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Abstract: Fibonacci and Lucas numbers have been the most popular integer sequences since they were defined. These integer 

sequences have many uses, from nature to computer science, from art to financial analysis. Many researchers have worked on this 

subject. Sedenions form a 16-dimensional algebra on the field of real numbers. Various systems can be constructed by using the terms 

of special integer sequences instead of terms in sedenions. In this study, we define dual Fibonacci (DFS) and dual Lucas sedenions 

(DLS) with the help of Fibonacci and Lucas termed sedenions. Then we calculate some special identities for DFS and DLS such as 

Vajda's, Catalan's, d'Ocagne's, Cassini's. 
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1. Introduction 
Fibonacci numbers are the most famous integer sequence 

in mathematics. For n > 1, Fibonacci numbers have  𝐹𝑛 =

𝐹𝑛−1 + 𝐹𝑛−2 recurrence relation with the initial 

conditions, 𝐹0 = 0, 𝐹1 = 1. Lucas numbers have same 

recurrence relation 𝐿𝑛 = 𝐿𝑛−1 + 𝐿𝑛−2, but initial 

conditions are 𝐿0 = 2, 𝐿1 = 1. Binet-like formulas of 

Fibonacci and Lucas numbers are  𝐹𝑛 =
∝𝑛−𝛽𝑛

𝛼−𝛽
   and 𝐿𝑛 =

𝛼𝑛 + 𝛽𝑛 , respectively. 𝛼 =
1+√5

2
 and 𝛽 =

1−√5

2
 are roots of 

the second order equation 𝑥2 − 𝑥 − 1 = 0  (Koshy, 2001). 

For more details about Fibonacci and Lucas numbers, one 

can see following studies (Horadam, 1961; Wilcox, 1986; 

Muskat, 1993; Yayenie, 2011; Bilgici, 2014). 

Clifford (1871), extended real numbers to dual numbers 

with a structure similar to that of complex numbers. For 

any real numbers, 𝑎 𝑎𝑛𝑑 𝑎∗, a dual number d can be 

expressed as 𝑑 = 𝑎 + 𝜀 𝑎∗, where, ε is the dual unit that 

satisfies.  𝜀 ≠ 0, 𝜀2 = 0 The set of all dual numbers 

 

 * * 2: , , 0, 0d a a a a       D R  

 

is a commutative ring with unity with respect to the 

following binary operations: For any dual numbers 

 
* *

1 1 1 2 2 2,d a a d a a     D  

* *

1 2 1 2 1 2

* *

1 2 1 2 1 2 1 2

( )

( ).

d d a a a a

d d a a a a a a





    

  
 

 

 

But since has zero divisors, dual numbers ring is not a 

field. 

Ünal et al. (2017), gave some properties of dual Fibonacci 

and Lucas octonions. Tokeşer et al. (2022), studied on 

split dual Fibonacci and Lucas octonions, recently.  

Sedenions, defined by Imaeda and Imaeda (2000) and 

denoted by S, is a 16-dimensional algebra over real 

numbers. Since sedenions have zero divisors, it is not a 

division algebra. Also, sedenions form a non-

commutative and non-associative algebra. Any sedenion s 

is 𝑠 = ∑ 𝑎𝑖𝑒𝑖
15
𝑖=0 , where, coefficients 𝑎𝑖 are reals and 

{𝑒0, … , 𝑒15} is the basis elements of S. The multiplication 

table of basis elements of sedenions is given by Cawagas 

(2004) as follows (Table 1):  

Bilgici et al. (2017), defined Fibonacci and Lucas 

sedenions as 

 
15 15

0 0

and n n i i n n i

i i

FS F e LS L 

 

    

 

Binet’s formulas for Fibonacci and Lucas sedenions are 

given in Equation 1; 

 
* *

* *and 
n n

n n

n nFS LS
   

   
 


  



 (1) 

 

where, 𝛼∗ = ∑ 𝛼𝑖𝑒𝑖
15
𝑖=0  and 𝛽∗ = ∑ 𝛼𝛽𝑖𝑒𝑖

15
𝑖=0 . In the same 

study, they gave some special identities such as Catalan, 

Cassini, etc. 
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Table 1. The multiplication table for basis of sedenions by setting i = ei, (0  i  15). 

. 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

0 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

1 1 -0 3 -2 5 -4 -7 6 9 -8 -11 10 -13 12 15 -14 

2 2 -3 -0 1 6 7 -4 -5 10 11 -8 -9 -14 -15 12 13 

3 3 2 -1 -0 7 -6 5 -4 11 -10 9 -8 -15 14 -13 12 

4 4 -5 -6 -7 -0 1 2 3 12 13 14 15 -8 -9 -10 -11 

5 5 4 -7 6 -1 -0 -3 2 13 -12 15 -14 9 -8 11 -10 

6 6 7 4 -5 -2 3 -0 -1 14 -15 -12 13 10 -11 -8 9 

7 7 -6 5 4 -3 -2 1 -0 15 14 -13 -12 11 10 -9 -8 

8 8 -9 -10 -11 -12 -13 -14 -15 -0 1 2 3 4 5 6 7 

9 9 8 -11 10 -13 12 15 -14 -1 -0 -3 2 -5 4 7 -6 

10 10 11 8 -9 -14 -15 12 13 -2 3 -0 -1 -6 -7 4 5 

11 11 -10 9 8 -15 14 -13 12 -3 -2 1 -0 -7 6 -5 4 

12 12 13 14 15 8 -9 -10 -11 -4 5 6 7 -0 -1 -2 -3 

13 13 -12 15 -14 9 8 11 -10 -5 -4 7 -6 1 -0 3 -2 

14 14 -15 -12 13 10 -11 8 9 -6 -7 -4 5 2 -3 -0 1 

15 15 14 -13 -12 11 10 -9 8 -7 6 -5 -4 3 2 -1 -0 

 

2. Material and Methods 
In this part, we will define dual Fibonacci and Lucas 

sedenions and give the Binet-like formulas. 

