Roter spaces (see Propositon 4.1). Roter spaces form
an important subclass of the class of non-conformally flat and non-quasi-Einstein partially Einstein manifolds
of dimension > 4. Namely, a non-quasi-Einstein and non-conformally flat semi-Riemannian manifold (M, g),
dim M = n > 4, satisfying on Us NUc C M the following equation

R:§5A5+ugAs+ggAg, 1.9)
where ¢, ;1 and 7 are some functions on this set, is called a Roter type manifold, or a Roter manifold, or a Roter
space (see, e.g., [6, Section 15.5], [22, 34, 35, 38]). Equation (1.9) is called a Roter equation (see, e.g., [28, Section
1]). In Section 4 we present results on such manifolds. For instance, every Roter space (M, g), dim M =n > 4,
satisfies among others the following pseudosymmetry type curvature condition on s NUc C M (see Theorem
4.1)

KR

— Q. 0). (1.10)

C-R-R-C=Q(5,0) -~

Let (M, g), dim M = n > 4, be a non-partially-Einstein and non-conformally flat semi-Riemannian manifold.
If its Riemann-Christoffel curvature R is at every point of Us NUc C M a linear combination of the Kulkarni-
Nomizu products formed by the tensors S° = gand S* = S, ..., 5P~ SP, where p is some natural number > 2,
then (MM, g) is called a generalized Roter type manifold, or a generalized Roter manifold, or a generalized Roter
type space, or a generalized Roter space. For instance, when p = 2, we have

R= %5’2/\52+¢1SASQ+gS/\S—kmg/\Sg—i-ug/\S—i—gg/\g, (1.11)
where ¢, ¢1, ¢2, p1, 1o and 7 are functions on Us NUc. Because (M, g) is a non-partially Einstein manifold, at
least one of the functions 1, ¢1 and ¢, is a non-zero function. Equation (1.11) is called a Roter type equation
(see, e.g., [28, Section 1]). We refer to [28, 33, 34, 35, 42,73, 74,75, 76, 77] for results on manifolds (hypersurfaces)
satisfying (1.11).

As it was stated in [28, Lemma 2.2] (see Proposition 4.2), if (M, g), dim M = n > 4, is a Roter space satisfying

(1.9) on Us NUc C M then on this set

9
T n-=2

_ 2 _ 2
g/\SQ—&—LQS/\S—Kg/\S—i—Lrg(S)g/\g . (1.12)
2 2(n — 1)

In Section 5 we recall results on some warped product manifolds with 2-dimensional base manifold obtained
in [28].
In Section 6 we state that on every essentially conformally symmetric manifold the following equation is
satisfied
n—2

B 1 s n—2 K% — try(S?)

In Section 7 we recall some known results on hypersurfaces M, dim M > 4, isometrically immersed in a
conformally flat spaces. In particular, we mention that at every point of M its Weyl conformal curvature tensor
C and the (0,4)-tensor E(H), formed for the second fundamental tensor H of M, are linearly dependent (see
(7.3)).

In the last section we investigate non-Einstein and non-conformally flat hypersurfaces M, dim M > 4,
isometrically immersed in semi-Riemannian spaces of constant curvature satisfying some curvature conditions
of pseudosymmetry type. Under some additional assumptions imposed on the second fundamental tensor H
of M we obtain equations involved with the tensor E.

2. Preliminaries.

Throughout this paper, all manifolds are assumed to be connected paracompact manifolds of class C°.
Let (M, g), dim M = n > 3, be a semi-Riemannian manifold, and let V be its Levi-Civita connection and =(M)
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the Lie algebra of vector fields on M. We define on M the endomorphisms X A4 Y and R(X,Y) of =(M) by
(XNaY)Z =AY, 2)X — A(X,2)Y and

R(X,Y)Z =VxVyZ —VyVxZ - VixyZ

respectively, where X,Y,Z € Z(M) and A is a symmetric (0,2)-tensor on M. The Ricci tensor S, the Ricci
operator S and the scalar curvature « of (M, g) are defined by

S(X,Y)=tr{Z - R(Z,X)Y}, ¢(SX,Y) = S(X,Y), k=trS,

respectively. The endomorphism C(X,Y’) is defined by
C(X,Y)Z =R(X,Y)Z — ﬁ(x NgSY +SX A, Y — %X N Y)Z.
Now the (0, 4)-tensor G, the Riemann-Christoffel curvature tensor R and the Weyl conformal curvature tensor
C of (M, g) are defined by G(X1, X2, X3, X4) = g((X1 Ay X2)X3, X4) and
R(X1, X5, X3, Xy) = g(R(X1, X2) X5, Xy), C(X1, X, X3, Xy) = g(C(X1, X2) X3, Xy),

respectively, where X, Xy, ... € E(M). For a symmetric (0, 2)-tensor A we denote by A the endomorphism
related to Aby g(AX,Y) = A(X,Y). The (0, 2)-tensors A?, p = 2,3, ..., are defined by AP(X,Y) = AP~} (AX,Y),
assuming that Al = A. In this way, for A =S5 and A =S we get the tensors 57, p=2,3,..., assuming that
St=gS.

Let B be a tensor field sending any X,Y € =(M) to a skew-symmetric endomorphism B(X,Y’), and let B be
the (0, 4)-tensor associated with B by

B(X1, X2, X3, Xy) = g(B(X1, X2) X3, Xy). (2.1)

The tensor B is said to be a generalized curvature tensor if the following two conditions are fulfilled:
B(X17X27X37X4) - B(X3aX4aX1aX2) and

B(X1, X5, X3, X4) + B(Xo, X3, X1, X4) + B(X3, X1, X2, X4) = 0.

For B as above, let B be again defined by (2.1). We extend the endomorphism B(X,Y) to a derivation B(X,Y)-
of the algebra of tensor fields on M, assuming that it commutes with contractions and B(X,Y’) - f = 0 for any
smooth function f on M. Now for a (0, k)-tensor field T, k > 1, we can define the (0, k + 2)-tensor B - T by

(BT)(XlavXkava) = (B(X7Y)T)(X177Xk)
= 7T(B<X7Y)X17X23-"7Xk)7”'7T(X17-"an—lvB(X7Y)Xk)'

If Ais a symmetric (0, 2)-tensor then we define the (0, k + 2)-tensor Q(A, T) by

QAT (Xy,..., Xk, X,Y)= (X Aa Y -T)(Xq,...,Xk)
= —“T(XANaY)X1,Xo,...,.Xp)— - —T(X1,..., Xp—1, (X Aa Y)Xy).
In this manner we obtain the (0, 6)-tensors B - B and Q(A4, B).
Substituting in the above formulas B=Ror B=C,T=RorT=CorT =S5, A=gor A=S we get the
tensors R- R, R-C,C-R,C-C,R-S,Q(g,R), Q(S,R), Q(g,0), Q(S,C), and Q(g, 5), Q(g, 5?), Q(S, S?).
For a symmetric (0, 2)-tensor A and a (0, k)-tensor T, k > 2, we define their Kulkarni-Nomizu tensor AN T
by (see, e.g., [24, Section 2])
(A A T)(Xh XQa X37 X47 }/37 sy Yk)
= A(X1, X4)T(X2, X3, Y3, ..., Vi) + A(Xa, X3)T(X1, X4, Vs, ..., Vi)
_A(X17 XJ)T(X27 X47 }/37 ceey Yk) - A(X27 X4)T(X17 X37 Kb ... 7Yk:)

It is obvious that the following tensors are generalized curvature tensors: R, C and A A B, where Aand B =T
are symmetric (0, 2)-tensors. We have

1
C=R———gAS+ (2.2)
n—2

CEPICES

G:%g/\g, (2.3)
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and (see, e.g., [24, Lemma 2.2(i)])
(a) Q(A,ANB) = f% Q(B,ANA),
(b) ANQ(A,B) = %Q(B,AAA). 2.4)
By an application of (2.4)(a) we obtain on M the identities
Q9,91 8) = —Q(5,G), Q(S,978) = —3 QoSN S). 25)

Further, by making use of (2.2), (2.3) and (2.5), we get immediately

K

1
Q(g.C) = Qlg,R) - IS Q9. 9N S) + m—2(n—1) Q9. G)
= QU R) - 5 Q0.9A8) = Qo B) + — QS 5919, 26)
1 K
Q(S,C) = Q(S,R)— =2 Q(S,g N S)+ m—2)n-1 Q(S,G)
1 K
= Q(SaR)+mQ(975/\S)—mQ(gagAS)- 27)
From (2.4) (a) it follows immmediately that Q(g, g A g) = 0. Thus we have
Q(g7E):Q(g,g/\SQ—i-nT_QS’/\S—Kag/\S), 2.8)

where the tensor E is defined by (1.2).
Let A;, A; and B be symmetric (0, 2)-tensors. We have (see, e.g., [7, Lemma 2.1(i)] and references therein)

A1 NQ(A2,B)+ A ANQ(A1,B) + Q(B, A1 AN Ag) = 0. (2.9)
From (2.9) we get easily (see also [24, Lemma 2.2(iii)] and references therein)
Q(B, Al A Ag) + Q(Al, Ao A B) + Q(AQ, B A Al) =0.

