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ABSTRACT

The present paper is devoted to 4-dimentional Hermitain manifold. We give a new necessary and
sufficient condition of integrability and we introduce a new class of locally conformal Kahler
manifolds that we consider a twin of the Vaisman ones. Then, some basic properties of this class is
discussed, also the existence of such manifolds is shown with concrete examples.
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1. Introduction

The study of complex manifolds has attracted the attention of many authors interested in different fields in
mathematics and physics since complex structures have proved to be an important tool in the description and
geometrization of several phenomena.

Because of their nice topological properties Kihler manifolds have been studied much more extensively than
other kinds of almost Hermitian manifolds. In the study of non-Kédhler almost Hermitian manifolds it is natural
to consider those whose almost complex structure satisfies similar but weaker conditions than those of Kahler
manifolds.

Although known since 1954 from P. Libermann’s paper [4], locally conformal Kahler (l.c.K.) structures have
been intensively studied only since 1976 after the impetus given by I. Vaisman in [9]. A great number of research
papers has appeared since then studying the main properties of l.c.K. manifolds, generalized Hopf (g.H.)
manifolds, the relations with contact metric manifolds and some important classifications of submanifolds
in g.H. manifolds. In 1998, the monograph by S. Dragomir and L. Ornea [1] brought together all known results
in this field at that moment. After the book, the geometers continued to study l.c.K. manifolds and many other
interesting results have appeared so far.

A Vaisman manifold is a particular 1.c.K. manifold (M, J,g) with its fundamental form Q(.,.) := g(., J.)
satisfying the relation dQ2 = w A , for a nonzero one-form w, which is parallel with respect to the Levi-Civita
connection of the metric g. The one-form w is called the Lee form. Note that many of the known 1.c. K manifolds
are in fact Vaisman. Recently, in [8], the authors studied a new class of locally conformal Kéhler manifolds
which will generalize the Vaisman manifold.

The present paper is devoted to Hermitian structure on a 4-dimensional manifold. In Section 2, we review
basic definitions and results that are needed to state and prove our results. In Section 3, we derive certain
necessary and sufficient conditions for almost Hermitian structure on M to be integrable and we point out
some of their consequences. In Section 4, we establish an interesting class of locally conformal Kdhler manifolds
which is a twin of the Vaisman manifolds, called by us B-Hermitian manifolds. We build concrete examples
and we show that there is a one-to-one correspondence between B-Hermitian and Kenmotsu structures.

2. Review definitions and needed results

Throughout the paper, the Lie algebra of all C*® vector fields on M will be denoted by X (/).
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2.1. Almost Hermitian manifolds

An almost complex manifold M is a differentiable manifold equipped with a (1,1) tensor field J which
satisfies J? = —I, where [ is the identity. Such a manifold is even-dimensional. M?" is an almost Hermitian
manifold provided it is almost complex and has a Riemannian metric g for which

9(J X, JY) = g(X,Y)

forall X,Y € X(M?") where C* denotes the Lie algebra of all vector fields on M. To describe the geometry of
an almost Hermitian manifold M2, it is useful to consider two special tensors. The first, called the Nijenhuis
tensor, is a (1, 2) tensor field N; defined by

NJ(X,Y) =[JX,JY] - [X,Y] - J[X,JY] - J[JX,Y]. 2.1)

An almost complex structure J is integrable if its Nijenhuis tensor V; vanishes. A well known theorem that .J
is integrable if and only if (see [5])
(VyxJ)TY = (VxJ)Y, (22)

where V denote the Levi-Civita connection corresponding to g. In the case, the almost Hermitian manifold
M?" is a Hermitian manifold.
The second tensor is a 2-form (2, called the Kédhler form, and it is defined by

Q(X,Y) = g(X, JY)

forall X,Y € X(M?*").