Let A be a symmetric (0, 2)-tensor and 7" a (0, k)-tensor, k = 2,3, .. .. The tensor Q(A, T) is called the Tachibana
tensor of A and T, or the Tachibana tensor for short (see, e.g., [36]). Using the tensors g, R and S we can define
the following (0, 6)-Tachibana tensors: Q(S, R), Q(g,R), Q(g,9 A S) and Q(S, g A S). We can check, by making
use of (2.4)(a) and (2.5), that other (0, 6)-Tachibana tensors constructed from g, R and S may be expressed by
the four Tachibana tensors mentioned above or vanish identically on M.

Let T'be a generalized curvature tensor on a semi-Riemannian manifold (M, g), dim M = n > 4. We denote by
Ric(T), k(T') and Weyl(T') the Ricci tensor, the scalar curvature and the Weyl tensor of the tensor 7', respectively.
We refer to [24, Section 2], [25, Section 3] or [31, Section 3] for definitions of the considered tensors. In particular,
we have

Weyl(T) =T — 5 g ARic(T) + AT) F9n g (2.10)

2(n—=2)(n—1

Let A be a symmetric (0, 2)-tensor on a semi-Riemannian manifold (M, g), dim M = n > 3. Let E(A) be the
tensor defined by (1.7). It is easy to check that Ric(E(A)) is a zero tensor. Therefore, we also have x(E(A)) = 0.
Any generalized curvature tensor 7' defined on a 3-dimensional semi-Riemannian manifold (1, g) is expressed
by T' = g ARic(T) — (k(T)/4)g A g [56, p. 48] (see also [21, Lemma 2 (ii)]). Thus we see that the tensor T' = E(A)
on any 3-dimensional semi-Riemannian manifold (), g) is a zero tensor. In particular, on any 3-dimensional
semi-Riemannian manifold (M, g) we have E = 0.

Let A be a symmetric (0, 2)-tensor on a semi-Riemannian manifold (1, g), dim M = n > 3. We denote by U4

the set of points of M at which A # trgnﬂ g.

383 dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

A Note on Some Generalized Curvature Tensor

Proposition 2.1. Let A be a symmetric (0,2)-tensor on a semi-Riemannian manifold (M, g), dim M = n > 4.
(i) (cf. [28, Lemma 2.1]) If the following condition is satisfied on Ua C M

rank(4A —ag) =1 (2.11)
then
_ 2 _ 2
GAA+ "2 AN A~ try(A) g A A+ (trg(A)” = trg(A7) 0 (2.12)
2 2(n —1)
and
2
A% — tl"gslA ) = (try(4) — (n — 2)a) (A - trgéA) g) (2.13)
on Ua, where o is some function on Ua.
(ii) If (2.12) is satisfied on Us C M then
2
A2_trQ(A )g_p<A_trQ(A) g) (214)
n n
and
<AWH’9)A<A%(A)—PQ>O (2.15)
n—2 n—2

on Ua, where p is some function on Ua.

Proof. (i) (cf. the proof of [28, Lemma 2.1]) Equation (2.11) yields [61, Proposition 2.2]

1 a?
§A/\A:ag/\A—79/\g. (2.16)
This by suitable contractions yields
A% —tr,(A)A = —(n—2)aA—atry(A) g+ (n—1)a?g, (2.17)
try(A?) — (try(A)? = —2(n—1atr,(A) +n(n — 1)a?. (2.18)

Now using (2.16), (2.17) and (2.18) we can easily check that (2.12) and (2.13) hold on /4.
(ii) (cf. the proof of [20, Lemma 3.4]) In the local coordinates (2.12) reads

9k AT+ 9ij Ak — 9nj Al — g ARy + (n — 2) (Apk Aij — AnjAik)
—trg(A) (gneAij + 9i Ank — gnj Aik — GiAnj)
n (trg(A))* — try(A4?)

n—1

(9nk9ij — gnjgix) = 0. (2.19)

Contracting (2.19) with A% = A,,¢"'g* and A% = A,,9"* we find

Bty(A) o (2303 (4)  (try(4))
A7 = nA2+< (n—1)n -1 )A
(trg(A))° _ trg(A) trg(A?) | try(4%)
+ ( (n—1)n T + - ) 9, (2.20)

A Ay — Aa AR + gi AR — gniAS + (n — 2) (A A7y — Anj A7)
—trg(A) (A Aij — AudAnj + 9ij A7 — gn; AD)

try(A))? — try (A2
_|_( g( )7)1_1 9( )(gijAhl_gthil):()’ (2.21)

respectively. From (2.21), by symmetrization in [, j, we obtain

(trg(A))* — try(A%)

n—1

Q(g, A%) + (n = 3)Q(A, A?) — try(A4) Q(g, A%) + Q(g,A) = 0. (222)
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Applying (2.20) into (2.22) we get

trg(A?)

2ol g, %) + 2 g, ) ) o,

-3 (@4 -
which yields

0 <A B trgqu) g A? — trg;AQ) g) _0

From this, in view of [48, Lemma 2.4 (ii)], it follows that (2.14) holds on /4. Now (2.12) and (2.14), by an
application of [58, Lemma 3.1], lead to (2.15), completing the proof of (ii).

Proposition 2.2. Let T be a generalized curvature tensor on a semi-Riemannian manifold (M, g), dim M =n > 4. If
the following condition is satisfied at a point x € M

T:a1R+%SAS+a39AS+a4gASQ+%gAg (2.23)

then
Q2

Weyl(T) = a1 C
eyl(T) = a1 C + —

E (2.24)

at this point, where the tensor E is defined by (1.2) and a1, ..., a5 € R.
Proof. From (2.23), by a suitable contraction, we get immediately
Ric(T) = (a1 + agk + (n — 2) az) S+ ((n — 2)ay — a2) S* + ag g, (2.25)

where o is some real number. Now using (1.2), (2.2), (2.3), (2.10), (2.23) and (2.25) we get

Weyl(T')

T_niQQ/\RiC(T)—’_Q(n—RQ()T(;—l)g/\g

= oqR—‘—%S/\S—!—agg/\S—Foqg/\SQ—F%

2
1
_2((n—2)a4—ag)g/\52

gAg

-2 NS —

n_z(a1+a2/£+(n )as)g -

_ a1R+%S/\S,wg/\S+ Q2
2 n—2 n—2

a7
2

ghNS* + —TLgng

_ 1 a9 9 N —2 Qg
= o (R n—29AS)+n—2(gAS+ 5 SAS f{g/\S)—l-Qg/\g

(6% Q.
= mC+——E+-gAg,
n—2 2
ie.,
Wey1(T):alc+nO‘_2 2E+%gAg, (2.26)

where a7 and «ag are some real numbers. From (2.26), by suitable contraction, we get immediately ag = 0, and
in a consequence (2.24), completing the proof.

3. Pseudosymmetry type curvature conditions

It is well-known that if a semi-Riemannian manifold (M, g), dim M =n > 3, is locally symmetric then
VR =0on M (see, e.g., [70, Chapter 1.5]). This implies the following integrability condition R(X,Y)-R =0
in short R - R = 0. Semi-Riemannian manifold satisfying the last condition is called semisymmetric (see, e.g.,
[3, Chapter 8.5.3], [4, Chapter 20.7], [70, Chapter 1.6], [80, 84]). Semisymmetric manifolds form a subclass of
the class of pseudosymmetric manifolds. A semi-Riemannian manifold (1/,g), dim M =n > 3, is said to be
pseudosymmetric if the tensors R - R and (Q(g, R) are linearly dependent at every point of M (see, e.g., [3,
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Chapter 8.5.3], [4, Chapter 20.7], [6, Section 15.1], [38, Chapter 6], [70, Chapter 12.4], [24, 27, 38, 49, 63, 64, 75,
81, 83, 84, 85] and references therein). This is equivalent to

R-R=LrQg,R) (3.1)

on Ur C M, where Lg is some function on Ug. Every semisymmetric manifold is pseudosymmetric. The
converse statement is not true (see, e.g., [49]). We note that (3.1) implies

R-S=LgrQ(g,9) (3.2)
and
R-C=LgrQ(g,C). (3.3)

Conditions (3.1), (3.2) and (3.3) are equivalent on the set Us NUc of any warped product manifold M xp N ,
with dim M = dim N = 2 (see, e.g., [34] and references therein).

A semi-Riemannian manifold (1, g), dim M = n > 3, is called Ricci-pseudosymmetric if the tensors R - .S and
Q(g,S) are linearly dependent at every point of M (see, e.g., [3, Chapter 8.5.3], [6, Section 15.1], [27]). This is
equivalent on Us to

R-S5=1LsQ(g,5), (3.4)

where Lg is some function on Ug. Every warped product manifold M x N with a 1-dimensional manifold
(M,3) and an (n — 1)-dimensional Einstein semi-Riemannian manifold (N,3), n > 3, and a warping function
F, is a Ricci-pseudosymmetric manifold, see, e.g., [7, Section 1] and [34, Example 4.1].

A semi-Riemannian manifold (M, g), dim M = n > 4, is said to be Weyl-pseudosymmetric if the tensors R - C
and Q(g, C) are linearly dependent at every point of M [24, 27]. This is equivalent on U¢ to

R-C=L;1Q(g,0C), (3.5

where L, is some function on Uc. We can easily check that on every Einstein manifold (1, g), dim M > 4, (3.5)
turns into

R-R=1L,Q(g,R).

For a presentation of results on the problem of the equivalence of pseudosymmetry, Ricci-pseudosymmetry
and Weyl-pseudosymmetry we refer to [27, Section 4].

A semi-Riemannian manifold (M, g), dim M = n > 4, is said to be a manifold with pseudosymmetric Weyl
tensor (to have a pseudosymmetric conformal Weyl tensor) if the tensors C - C and Q(g,C) are linearly
dependent at every point of M (see, e.g., [6, Section 15.1], [24, 27, 34]). This is equivalent on U to

C-C=LcQg,C), (3.6)

where Lo is some function on Uc. Every warped product manifold M xp Kf, with dim M = dim N = 2,
satisfies (3.6) (see, e.g., [24, 27, 34] and references therein). Thus in particular, the Schwarzschild spacetime,
the Kottler spacetime and the Reissner-Nordstrom spacetime satisfy (3.6). Semi-Riemannian manifolds with
pseudosymmetric Weyl tensor were studied among others in [24, 42, 50].

Warped product manifolds M x N, of dimension > 4, satisfying on Uo C M x N, the condition

where L is some function on Uc, were studied among others in [10]. In that paper necessary and sufficient
conditions for M x N to be a manifold satisfying (3.7) are given. Moreover, in that paper it was proved that
any 4-dimensional warped product manifold M x N, with a 1-dimensional base (M, 3), satisfies (3.7) [10,
Theorem 4.1].

We refer to [7, 21, 24, 27, 31, 34, 38, 42, 75] for details on semi-Riemannian manifolds satisfying (3.1) and (3.4)-
(3.7), as well other conditions of this kind, named pseudosymmetry type curvature conditions. We also refer to
[42, Section 3] for a recent survey on manifolds satisfying such curvature conditions. It seems that the condition
(3.1) is the most important condition of that family of curvature conditions (see, e.g., [34]). The Schwarzschild
spacetime, the Kottler spacetime, the Reissner-Nordstrom spacetime, as well as the Friedmann-Lemafitre-
Robertson-Walker spacetimes are the “oldest” examples of pseudosymmetric warped product manifolds (see,
e.g., [34, 38, 49, 75]). We finish this section with the following remarks.
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Remark 3.1. (i) In view of [20, Lemma 3.2 (ii)], we can state that the following identity is satisfied on every
semi-Riemannian manifold (M, g), dim M = n > 3, with vanishing Weyl conformal curvature tensor C

R-R—Q(S,R) =

1 n—2
(n_2)2Q(g,g/\SQ+TS/\S—ng/\S). (3.8)

From (3.8), by (2.8), we get

R-R—Q(S,R) = Q(g, E),

1
(n—2)?
where the tensor E is defined by (1.2). In particular, if n = 3 then £ = 0 on M.

(ii) As it was stated in [20, Theorem 3.1] on every 3-dimensional semi-Riemannian manifold (M, g) the identity
R- R = Q(S, R) is satisfied.

(iii) From (i) it follows that on every semi-Riemannian conformally flat manifold (M, g), dim M = n > 4, the
conditions: R - R = Q(S, R) and (1.6) are equivalent.

Remark 3.2. Let (M, g), dim M = n > 4, be a semi-Riemannian manifold.
(i) [34, Theorem 3.4 (i)] The following identity is satistied on U C M

1
C-R+R-C=R-R+C-C— ————Qg.gNS*— " gnS). (3.9)
(n—2)2 n—1

(ii) If (3.7) holds on U C M then (3.9) turns into

K

C-R+R-C=C-C+Q(S,R)+LQ(g,C) — Q(g,g/\S2+nT_25/\S— SgAS).  (3.10)

1
(n—2)y

Moreover, from (3.10), by an application of (2.7) and (2.8), we get on U C M

C-R+R-C=C-C+Q(S,C)+LQ(g,C) — Qg E), (3.11)

1
(n—2)?
where the tensor E is defined by (1.2).

(iii) (cf. [34, Theorem 3.4 (iii)]) If (3.6) and (3.7) hold on U C M then (3.11) turns into

C-R+R-C=Q(S,C)+ (Lc+L)Q(g,C) — Q(g, B).

b
(n—2)?

4. Roter spaces
Some results of [24, 39, 54] (cf. [34, Section 1]) we can present in the following proposition.

Proposition 4.1. Let (M, g), dim M = n > 4, be a non-conformally flat and non-Einstein semi-Riemannian manifold.
(i) [54, Theorem 3.1, Teorem 3.2 (ii)] If (3.1) and (3.6) hold on Us NUc C M then at every point x € Us NUc (1.3) or
(1.9) is satisfied.

(ii) [39, Theorem 3.1, Teorem 3.2 (ii)] If (3.1) and (3.7) hold on Us NUc C M then at every point x € Us NUc (1.3) or
(1.9) is satisfied.

(iii) (cf. [24, Proposition 3.2, Theorem 3.3, Theorem 4.4]) If (3.6), (3.7) and R - S = Q(g, D), for some symmetric (0, 2)-
tensor D, hold on Us NUc C M then at every point x € Us NUc (1.3) or (1.9) is satisfied.

We recall that a non-quasi-Einstein and non-conformally flat semi-Riemannian manifold (1, g), dim M =
n > 4, satisfying (1.9) on Us NUc C M is called a Roter type manifold, or a Roter manifold, or a Roter space
(see, e.g., [6, Section 15.5], [22, 34, 35, 38]).

Roter spaces and in particular Roter hypersurfaces in semi-Riemannian spaces of constant curvature were
studied in: [8, 22, 24, 31, 40, 44, 46, 47, 60, 67, 68]. In particular, (3.1) and (3.4)-(3.7) are satisfied on such
manifolds. More precisely, we have
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Theorem 4.1. (see, e.g., [27, 341, [45, eq. (28)]) If (M, g), dim M = n > 4, is a semi-Riemannian Roter space satisfying
(1.9) on Us NUc C M then on this set we have: (1.10) and

SQ — 0515—1—0(29, a1:m+w7 OQ:w’
0] 0]
R-C = LgrQ(g,0), LR:%((n_Q)(MQ_@?)_M)v
R-R = LgrQ(g,R),
R-S = LRQ(gvs)v
RR = QSR+LQW.C). L=Ln+’ - n;2(u2*¢m),
C-C = LcQg,0), LC:LR+L( l 1)

n—2n—1
C-R = LcQ(g,R),
c-5 = LCQ(97S)a

C-R+R-C = Q(S,C)+ <L+Lc—(n_12)¢) Q(g,C),

RC-C-R = (lm—niwnf )Q(g,R)+<Z(u—ni)—n)Q(S,G),

R C-C-R = Q((’m +n) g+ <1—u—"5“> S,g/\S).
n— n—2 n—1
Remark 4.1. (i) In the standard Schwarzschild coordinates (t;r;6; ¢), and the physical units (¢ = G = 1), the

Reissner-Nordstrom-de Sitter (A > 0), and Reissner-Nordstrom-anti-de Sitter (A < 0) spacetimes are given by
the line element (see, e.g., [79])

ds® = —h(r) dt* + h(r)~' dr? + 12 (d6? + sin® 0 dg?), (4.1)
L 2M @ A,
h(r)7177+7«727§r ’

where M, Q and A are non-zero constants.
(ii) [26, Section 6] (see also [8, Remark 2 (ii)], [41, Remark 2.1 (ii)]) The metric (4.1) satisfies (1.9) with
3

¢ = 5(cf — Mr)r*2Q, p= %(Q4 +3Q%Ar* — 3AM)Q ™4,

n= 11—2(3626 +4Q*Art = 3Q* Mr + 9Q*A*r® — 9N Mr?)r Q.