In the classification of Gray-Hervella [2] of almost Hermitian manifolds an interesting class that arises in the
scheme is the class corresponding to Wy. This is the class of almost Hermitian manifolds (M?", J, g) satisfying
the identity

2(n = D(Vx)(Y, Z) = g(X, Z2)6UY) — (X, Y)32(2)

+ (X, JZ)6QTY) — g(X, JY)sQUJT Z), (2.3)
where 62 denotes the codifferential of the form €. For an adapted local frame given by {e;}1<i<4, 6§ is given
by

QX)) = (Ve,Q)(es,X)
= —g((Vei)er, X). (2.4)

An important fact about the class W, is noteworthy, any manifold in W, automatically has an integrable almost
complex structure.

Definition 2.1. [1, 7] A Hermitian manifold (M, J, g) is called locally conformal K&hler (shortly, 1.c.K) manifold
if there exists a closed one-form w (called the Lee form) such that:

dQ =w A Q.

It is well known that a locally conformal Kéhler manifold belong to the class W;. In [1], the 2n-dimensional
l.c.K manifolds are characterized by:

2AVxJ)Y =0(Y)X —w(Y)JX — g(X,Y)A - Q(X,Y)B, (2.5)

where § = w o J and A = —J B are respectively the anti-Lee form and the anti-Lee vector field.
The most important subclass of 1.c. K manifolds is defined by the parallelism of the Lee form with respect to
the Levi-Civita connection of g

Definition 2.2. [9] An l.c.K manifold (M, J,w, g) is called a Vaisman manifold if Vw = 0.

Also, the almost Hermitian manifold M?2" is an almost Kdhler manifold if Q is closed, i.e., dQ = 0. If both
dQ =0 and N; =0 are satisfied, then M?" is called a Kihler manifold. Recall that dQ =0 and N; =0 are
equivalent to

VJ =0.
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Torse forming vector fields were introduced by K. Yano [11] satisfies
V& = aX +n(X)E, 2.6)

for some smooth function ¢ and 1-form 1 on M. The 1-form 7 is called the generating form and the function a
is called the conformal scalar.

Further, a complex analogue of a torse forming vector field is called K-torse forming vector field and it was
introduced by S.Yamaguchi and W. N. Yu [10],

Vx& =aX +bJX +n1(X)E + na(X)JE, 2.7)

where a and b are functions, n; and 7, are 1-forms on M. The functions ¢ and b (resp. 1-forms 7, and n,)
appearing in (2.7) will be called the associated functions (resp. forms) of £. Moreover if the associated functions
a and b satisfy a? + b* # 0 in M, then we call such a vector field a proper K-torse-forming vector field. For the
existence of torse-forming vector field on Riemannian manifold see for example [10].

Finally, we recall the Koszul’s formula for the metric g which is used to calculate the components of the
Levi-Civita connection V

29(VxY,2) = Xg(Y,2)+Yg(X,Z)— Zg(X,Y)
—9(X, [V, 2]) + 9(Y. (2, X]) + 9(Z,[X,Y)). (2.8)

For more background on almost complex manifolds, we refer to [1, 12].

2.2. Almost contact metric manifolds

An odd-dimensional Riemannian manifold (M?"*! g) is said to be an almost contact metric manifold if there
existon M a (1,1) tensor field ¢, a vector field ¢ (called the structure vector field) and a 1-form n such that

) =1, ¢X)=-X+n(X)¢ and g(pX,pY)=g(X,Y) (X)), (2.9)

for any vector fields X,Y on M. In particular, in an almost contact metric manifold we also have ¢¢ = 0 and
noge =0.

Such a manifold is said to be a contact metric manifold if dn = ¢, where ¢(X,Y) = g(X, »Y) is called the
fundamental 2-form of M.
On the other hand, the almost contact metric structure of M is said to be normal if

NO(X,Y) = N (X,Y) +2dn (X,Y)E =0, (2.10)

forany X,Y € X(M), where d denotes the exterior derivative and N, denotes the Nijenhuis torsion of ¢, given
by
[0, P)(X,Y) = Q*[X, Y] + [pX, Y] = ¢[0X, Y] = ¢[X, ¢Y].