If we set A =0 in (4.1) then we obtain the line element of the Reissner-Nordstrém spacetime, see, e.g., [62,
Section 9.2] and references therein. It seems that the Reissner-Nordstrom spacetime is the oldest example of
the Roter warped product space.

(iii) In [41] a particular class of Roter warped product spaces was determined such that every manifold of
that class admits a non-trivial geodesic mapping onto some Roter warped product space. Moreover, both
geodesically related manifolds are pseudosymmetric of constant type.

(iv) An algebraic classification of the Roter type 4-dimensional spacetimes is given in [8].

(v) Some comments on pseudosymmetric manifolds (also called Deszcz symmetric spaces), as well as Roter
spaces, are given in [9, Section 1] (see also [8, Remark 2 (iii)], [41, Remark 2.1 (iii)]): "From a geometric point
of view, the Deszcz symmetric spaces may well be considered to be the simplest Riemannian manifolds next
to the real space forms." and "From an algebraic point of view, Roter spaces may well be considered to be the
simplest Riemannian manifolds next to the real space forms." For further comments we refer to [84].

We finish this section with the following results.

Proposition 4.2. [28, Lemma 2.2] If (M, g), dim M = n > 4, is a Roter space satisfying (1.9) on Us NUc C M then
(1.12) holds on this set, i.e., (n — 2) C = ¢ E, where the tensor E is defined by (1.2).
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Propositions 2.1, 4.1 and 4.2 lead to the following

Proposition 4.3. Let (M, g), dim M = n > 4, be a non-conformally flat and non-Einstein semi-Riemannian manifold.
If (3.1) and (3.6), or (3.1) and (3.7), or (3.6), (3.7) and R - S = Q(g, D), for some symmetric (0, 2)-tensor D, hold on
Us NUc C M then E = X\ C on Us NUc, where the tensor E is defined by (1.2) and X is some function on this set.

5. Warped product manifolds with 2-dimensional base manifold

Proposition 2.1 (i) and Proposition 4.2 imply

Proposition 5.1. [28, Proposition 2.3] If (M, g), dim M = n > 4, is a semi-Riemannian manifold satisfying (1.3) or
(1.9) at every point of Us NUc C M then the following equation is satisfied on this set

K2 — try(S?)

_ 2 M
TC=gNS5 + 2(n—1)

—KkgANS+ gAg, (5.1)

where T is some function on Us NUc.

Proposition 5.1, [34, Theorem 7.1 (ii)] and [44, Theorem 4.1] imply

Theorem 5.1. [28, Theorem 2.4] Let M x N be the warped product -manifold with a 2-dimensional semi-Riemannian
manifold (M,g), an (n — 2)-dimensional semi-Riemannian manifold (N, ), n > 4,a warping function F', and let (N,9)
be a space of constant curvature when n > 5. Then (5.1) holds on Us NUc € M xp N.

Example 5.1. [28, Example 2.1] (i) Let S*(r) be a k-dimensional standard sphere of radius r in E**!, k > 1. It
is well-known that the Cartesian product S'(r1) x S"~1(r2) of spheres S*(r;) and S"~*(rs), n > 4, and more
generally, the warped product manifold S'(r1) xp S"!(r2) of spheres S'(r1) and S"'(r2), n >4, with a
warping function F), is a conformally flat manifold.

(i) As it was stated in [60, Example 3.2], the Cartesian product SP(r1) x S"~P(r3) of spheres SP(r1) and S*(r)
such that 2<p<n-2 and (n—p—1)r{ # (p— 1)r3 is a non-conformally flat and non-Einstein manifold
satisfying the Roter equation (1.9) on Us NUc = SP(r1) x S*7P(r2).

(iii) [44, Example 4.1] The warped product manifold S?(ri) xz S*7P(r2), 2 < p < n — 2, with some special
warping function F, satisfies on Us NUc C SP(r1) x S*P(ry) the Roter equation (1.9). Thus some warped
product manifolds S?(r;) x p S"~2(ry) are Roter spaces.

(iv) Properties of pseudosymmetry type of warped products with 2-dimensional base manifold, a warping
function F, and an (n — 2)-dimensional fibre, n > 4, assumed to be of constant curvature when n > 5, were
determined in [34, Sections 6 and 7]. Evidently, warped product manifolds S2(ry) xp S""2(r3), n > 4, are such
manifolds. Let g, R, S, x and C denote the metric tensor, the Riemann-Christoffel curvature tensor, the Ricci
tensor, the scalar curvature and the Weyl conformal curvature tensor of S?(r1) x » S"~2(rs), respectively. From
[34, Theorem 7.1] it follows that on set V of all points of Us NUc C S?(r1) x p S"2(ry) at which the tensor S? is
not a linear combination of the tensors S and g, the Weyl tensor C is expressed by

-9 2 _ 2
Con(gns?+ =2 5n5 —ngnss TS Y (5.2)
2 2(n—1)
where ) is some function on V. This, by (2.2), turns into

2, n—2 IR I Ao R N
R=XgnS2+ " )\SAS+< 5 — A g/\S+2(n_1)<(/<; try(S2))A n_Q)g/\g.

Thus (1.11) is satisfied on V. Moreover, (1.9) holds at all points of (/s NUc) \ V, at which (1.3) is not satisfied.
From Proposition 4.2 it follows that (5.2) holds at all points of Us NUc C S2(r1) x# S"2(ry), n > 4, at which
(1.3) is not satisfied. Finally, in view of Theorem 5.1, we can state that (5.1) holds on s N Uc.

6. Essentially conformally symmetric manifolds

Let (M, g), dim M = n > 4, be a semi-Riemannian manifold with parallel Weyl conformal curvature tensor,
i.e. VC =0 on M. It is obvious that the last condition implies R - C' = 0. Moreover, let the manifold (1, g) be
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neither conformally flat nor locally symmetric. Such manifolds are called essentially conformally symmetric
manifolds, e.c.s. manifolds/metrics, or ECS manifolds/metrics, in short (see, e.g., [11, 12, 14, 18, 19, 65]). E.c.s.
manifolds are semisymmetric manifolds (R - R = 0, [11, Theorem 9]) satisfying x = 0 and Q(S,C) = 0 ([11,
Theorems 7 and 8]). In addition,

FC:%S/\S (6.1)

holds on M, where F'is some function on M, called the fundamental function [12]. At every point of M we also
have rank S < 2 [12, Theorem 5]. We mention that the local structure of e.c.s. manifolds is already determined.
We refer to [13, 16] for the final results related to this subject. We also mention that certain e.c.s. metrics are
realized on compact manifolds [15, 17, 18, 19].

Equation (6.1), by suitable contraction, leads immediately to S? = xS, which by x = 0, reduces to S? = 0.
Evidently, tr,(S?) = 0. Now using (6.1) we get (1.13). Thus we have

Theorem 6.1. Condition (5.1), with T = (n — 2)F, is satisfied on every essentially conformally symmetric manifold
(M, g).

7. Hypersurfaces in semi-Riemannian conformally flat spaces

Let M, dim M =n > 4, be a hypersurface isometrically immersed in a semi-Riemannian conformally flat
manifold N, dim N = n + 1. Let goq, Haa, Gabed = Jad9be — Gacgva and Copeq be the local components of the metric
tensor g, the second fundamental tensor H, the (0, 4)-tensor G and the Weyl conformal curvature tensor C of
M, respectively. As it was stated in [48, eq. (20)] (see also [52, eq. (11)]) we have

etr(H
Cabed = € (HaaHye — HacHpa) — % (9adHoc + gocHoa — gacHoa — gvaHac)
9
+m (gadeQc + gbchQd - gachQd - gdegc) + ,U/Gabcd7 (71)

where e = +1, tr(H) = ¢**H,q, H2; = g**Hap,Heq and p is some function on M. From (7.1), by contraction we
get easily

9

p= m—2m=-1) ((tr(H))? — tr(H?)), (7.2)
where tr(H?) = g*?H2,. Now (7.1) and (7.2) yield
o= (g/\H2—|— nT_2H/\H—tr(H)g/\H+ (tr(HQ)();_S(HQ)g/\g) (7.3)

If H= % g at a point z € M, i.e., M is umbilical at z, then from (7.3) it follows immediately that the tensor
C vanishes at z. If at a non-umbilical point x € M, we have rank(H — ag) = 1, for some a € R, i.e., M is quasi-
umbilical at z, then in view of Proposition 2.1 (i), the tensor C' vanishes at z. Conversely, if at a non-umbilical
point z € M the tensor C vanishes then in view of Proposition 2.1 (ii) we have rank(H — ag) = 1, for some

a € R. Thus we can present [48, Theorem 4.1] in the folowing form.