A 3-dimensional almost contact metric structure (¢, &, 7n,9) on M is said to be Kenmotsu structure [3], if and
only if
dnp=0, dp=2pAn and N =0. (2.11)

This manifold can be characterized through their Levi-Civita connection, by requiring

(Vxp)Y = g(eX,Y)E —n(Y)pX. (2.12)
Moreover, in [6] the 3-dimensional Kenmotsu manifolds is also characterized by

Vxé=—¢p?X. (2.13)

3. 4-dimensional almost Hermitian manifolds

Through the rest of this paper M always denotes the 4-dimensional differentiable manifolds. Here, we have
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Proposition 3.1. [2, 6] A 4-dimensional almost Hermitian manifold M is Hermitian if and only if the covariant
derivative of ) is of the form
+9(X,JZ)oQJY) — g(X,JY)oU T Z). (3.1)

Let w be the Lee form of M defined by w = §Q o J and B the contravariant field of w called the Lee field.
Then, the identity (3.1) can be expressed equivalently in the following:

2V )Y = g(X,Y)JB — g(X,JY)B — w(Y)JX + w(JY)X. (3.2)

Remark 3.1. By comparing the two equations (2.5) and (3.2), one can check that any 4-dimensional Hermitian
manifold with dw = 0 is an l.c.K manifold.

From (3.2), we find B = —J Z?zl (Ve,J)e; and this Lee field is not necessary unitary. If w # 0 everywhere, we

i

put & = ¢~ B where ¢ = |B| and & = —J&; we get immediately that 7, = ¢~ “w and 72 = e¢’w o J such that
ni(X) =g(&, X), and ni(&;) =0 forall ije{l,2}.
Then, the formula 3.2 becomes
207(Vx )Y =g(JX, V)& —m(Y)JX — g(X,Y)E + na (V) X, (3.3)

For a 4-dimensional manifold M with an almost Hermitian structure (.J, g) we can also construct a useful local
orthonormal basis. Let ¢/ be a coordinate neighborhood on M and e any unit vector field on ¢/ orthogonal to &;
and &. Then Je is a unit vector field orthogonal to both &;, {& and e. Then, we obtain a local orthonormal basis
{&1, &2, e, Je}, called a J-basis. Let’s start with the following main result:

Theorem 3.1. For an almost Hermitian structure (J, g) on M, we have
(VxJ)Y =g(JVx& + Vx&,Y)é —m(Y)(JVxér + Vx&s)

+9(JVx& —Vx&,Y)& —m(Y)(JVx& — Vx&). (3.4)
Proof. Since n1 A n2 A Q is up to a constant factor the volume element on 1}, it is parallel with respectto V, i.e.,

vX(Ul A n2 N\ Q) =0.

Knowing that

4(771 A 72 A Q)(X7 Y> U7 V) = (771 A T2
—(m An2
+ (m A n2
+ (m Am2
= (m A n2
+ (m A n2

— — — — ~—

and also,
3 (X.Y,2) = (Vx)(Y.2) + (VyQ)(Z.X) + (VzQ)(X.Y),

then, the equation
(Vx(m Ana AQ))(X,Y, &1, &) =0,

gives
(Vz)(X,Y) = m(X)(QY,Vz&) + (Vzmp)Y)
—m(Y)(QUX,Vz&) + (Vzn2) X)
+n2(X) (Y, V&) — (Vzm)Y)
—n2(Y) (QUX,Vz&) — (Vzm)X), (3.5)
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hence
(V2 )Y =g(JV & + V2£,Y)ér —m(Y)(JVzE + Vz&a)
+9(IVzE = VzE,Y) & —na(Y) (V262 — Vz61),
which leads to (3.4). O

Now, we shall introduce a new necessary and sufficient condition of integrability for 4-dimensional almost
Hermitian structures.