Theorem 7.1. Let M, dim M = n > 4, be a hypersurface isometrically immersed in a semi-Riemannian conformally flat
manifold N, dim N = n + 1. At every non-umbilical point x € M the tensor C vanishes at x if and only if at x we have
rank(H — ag) = 1, for some o € R.

Remark 7.1. Let M, dimM =n >4, be a hypersurface isometrically immersed in a semi-Riemannian
conformally flat manifold N, dim N =n + 1.
(i) We assume that at all points of U~ C M the tensor H? is a linear combination of H and g, i.e.,

H? = oy H +ong (7.4)

on Uc, where o1 and a5 are some functions on this set. Now (7.3) turns into

_ € e(an — tr(H)) 5 (tr(H))? — tr(H?)
Cc = 2H/\H+7n_2 g/\H—i—r_2 o9 + 2(n— 1) gng
- %HAH+59AH+%9A9, (7.5)
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where

- n—1
From (7.5) and (7.6), in view of [68, Theorem 3.1 (i)], we get
2

0= (-2 (£ =) Q0.0 = (-5 - ) Qla.C)

on Uc, with ¢, 5 and y defined by (7.6). Thus M is a hypersurface with pseudosymmetric Weyl tensor. We also
note that from (7.4) we get immediately oo = 2 (tr(H?) — oy tr(H)) and

tr(H?) tr(H) g> .

n

H? —

g=a; <H—

(ii) The above presented result, i.e., if (7.4) is satisfied at every point of Uz C M then (3.6) holds on this set,
was already obtained in [53, Proposition 3.1]. We mention that Proposition 3.1 of [53] was proved without
application of [68, Theorem 3.1 (i)].

(iii) We assume that the tensor H satisfies on U C M

H3 =tr(H)H* + ¢ H, (7.7)

where 1 is some function on this set and the (0, 2)-tensor H? is defined by H3, = ¢**H> H.4. Then
n—3

C.C= <<n_2)€(n_1)((tr(H))2 —tr(H?)) + ni%) Qg,C) - — @ <H2, % HA H> (7.8)

onUc [51, eq. (10)], see also [53, the proof of Lemma 4.1]. We refer to [51, 53] for further results on hypersurfaces
M in conformally flat manifold N satisfying (7.7).

(iv) Recently curvature properties of pseudosymmetry type of hypersurfaces isometrically immersed in a semi-
Riemannian conformally flat manifold were investigated in [57] and [69].

8. Hypersurfaces in semi-Riemannian space forms

Let now N”*!(c), n >4, be a semi-Riemannian space of constant curvature with signature (s,n+1— s),
where ¢ = ﬁ and k is its scalar curvature. Let M, dim M = n > 4, be a connected hypersurface isometrically
immersed in N*!(c). We denote by g, R, S, k and C, the metric tensor, the Riemann-Christoffel curvature
tensor, the Ricci tensor, the scalar curvature and the Weyl conformal curvature tensor of the hypersurface M,

respectively. The Gauss equation of M in N7 *'(c) reads (see, e.g., [32, 35, 36, 37, 74])
1% Yy q s g

R e
R—— "  grng="HAH, ==L 8.1
onn+1)7"9 72 0 ®-1)

From (8.1), by suitable contractions, we obtain

- ;’én_jf g =c(te(H)H — H?), (8.2)
K K €

((tx(H))* — tr(H?)). (8.3)

n—l_n+1:n—1

Now using (8.1), (8.2) and (8.3) we get immediately

Q(HQ,;H/\H> =-Q <tr(H)H—H2,;H/\H>
- _Q <5(tr(H) H— H?), % HA H> - Q (5 - i’zn_j)l*; g, R— mg /\g) : (8.4)
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We also recall that the curvatere condition of pseudosymmetry type (3.7) is satisfied on M. Precisely, we have
on M [48, Proposition 3.1] (see also [37, egs. (3.3) and (3.4)])

(n—2)k

R-R=Q(8,R) =~ == Q9.C). (85)
Now (3.11), by (8.5), turns into ([37, Propopsition 4.7, eq. (4.36)])
B (n—2)k 1

Let Uy C M be the set of all points at which the tensor H 2 is not a linear combination of the metric tensor ¢
and the second fundamental tensor H of M. We have Uy C Us NUc C M (see, e.g., [30, 36, 37, 59, 72]).
We assume that the following conditions are satisfied on Uy C M

H3 =tr(H)H?*+ ¢ H+pg (8.6)
and

where T is a generalized curvature tensor and ¢ and p some functions on . Now, in view of [37, Theorem
4.5], we obtain

K+ 2e¢) K A1 n—3 9 Mm—2
T = f 2 . n=s n—-s _ '
<n—1 n+1)0+29/\g =2 —1) <g/\5+ 5 SAS ng/\S) (8.8)
on Uy, where )\, is some function on this set. Using (1.2), (8.7) and (8.8) we get immediately
K+ 2e1) K n—3 A
T = — - E+ =
< n—1 n+1>0 m—22m—1) " 29"

and

K+ 2e1) K n—3
. = — R ——— E .
coo= (S T Qu0) - e Q) 89)
on Uy, where ) is some function on this set. In addition, if we assume that (3.6) holds on Uy then from (7.8) it
follows that

n—3 )\2
— F+ — 1
m—22m—1 " T 29N (8.10)
on U, where )\, is some function on this set. We note that (8.10), by a suitable contraction, yields A\, = 0, and
in a consequence we obtain

(m+2€¢ K

— L C =
n—1 n—+1 C)

n—3
— F
(n=2)*(n—-1)
From the above presented considerations it follows immediately the following result.

Theorem 8.1. Let M be a non-Einstein and non-conformally flat hypersurface in N+ (c), n > 4. If (3.6) and (8.6) are
satisfied on Uy C M then (8.11) holds on Uy.

According to [30, Corollary 4.1], if on the subset U/ of a hypersurface M in NI't1(e), n > 4, one of the
tensors R-C,C-Ror R-C — R-C is a linear combination of R - R and of a finite sum of tensors of the form
Q(A,T), where A is a symmetric (0, 2)-tensor and T' a generalized curvature tensor, then (8.6) holds on Uy.
In particular if one of the following conditions is satisfied on Uy C M: R-C = Q(g,T1), C - R = Q(g,T>) or
R-C—C-R=0Q(g,T3), where T1, T> and T3 are generalized curvature tensors, then (8.6) holds on U/y. Now
from Theorems 5.2, 5.3 and 5.4 of [36], in view of Proposition 2.2, it follows that

(ﬁ+25¢_ R

- L C =
n—1 n+1 C)

(8.11)

_(k+ep (n—-1)K 1
K+ 2e1) K n—3
Weyl(T2) = ( n—1 n+ 1> T (n—22(n-1) E, ®.13)
K e
Weyl(Ts) = (n<n+ D - 1> o’ (8.14)

Thus we have
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Theorem 8.2. Let M be a non-Einstein and non-conformally flat hypersurface in N1 (c), n > 4, satisfying (8.6) on
Uy C M, and let Ty, T> and T3 be generalized curvature tensors defined on Uy . If one of the following conditions: R - C' =
Q(g,Th), respectively, C - R = Q(g,T2) and R - C' — C - R = Q(g,T5), is satisfied on Uy then (8.12), respectively (8.13)
and (8.14), holds on Ug.

Finally, we assume that the tensor H satisfies (7.7) on Uy C M. Now (7.8), by making use of (8.3) and (8.4),
turns into

n—2 B (n—1k R
n_3C‘CPQ(9,O)+Q<Sn(n+1)9a 2n(n—|—1)g/\g>’ (8.15)
where
! -
p:n—3<ni1_ni1+w>' (8.16)

From (8.15), by an application of (2.6), we obtain

" - P (n—1)k K
500 = pQ(ng)JrQ(nQ)Q(579A9)+Q(S_n(n+1)g’ _2n(n+1)g/\g)
— Q(H_Q)Q(S,gAg)erQ(gﬂ—2n(n+1)9/\9>
(n—1)k K
+Q<Sn(n+1)g’R2n(n+1)g/\g>

- o(sgplyene)+o(s- (TFh 7)o mmrmne)
= o5~ (et ) o ameno)
(o~ (525 o o)
= Q<S_<gén_+1)1§_")9’3_<n(n%+1)_nf2>;9A9>‘
Thus we see that if the tensor H satisfies (7.7) on Uy C M then
co-ttals (B un (hy )be)  em

on Uy, where the function p is defined by (8.16).
In addition, we assume that (3.6) holds on Uy C M. Now (8.15) turns into

(n—1)7% % -
TQ(Q’C)_Q<S_n(n+1)g’R_2n(n+1)g/\g>_O’ (8.18)
where
T:p_Z:gLC. (8.19)

From the presented above calculations it follows that (8.18) yields

@ (5 <7(17zn_—|—1)1§ T) 9. 1= (n(ni 1~ n12> ;“g) =0 (8.20)

rank <s - (S(Ln_j)f) - T> g> =1
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at a point = € Uy then in view of Proposition 2.1 £ = 0 at z, where the tensor £ is defined by (1.2). If

rank<s_ <m_7>g> >1

at a point z € Uy then by an application of [24, Proposition 2.4] (or, [31, Proposition 2.1]) it follows that the
following equation is satisfied at

v (e ama)ero e (- Gen )o) (- s 7o) oe®

This by Proposition 4.2 implies (n — 2) C' = ¢ E. Thus we have

Theorem 8.3. Let M be a non-Einstein and non-conformally flat hypersurface in N+ (c), n > 4.

(i) If (7.7) is satisfied on Uy C M then (8.17) holds on Uy, where the function p is defined by (8.16) on this set.

(ii) If (3.6) and (7.7) are satisfied on Uy C M then (8.20) holds on U, where the function T is defined by (8.19) on this
set. Moreover, A C' = E on Uy, where X is some function on this set.

Acknowledgements

The authors would like to express their sincere thanks to the editor and the anonymous reviewers for their
helpful comments and suggestions.

Funding

The first two authors of this paper are supported by the Wroctaw University of Environmental and Life Sciences
(Poland).

Competing interests

The authors declare that they have no competing interests.

Author’s contributions

All authors contributed equally to the writing of this paper. All authors read and approved the final
manuscript.

References

1]

[2]
3]

[4]
[5]
[6]
[7]
(8]
9]
[10]
(11]
(12]
[13]

[14]

Arslan, K., Deszcz, R., Ezentas, R., Hotlo§, M., Murathan, C.: On generalized Robertson-Walker spacetimes satisfying some curvature condition.
Turkish J. Math. 38 (2), 353-373 (2014). https:/ /doi.org/10.3906 /mat-1304-3

Besse, A. L.: Einstein Manifolds. Ergeb. Math. Grenzgeb. (3) 10. Springer. Berlin (1987).

Cecil, T. E., Ryan, P. J.: Geometry of Hypersurfaces. Springer Monographs in Mathematics. Springer. New York, Heidelberg, Dodrecht,
London (2015).

Chen, B. Y.: Pseudo-Riemannian Geometry, §-Invariants and Applications. World Scientific (2011).

Chen, B.Y.: Differential Geometry of Warped Product Manifolds and Submanifolds. World Scientific (2017).

Chen, B.-Y.: Recent developments in Wintgen inequality and Wintgen ideal submanifolds. International Electronic Journal Geometry 14 (1) , 1-40
(2021). https:/ /doi.org/10.36890/1iejg.838446

Chojnacka-Dulas, J., Deszcz, R., Glogowska, M., Prvanovi¢, M.: On warped products manifolds satisfying some curvature conditions. J. Geom.
Phys. 74 , 328-341 (2013). https://doi.org/10.1016 /j.geomphys.2013.08.007

Decu, S., Deszcz, R., Haesen, S.: A classification of Roter type spacetimes. Int. J. Geom. Meth. Modern Phys. 18 (9) , art. 2150147, 13 pp. (2021).
https://doi.org/10.1142/50219887821501474

Decu, S., Petrovié¢-TorgaSev, M., Sebekovi¢, A., Verstraelen, L.: On the Roter type of Wintgen ideal submanifolds. Rev. Roumaine Math. Pures
Appl. 57 (1) , 75-90 (2012).

Defever, E, Deszcz, R., Prvanovi¢, M.: On warped product manifolds satisfying some curvature condition of pseudosymmetry type. Bull. Greek
Math. Soc. 36 , 43-67 (1994).

Derdzinski, A., Roter, W.: Some theorems on conformally symmetric manifolds. Tensor (N.S.). 32 (1), 11-23 (1978).

Derdziniski A., Roter, W.: Some properties of conformally symmetric manifolds which are not Ricci-recurrent. Tensor (N.S.). 34 (1), 11-20 (1980).
Derdzinski, A., Roter, W.: Projectively flat surfaces, null parallel distributions, and conformally symmetric manifolds. Tohoku Math. J. 59 (4),
565-602 (2007). https:/ /doi.org/10.2748 /tmj /1199649875

Derdzinski A., Roter, W.: Global properties of indefinite metrics with parallel Weyl tensor. In: Pure and Applied Differential Geometry - PADGE
2007. Shaker Verlag, Aachen, 63-72 (2007).

dergipark.org.tr/en/pub/iejg 394


https://dergipark.org.tr/en/pub/iejg

R. Deszcz, M. Glogowska, M. Hotlo$, M Petrovi¢-TorgaSev* & Georges Zafindratafa

[13]
[16]
[17]
[18]
[19]
[20]
[21]

[22]
[23]

[24]
[25]
[26]

[27]

[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]

[39]
[40]

[41]
[42]
[43]

[44]
[45]

[46]
[47]
[48]
[49]

[50]

Derdzinski, A., Roter, W.: On compact manifolds admitting indefinite metrics with parallel Weyl tensor. J. Geom. Phys. 58 (9), 1137-1147 (2008).
https:/ /doi.org/10.1016/j.geomphys.2008.03.011

Derdzinski, A., Roter, W.: The local structure of conformally symmetric manifolds. Bull. Belg. Math. Soc. Simon Stevin. 16 (1), 117-128 (2009).
DOI:2010.36045 /bbms /1235574196

Derdzinski, A., Roter, W.: Compact pseudo-Riemannian manifolds with parallel Weyl tensor. Ann. Global Anal. Geom. 37, 73-90 (2010).
https:/ /doi.org/10.1007 /s10455-009-9173-9

Derdzinski, A., Terek, L.: New examples of compact Weyl-parallel manifolds. Preprint arXiv: 2210.03660v1 (2022).

Derdzinski, A., Terek, I.: The topology of compact rank-one ECS manifolds. Preprint arXiv: 2210.09195v1 (2022).

Deszcz, R.: On conformally flat Riemannian manifolds satisfying certain curvature conditions. Tensor (N.S.). 49 (2), 134-145 (1990).

Deszcz, R.: On four-dimensional warped product manifolds satisfying certain pseudo-symmetry curvature conditions. Colloq. Math. 62 (1), 103-120
(1991). DOI: 10.4064 / cm-62-1-103-120

Deszcz, R.: On some Akivis-Goldberg type metrics. Publ. Inst. Math. (Beograd) (N.S.). 74 (88) , 71-83 (2003). DOI: 10.2298 /PIM0374071D
Deszcz, R., Dillen, F., Verstraelen, L., Vrancken, L.: Quasi-Einstein totally real submanifolds of the nearly Kihler 6-sphere. Tohoku Math. J. 51
(4), 461-478 (1999). https:/ /doi.org/10.2748 /tmj/ 1178224715

Deszcz, R., Glogowska, M., Hashiguchi, H., Hotlo$, M., Yawata, M.: On semi-Riemannian manifolds satisfying some conformally invariant
curvature condition. Colloq. Math. 131 (2), 149-170 (2013). DOI: 10.4064/cm131-2-1

Deszcz, R., Glogowska, M., Hotlo$, M.: On hypersurfaces satisfying conditions determined by the Opozda-Verstraelen affine curvature tensor.
Ann. Polon. Math. 126 (3), 215-240 (2021). DOI: 10.4064 /ap200715-6-5

Deszcz, R., Glogowska, M., Hotlo$, M., Jetowicki, J., Zafindratafa, G.: Curvature properties of some warped product manifolds. Poster, Conf.
"Differential Geometry", Banach Conf. Center at Bedlewo, June 19 to June 24 (2017).