Theorem 3.2. A 4-dimensional almost Hermitian manifold M is Hermitian if and only if

(Vx)er = (= IX ~m(X)& +m(X)E), (36)
or equivalently,
(Vx D) = 5 (X = m(X)& +m(X)&). (3.7)

Proof. Let (M, J, g) be an almost Hermitian manifold. Firstly, we have
(VxJ)éo = (VxJ)J&
=-Vx& = J((VxJ)& + JVxé&)
= —J(VxJ)&,

which demonstrates the equivalence between (3.6) and (3.7). Now, suppose that

g

(Vx e = 5 (= JX =m(X0)& +m(X)&).

for all X vector field on M. Using (VxJ)§1 = —Vx& — JVx& we get

JVx& +Vxé = %(JX +m(X)& —n2(X)ér), (3.8)
and by applying J we obtain
JVx& —Vxé = %( — X +m(X)& +m(X)E). (3.9)

Substituting (3.8) and (3.9) in (3.4) we obtain (3.3), then the structure is Hermitian.
Conversely, assuming that (M, J, g) is a Hermitian manifold, this is equivalent to

2¢77(VxJ)Y = g(JX,Y)& —m(Y)JX — g(X,Y)& +n2(Y)X.
Setting Y = &; gives
277 (Vx )& = m2(X)& — JX —m(X)&e,
and hence "
(Vx e = 5 (= JX = (X0 +m(X)).
This completes the proof. O

It is convenient to rewrite equation (3.6) in term of VB as follows
Corollary 3.1. A 4-dimensional almost Hermitian manifold M is Hermitian if and only if
2(VxJ)B = —|B*JX +w(X)JB +w(JX)B. (3.10)
Proof. The proof is direct just using the notation given above in formula (3.6). O

By examining formula 3.10 we can extract two important cases:
1) For Vx B = 0 we get the Vaisman state.
3) For VxJB =0, we get
2VxB = |B|*X —w(X)B +w(JX)JB.

This means that B is a K-torse forming vector field that was included by S.Yamaguchi [10]. Since this case is
new and interesting, we dedicate the next section to study its properties with illustrative examples.
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4. A special type of 4-dimensional Hermitian manifolds

Let’s start with providing the following definition:

Definition 4.1. A 4-dimensional almost Hermitian manifold (M, J, g) is called B-Hermitian manifold if there
exists a global vector field B such that for all X vector field on M

2VxB = |BI*’X — w(X)B + w(JX)JB. (4.1)

B-Hermitian manifold is a type of 1.c.K manifolds and we can consider it as a counterpart to Vaisman
manifold. To prove the existence of such manifolds we present the following examples:

Example 4.1. Let A be the 4-dimensional Lie algebra whose skew-symmetric multiplication is given by
[Ey, E3] = E3, [Er, Ey) = Ey and [Ei, E;] =0 in other cases,

where {E1, Fs, E3, E,} is certain fixed basis of A.

Consider a connected Lie subgroup G of general linear group GL(k,R) for certain natural &, such that the
Lie algebra g of G is isomorphic to A.
Let s : A — g be the isomorphism. Let {e1, e2, €3, e4} be the basis og g formed by left invariant vector fields on
G such that s(E;) = ¢;, 1 <i < 4. Then we have

[e1, €3] = es, [e1,e4] = e4 and [ei,ej] =0 in other cases.
Let (J, g) be the left invariant almost Hermitian structure on G defined by
Jeip = ez, Jea = —e1, Jezg=eq, Jeg= —e3,

and
g(ei,ej)zéij, 1§Z,j§4

By Koszul’s formula, the covariant derivatives of the basis elements are as follows:
Ve,e1 = —e3, Vees=e1, Veej =0 1inother cases.
we have JB = Z?:l(veij)ei which gives B = —2e;. Hence
Ve,B=V.,,B=0, V.,B=23, V.B=2e and V., JB=0.
So, we can easily verify that
2V..B = |B|*e; — w(e;) B+ w(Je;)J B,

or, equivalently
Ve, €1 = —e; + 015e1 + d2i€2.