Deszcz, R., Glogowska, M., Hotlo$, M., Sawicz, K.: A Survey on Generalized Einstein Metric Conditions. In: Advances in Lorentzian Geometry,
Proceedings of the Lorentzian Geometry Conference in Berlin, AMS/IP Studies in Advanced Mathematics. 49, S.-T. Yau (series ed.), M.
Plaue, A.D. Rendall and M. Scherfner (eds.), 27-46 (2011).

Deszcz, R., Glogowska, M., Hotlo$, M., Sawicz, K.: Hypersurfaces in space forms satisfying a particular Roter type equation. Preprint arXiv:
2211.06700v2 (2022).

Deszcz, R., Glogowska, M., Hotlos, M., Sentiirk, Z.: On certain quasi-Einstein semisymmetric hypersurfaces. Ann. Univ. Sci. Budapest. Eotvos
Sect. Math. 41, 151-164 (1998).

Deszcz, R., Glogowska, M., Hotlo$, M., Verstraelen, L.: On some generalized Einstein metric conditions on hypersurfaces in semi-Riemannian
space forms. Collog. Math. 96 (2), 149-166 (2003). DOI: 10.4064 /cm96-2-1

Deszcz, R., Glogowska, M., Hotlo$, M., Zafindratafa, G.: On some curvature conditions of pseudosymmetry type. Period. Math. Hung. 70 (2),
153-170 (2015). DOI 10.1007 /s10998-014-0081-9

Deszcz, R., Glogowska, M., Hotlo$, M., Zafindratafa, G.: Hypersutfaces in space forms satisfying some curvature conditions. ]. Geom. Phys. 99,
218-231 (2016). https:/ /doi.org/10.1016 /j.geomphys.2015.10.010

Deszcz, R., Glogowska, M., Jetowicki, J., Petrovi¢-Torgasev, M., Zafindratafa, G.: On Riemann and Weyl compatible tensors. Publ. Inst. Math.
(Beograd) (N.S.). 94 (108), 111-124 (2013). DOI: 10.2298 /PIM1308111D

Deszcz, R., Glogowska, M., Jetowicki, J., Zafindratafa, G.: Curvature properties of some class of warped product manifolds. Int. J. Geom. Methods
Modern Phys. 13 (1), art. 1550135, 36 pp. (2016). https:/ /doi.org/10.1142/50219887815501352

Deszcz, R., Glogowska, M., Petrovi¢-Torgasev, M., Verstraelen, L.: Curvature properties of some class of minimal hypersurfaces in Euclidean
spaces. Filomat. 29 (3), 479-492 (2015). DOI 10.2298 /FIL1503479D

Deszcz, R., Glogowska, M., Plaue, M., Sawicz, K., Scherfner, M.: On hypersurfaces in space forms satisfying particular curvature conditions of
Tachibana type. Kragujevac J. Math. 35 (2), 223-247 (2011).

Deszcz, R., Glogowska, M., Zafindratafa, G.: Hypersurfaces in space forms satisfying some generalized Einstein metric condition. J. Geom. Phys.
148, 103562 20 pp. (2020). https:/ /doi.org/10.1016/j.geomphys.2019.103562

Deszcz, R., Haesen, S., Verstraelen L.: On natural symmetries. Topics in Differential Geometry, Ch. 6. Editors A. Mihai, I. Mihai and R.
Miron. Editura Academiei Romane (2008).

Deszcz, R., Hotlo$, M.: On a certain subclass of pseudosymmetric manifolds. Publ. Math. Debrecen. 53 (1-2), 29-48 (1998). DOI: 10.5486 /PMD
Deszcz, R., Hotlo$,M.: On hypersurfaces with type number two in spaces of constant curvature. Ann. Univ. Sci. Budapest. E6tvos Sect. Math. 46,
19-34 (2003).

Deszcz, R., Hotlo$, M.: On geodesic mappings in a particular class of Roter spaces. Colloq. Math. 166 (2), 267-290 (2021). DOI: 10.4064/cm7797-
1-2021

Deszcz, R., Hotlos, M., Jetowicki, J., Kundu, H., Shaikh, A. A.: Curvature properties of Godel metric. Int. J. Geom. Meth. Modern Phys. 11(3),
1450025, 20 pp. (2014). https:/ /doi.org/10.1142/5021988781450025X

Deszcz, R., Hotlo$, M., Senttirk, Z.: On curvature properties of certain quasi-Einstein hypersurfaces. Int. J. Math. 23 (7), 1250073 17 pp. (2012).
https://doi.org/10.1142/50129167X12500735

Deszcz, R., Kowalczyk, D.: On some class of pseudosymmetric warped products. Colloq. Math. 97 (1), 7-22 (2003). DOI: 10.4064 /cm97-1-2
Deszcz, R., Petrovi¢-Torgasev, M., Verstraelen, L., Zafindratafa, G.: On Chen ideal submanifolds satisfying some conditions of pseudo-symmetry
type. Bull. Malaysian Math. Sci. Soc. 39 (1), 103-131 (2016). https:/ /doi.org/10.1007 /s40840-015-0164-7

Deszcz, R., Plaue, M., Scherfner, M.: On Roter type warped products with 1-dimensional fibres. J. Geom. Phys. 69, 1-11 (2013).
https:/ /dx.doi.org/10.1016/j.geomphys.2013.02.006

Deszcz, R., Scherfner, M.: On a particular class of warped products with fibres locally isometric to generalized Cartan hypersurfaces. Colloq. Math.
109 (1), 13-29 (2007). DOI: 10.4064 /cm109-1-3

Deszcz, R., Verstraelen, L.: Hypersurfaces of semi-Riemannian conformally flat manifolds. In: Geometry and Topology of Submanifolds, IIIL.
World Sci., River Edge, NJ, 131-147 (1991).

Deszcz, R., Verstraelen, L., Vrancken, L.: The symmetry of warped product spacetimes. Gen. Relativ. Gravit. 23 (6), 671-681 (1991).
https:/ /doi.org/10.1007 /BF00756772

Deszcz, R., Verstraelen, L., Yaprak, $.: Warped products realizing a certain condition of pseudosymmetry type imposed on the Weyl curvature
tensor. Chinese J. Math. 22 (2), 139-157 (1994). https:/ /www.jstor.org/stable /43836548

395

dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

A Note on Some Generalized Curvature Tensor

[51]
[52]
(53]
[54]
[55]

[56]
(57]

(58]
[59]
[60]
[61]
[62]
[63]
[64]
[65]
[66]
[67]
[68]
[69]
[70]
[71]
[72]
[73]
[74]
[75]
[76]
[77]
[78]
[79]
[80]
[81]

[82]
(83]

[84]

(85]

(86]

(87]

Deszcz, R., Verstraelen, L., Yaprak, S.: On hypersurfaces with pseudosymmetric Weyl tensor. In: Geometry and Topology of Submanifolds,
VIII, World Sci., River Edge, NJ, 111-120 (1996).

Deszcz, R., Verstraelen, L., Yaprak, S.: On 2-quasi-umbilical hypersurfaces in conformally flat spaces, Acta Math. Hungarica. 78 (1-2), 45-57
(1998). https:/ /doi.org/10.1023/ A:1006566319359

Deszcz, R., Verstraelen, L., Yaprak, S.: Hypersurfaces with pseudosymmetric Weyl tensor in conformally flat spaces. In: Geometry and Topology
of Submanifolds, IX. World Sci., River Edge, NJ, 108-117 (1999).

Deszcz, R., Yaprak, S.: Curvature properties of certain pseudosymmetric manifolds. Publ. Math. Debrecen. 45 (3-4), 333-345 (1994). DOL:
10.5486/PMD

Duggal, K. L., Sharma, R.: Hypersurfaces in a conformally flat space with curvature collineation. Internat. J. Math. and Math. Sci. 14 (3), 595-604
(1991). https:/ /doi.org/10.1155/50161171291000807

Eisenhart, L.P.: Riemannian Geometry. Princeton Univ. Press. Princeton (1966).

Eyasmin, S.: Hypersurfaces in a conformally flat space. Int. J. Geom. Methods Modern Phys. 18 (5), art. 2150067, pp. 7 (2021).
https:/ /doi.org/10.1142/50219887821500675

Glogowska, M.: Semi-Riemannian manifolds whose Weyl tensor is a Kulkarni-Nomizu square. Publ. Inst. Math. (Beograd) (N.S.). 72 (86), 95-106
(2002). DOI: 10.2298/ PIM0272095G

Glogowska, M.: Curvature conditions on hypersurfaces with two distinct principal curvatures. In: Banach Center Publ., Inst. Math. Polish Acad.
Sci. 69, 133-143 (2005). DOI: 10.4064 /bc69-0-8

Glogowska, M.: On Roter type manifolds. In: Pure and Applied Differential Geometry - PADGE 2007. Shaker Verlag, Aachen. 114-122 (2007).
Glogowska, M.: On quasi-Einstein Cartan type hypersurfaces, ]. Geom. Phys. 58 (5), 599-614 (2008). doi:10.1016/j.geomphys.2007.12.012
Griffiths, ].B.: Podolsky, J.: Exact Space-Times in Einstein’s General Relativity. Cambridge Univ. Press (2009).

Haesen, S., Verstraelen, L.: Properties of a scalar curvature invariant depending on two planes. Manuscripta Math. 122, 59-72 (2007).
https://doi.org/10.1007 /s00229-006-0056-0

Haesen, S., Verstraelen, L.: Natural intrinsic geometrical symmetries. SIGMA. 5,086, 15 pp. (2009). https://doi.org/10.3842 /SIGMA.2009.086
Hotlo$, M.: On conformally symmetric warped products. Ann. Acad. Paedagog. Crac. 23. Studia Math. 4, 75-85 (2004).

Kon, M.: Pseudo-Einstein real hypersurfaces in complex space forms. ]. Differential Geom. 14 (3) , 339-354 (1979). DOI: 10.4310/jdg /1214435100
Kowalczyk, D.: On some class of semisymmetric manifolds. Soochow J. Math. 27 (4), 445-461 (2001).

Kowalczyk, D.: On the Reissner-Nordstrom-de Sitter type spacetimes. Tsukuba ]. Math. 30 (2), 363-381 (2006). DOI: 10.21099/tk-
bjm /1496165068

Kundu, H., Mandal, J. K., Baishya, K. K.: On hypersurfaces with semisymmetric and pseudosymmetric Weyl tensor embedded in a conformally flat
manifold. Preprint, Research Square, 17 pp. (2022).

Lumiste, U.: Semiparallel Submanifolds in Space Forms. Springer Science + Business Media, New York, LLC (2009).

Maeda, Y.: On real hypersurfaces of a complex projective space. ]. Math. Soc. Japan. 28 (3), 529-540 (1976). DOI: 10.2969/jms;j /02830529
Sawicz, K.: On some class of hypersurfaces with three distinct principal curvatures. In: Banach Center Publ., Inst. Math. Polish Acad. Sci. 69,
145-156 (2005). DOI: 10.4064 /bc69-0-9

Sawicz, K.: On curvature characterization of some hypersurfaces in spaces of constant curvature. Publ. Inst. Math. (Beograd) (N.S.). 79 (93) ,
95-107 (2006). DOI: 10.2298 /PIM0693095S

Sawicz, K.: Curvature properties of some class of hypersurfaces in Euclidean spaces. Publ. Inst. Math. (Beograd) (N.S.). 98 (112) , 165-177 (2015).
DOI: 10.2298 /PIM141025001S

Shaikh, A. A., Deszcz, R., Hotlo$, M., Jetowicki, J., Kundu, H.: On pseudosymmetric manifolds. Publ. Math. Debrecen 86 (3-4) , 433-456 (2015).
DOI: 10.5486/PMD.2015.7057

Shaikh, A. A., Kundu, H.: On warped product generalized Roter type manifolds. Balkan J. Geom. Appl. 21 (2), 82-94 (2016).

Shaikh, A. A., Kundu, H.: On generalized Roter type manifolds. Kragujevac J. Math. 43 (3), 471-493 (2019).

Sharma, R.: Cauchy-Riemann (CR) - submanifolds of semi-Riemannian manifolds with applications to relativity and hydro-
dynamics. Electronic Theses and Dissertations, 1374. Windsor, Ontario, Canada. Ph.D. thesis, University of Windsor (1986).
https:/ /scholar.uwindsor.ca/etd /1374

Stuchlik, Z., Hledik, S.: Properties of the Reissner-Nordstrom spacetimes with a nonzero cosmological constant. Acta Phys. Slovaca. 52 (5), 363-407
(2002).

Szabo, Z. 1.: Structure theorems on Riemannian spaces satisfying R(X,Y") - R = 0. I. The local version. J. Differential Geom. 17 (4), 531-582
(1982). DOI: 10.4310/jdg /1214437486

Verstraelen, L.: Comments on the pseudo-symmetry in the sense of Ryszard Deszcz. In: Geometry and Topology of Submanifolds, VI. World
Sci., Singapore, 119-209 (1994).

Verstraelen, L.: A coincise mini history of Geometry. Kragujevac J. Math. 38 (1), 5-21 (2014).

Verstraelen, L.: Natural extrinsic geometrical symmetries — an introduction. In: Recent advances in the geometry of submanifolds: dedicated
to the memory of Franki Dillen (1963-2013). AMS special session on geometry of submanifolds, San Francisco State University, San
Francisco, CA, USA, October 25-26, 2014, and the AMS special session on recent advances in the geometry of submanifolds: dedicated to
the memory of Franki Dillen (1963-2013), Michigan State University, East Lansing, M1, USA, March 14-15, 2015. Proceedings. Providence.
Suceava, Bogdan D. (ed.) et al. Contemporary Math. 674, 5-16 (2016). DOI: http:/ /dx.doi.org/10.1090/conm /674

Verstraelen, L.: Foreword, In: B.-Y. Chen, Differential Geometry of Warped Product Manifolds and Submanifolds. World Scientific, vii-xxi
(2017).

Verstraelen, L.: Submanifolds theory — a contemplation of submanifolds. In: Geometry of Submanifolds. AMS special session in honor of Bang-
Yen Chen'’s 75th birthday, University of Michigan, Ann Arbor, Michigan, October 20-21, 2018. Providence, RI: American Mathematical
Society (AMS). J. Van der Veken (ed) et al. Contemporary Math. 756. 21-56 (2020). DOI: https:/ /doi.org/10.1090/conm /756

Yaprak, S.: Intrinsic and extrinsic differential geometry concerning curvature conditions of pseudosymmetry type. Ph.D. thesis, Katholieke
Universiteit Leuven (1993).

Zafindratafa, G.: Sous-variétés soumises a des conditions de courbure (in French). Ph.D. thesis, Katholieke Universiteit Leuven (1991).

dergipark.org.tr/en/pub/iejg 396


https://dergipark.org.tr/en/pub/iejg

R. Deszcz, M. Glogowska, M. Hotlo$, M Petrovi¢-TorgaSev* & Georges Zafindratafa

Affiliations

RYSZARD DESzCZ

ADDRESS: Wroctaw University of Environmental and Life Sciences, retired employee of the Dept. of Applied
Mathematics, Grunwaldzka 53, 50-357 Wroctaw - Poland.

E-MAIL: Ryszard.Deszcz@upwr.edu.pl

ORCID ID: 0000-0002-5133-5455

MALGORZATA GLOGOWSKA

ADDRESS: Wroctaw University of Environmental and Life Sciences, Dept. of Applied Mathematics,
Grunwaldzka 53, 50-357 Wroctaw - Poland.

E-MAIL: Malgorzata.Glogowska@upwr.edu.pl

ORCID ID: 0000-0002-4881-9141

MARIAN HOTLOS

ADDRESS: Wroctaw University of Science and Technology, retired employee of the Dept. of Applied
Mathematics, Wybrzeze Wyspiariskiego 27, 50-370 Wroctaw - Poland.

E-MAIL: Marian.Hotlos@pwr.edu.pl

ORCID ID: 0000-0002-4165-4348

MIROSLAVA PETROVIC-TORGASEV

ADDRESS: State University of Novi Pazar, Dept. of Sciences and Mathematics, Vuka Karadzi¢a 9, 36300 Novi
Pazar - Serbia.

E-MAIL: mirapt@kg.ac.rs

ORCID ID: 0000-0002-9140-833X

GEORGES ZAFINDRATAFA

ADDRESS: Université Polytechnique Hauts-de-France, Laboratoire de Mathématiques pour I'Ingénieur (LMI),
59313 Valenciennes cedex 9 - France.

E-MAIL: Georges.Zafindratafa@uphf.fr

ORCID ID: 0009-0001-7618-4606

397 dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

	1 Introduction
	2 Preliminaries.
	3 Pseudosymmetry type curvature conditions
	4 Roter spaces
	5 Warped product manifolds with 2-dimensional base manifold
	6 Essentially conformally symmetric manifolds
	7 Hypersurfaces in semi-Riemannian conformally flat spaces
	8 Hypersurfaces in semi-Riemannian space forms