Therefore, (J, g) is a B-Hermitian structure on G
The second type of examples are closely related to the conformal transformation. It is well known that any

conformal transformation
g =c%y, peC®(M) and dp#0
of the metric g in a Kéhler manifold (M, J, g) gives rise to an l.c.K manifold (M, J, §). Easily, one can get Q= e
implies dQ = 2dp A Q which gives w = 2dp and B = 2gradp.
Let V and V be the Levi-Civita connections associated with the metrics g and g respectively. As is well know,
they are connected by

VxY =VxY + X(p)Y +Y(p)X — g(X,Y)gradp. (4.2)
Now, let’s calculate V B. Using (4.2), we get

- 1
VxB=VxB+ 5\B|2. (4.3)
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On the other hand, using (3.2) taking into account VxJB = 0, one can get

JVxB=—(VxJ)B
= %( X,B)JB — g(X,JB)B —w(B)JX)
%( X)JB+w(JX)B — |B?JX),
which gives
VxB = %( —w(X)B +w(JX)JB +|B|*X) (4.4)

From (4.3) and (4.4) we conclude that in order for the (M, J,§) to be B-Hermitian manifold, the following
condition must be fulfilled

2VxB = —w(X)B + w(JX)JB, (4.5)

or, equivalently
Vxgradp = — X (p)gradp + JX (p)Jgradp. (4.6)

Therefore, summing up the arguments above, we have the following proposition:

Proposition 4.1. Let (J, g) be a Kihlerian structure on M and p a non-zero function on M. Then, the structure (J, g)
defined above is B-Hermitian structure on M if and only if the function p satisfies the equation (4.5).

According to [7], Vaisman geometry is intimately related to Sasakian one. In what follows, we prove that the
B-Hermitian manifolds are closely related to the Kenmotsu ones.

Let (M, ¢, &, m, g) be a 3-dimensional Kenmotsu manifold and M =R x M be the product manifold of M and

a real line R with natural coordinate system 0, equipped with the following almost Hermitian structure (.J, §)
defined by

G =dt* +g, Joy=¢ and JX =X —n(X)o;.

The manifold (M, J, §) possesses a fundamental 2-form, 2, the Kahler form, defined by

Q((adt, X), (b0t,Y)) §((adt, X), J(b0t,Y))
(

= g((adt, X), (—n(Y)0t, oY +bg)),
we can check that is very simply as follows:
Q=¢—2dt A, (4.7)
where ¢ denotes the fundamental 2-form of the Kenmotsu structure (¢, £, 7). We have immediately that,
dQ=2nAQ.

Taking w = 2n we get B = 2¢ and |B| = 2. We compute

2V, B =0
{ 2Vx B = 4V x¢, (48)
on the other hand,
|BI’X —w(X)B+w(JX)JB = —4¢*X, ’
which gives Vx¢& = —¢?X and this is true as long as (M, ¢, £, 7, g) is a Kenmotsu manifold. Therefore, we have

the following proposition:

Proposition 4.2. Let (M, ¢, &,n,g) be a 3-dimensional Kenmotsu manifold. Then, the product M =R x M equipped
with the almost Hermitian (J, §) defined above is a B-Hermitian manifold.
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Now, we will show that from a 4-dimensional B-Hermitian manifold (more general, 4-dimensional
Hermitian manifold) we can build a 5-dimensional Kenmotsu one.
Let (N, J, h) be a 4-dimensional Hermitian manifold. According to the remark 3.1, (N, J, h) is a 4-dimensional
l.c. K manifold. Then, we have
N;y=0, dQ=wAQ and dw=0. (4.10)

On the product M = R x N one can define an almost contact structure (¢, , ) by setting
00, =0, ©X =JX —2w(JX)d,, £=0,, n=dr+2w, @.11)

and a Riemannian metric g by
g=fh+nan, (4.12)

for any vector filed X € X(M) and 9, denote the unit tangent field to R where f is a positive function on R.
Proposition 4.3. The structure (p,&,n, g) constructed on the product M is an almost contact metric structure.
Proof. Tt is easy to see that n(¢) = 1 and ¢?9, = -0, + n(8,)¢ = 0. For all X € X(M), we compute:
X = p(JX = 2(JX)E)
= o(JX) = 2w(JX)pg
= J’X —2w(J?X)¢
= —X +2w(X)¢
—X +n(X)¢.
Let X,Y € X(M), we have
9eXpY) = g(JX = 2(JX)E, JY = 2w(JY)E)
= g(JX,JY) = 2w(JY)g(JX,§) — 2w(JX)g(£, JY)
Fw(JX)w(JY)g(E, 6),

by the definition of the metric g with n = dr + 2w, we obtain

9@X, oY) = h(JX,JY) +4w(JX)w(JY) — dw(JX)w(JY)
—4dw(JX)w(JY) + dw(J X)w(JY)
= W(JX,JY),

ash(JX,JY)=h(X,Y)and ¢(X,Y) = h(X,Y) + dw(X)w(Y), we conclude that
gleX, oY) = g(X)Y)—dw(X)w(Y)
= g(X,Y) = n(X)n(Y).
As 0§ =0, g(X,§) = 2w(X) =n(X), n(§) = Land g(¢,£) = 1, we get
9(eX, p§) = g(X, &) —n(X)n(§) =0,
9(p€, &) = g(&,€) —n(§n(§) = 0.

According to (2.9), (¢, &, n, g) is an almost contact metric structureon M. O

Since the vanishing of the tensor field NV of (p, £, 7, g) is a necessary and sufficient condition for normality,
we seek to express the condition of integrability in terms of N, the Nijenhuis torsion of J .

Since N is a tensor field of type (1, 2), it suffices to compute NV ((9,,0), (0, X)) and NV ((0, X), (0,Y)) for
vector fields X and Y on M. A direct calculation gives

N®((8,,0),(0,X)) =0.
For N®W((0,X),(0,Y)), we have

ND((0,X),(0,Y)) = NY(X,Y)
= O°[X, Y]+ [0X, oY ] — o[ X, pY] — [eX, Y] + 2dn(X,Y)E,
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using definition of ¢ in (4.11) with dn(X,Y) = 2dw(X,Y’) = 0, one can get
N®((0,X),(0,Y)) = Ny(X,Y) — 20(N,(X,Y))0,,

since N; = 0 then N(1) = 0 therefore the almost contact metric structure (¢, £, 7) is normal.
On the other hand, the fundamental 2-form ¢ of (¢, &, 7) is

¢((a§r,X), (ba%Y)) zg((a(%,X),gp(ba—r,Y)),

we can check that is very simply as follows:
¢ = fQ, (4.13)
then we have )
¢ =fQ d¢ = (Lrdr+20w) N ¢
n=dr+2w dn =0.
Taking w = 26
We can claim the following Proposition:

Proposition 4.4. Let (N, J, h) be a 4-dimensional Hermitian manifold. The almost contact metric structure (¢,&,n,g)
defined above on M = R x N is a Kenmotsu structure if and only if dQ = 20 A Qand f = ce*” where w = 20 and ¢ > 0.

Proof. The necessity was observed above. For the sufficiency, first note that

d¢ (87’70)a (OvX)7 (O’Y)) = f/Q(va)v
d¢ (O,X),(O,Y),(O,Z)) = fdQ(X,Y, 2), (4.14)
dn((0,X),(0,Y)) =0,

Suppose that (¢,&,n,g) is a Kenmotsu structure on M i.e. we have d¢ = 2n A ¢ and dn = 0. From equations
(4.14) we obtain
f=ce® and dQ=wAQ,

which shows that (M, J, g) is a Locally conformally Kidhler manifold with f = ce?” and ¢ > 0. O
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