Definition 1 For n > 1, n-th dual Fibonacci and dual 

Lucas sedenions are 
 

1

1

,

.

n n n

n n n

DFS FS FS

DLS LS LS









 

 

 

 

Instead of these recursive definitions we can use Binet-

like formulas. 

Theorem 2 (Binet-like Formula) For n > 1, Binet 

formulas of n-th dual Fibonacci and dual Lucas sedenions 

are 

' '
and ' '

n n
n n

n nDFS DLS
   

   
 


  



 

where, 
15 *

0
' (1 ) (1 )i

ii
e    


     

and 
15 *

0
' (1 ) (1 )i

ii
e    


    . 

 

Proof Using the Equation (1), the proof is completed. ∎ 
 

3. Results and Discussion 
In this section, we will give the Vajda’s identities for dual 

Fibonacci and dual Lucas sedenions. First of all, let us 

consider the following lemma that has useful results for 

calculations. 

 

Lemma 3 For  * and  * we have 

 

(i)  * *

0 05( ),LS FS K      

(ii) * *

0 05( ),LS FS K      

(iii) * 2

1 0 0 2( ) 5( ),LS FS        

(iv) * 2

1 0 0 2( ) 5( ),LS FS        

 

where, FS0 and LS0 are 0-th Fibonacci and Lucas 

sedenions, respectively, and, 1 1505175  , 2 =673134 

and 9 10 11 12 13 14 1594 94 188 282 188 94 893K e e e e e e e        

(Bilgici et al., 2017). 

Theorem 4 (Vajda’s Identity) For any integers n, r, and, 

s, followings are hold in Equations 2 and 3:  

 

 0 0( 1) ( ) (1 )n

n r n s n n r s r s sDFS DFS DFS DFS F F LS FS K L           (2) 

 

 1

0 05( 1) ( ) (1 )n

n r n s n n r s r s sDLS DLS DLS DLS F F LS FS K L 

          (3) 

 

where, Fr, Fs, Ls, FS0 and LS0  are r-th, s-th Fibonacci, s-th 

Lucas numbers, 0-th Fibonacci and Lucas sedenions, 

respectively, and 

 

9 10 11 12 13 14 1594 94 188 282 188 94 893 .K e e e e e e e        

Proof We will prove the first equation. From the 

definition of dual Fibonacci sedenions, we get 
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1 1

1 1

1

1 1 1

( )( )

( )( )

(

)

n r n s n n r s n r n r n s n s

n n n r s n r s

n r n s n n r s n r n s

n n r s n r n s n n r s

DFS DFS DFS DFS FS FS FS FS

FS FS FS FS

FS FS FS FS FS FS

FS FS FS FS FS FS

 

 



         

     

      

        

   

  

  

  

 
(4) 

 

Let us consider the real part of the Equation (4). From Equation (1) 

 

* * * * * * * *

* * * * * * * *

2

* * * *

2

1
[ ]

( )

( 1)
[( ) ( ) ]

( )

( 1)

n r n s n n r s

n r n r n s n s n n n r s n r s

n r n s n s n r n n r s n r s n

n
r r s r r s

n

r

FS FS FS FS

F

               

       

               
 

         
 



   

       

       



   
 

   

    



    






 

0 0 0 0

0 0

[ ( 5( )) ( 5( ))]

( 1) ( )

s s

n

r s s

LS FS K LS FS K

F F LS FS K L

 


    


   

 

(5) 

 

Now we will calculate the dual part in two steps: In Equation (5), replacing s to s+1, we get 

 

 1 1 1 0 0 1( 1) ( )n

n r n s n n r s r s sFS FS FS FS F F LS FS K L             (6) 

 

and replacing n to n+1 and s to s–1, we find 

 

 1

1 1 1 0 0 1( 1) ( ) .n

n r n s n n r s r s sFS FS FS FS F F LS FS K L

             (7) 

 

From Equations (6) and (7) and using the relations Fs = Fs+1 – Fs-1 and Ls = Ls+1 – Ls- we have 

 

 1 1 1 1 0 0( 1) ( )n

n r n s n n r s n r n s n n r s r s sFS FS FS FS FS FS FS FS F F LS FS K L                   (8) 

 

Finally, from Equations (4) and (8) we get 

 

𝐷𝐹𝑆𝑛+𝑟𝐷𝐹𝑆𝑛+𝑠 − 𝐷𝐹𝑆𝑛𝐷𝐹𝑆𝑛+𝑟+𝑠

= (−1)𝑛𝐹𝑟[𝐹𝑠𝐿𝑆0 + (𝐹𝑆0 − 𝐾)𝐿𝑠](1 + 𝜀)     

 

In a similar way, the second part of the proof can be done 

easily. ∎ 

Now, we will give following corollaries without proof as a 

consequence of the Theorem 4. 

Corollary 5 (Catalan-like Identity) For any integers n 

and r, Catalan’s identities of dual Fibonacci and dual 

Lucas sedenions are as follows: 

 
2 1 2

0 0 2

2 2

0 0 2

( 1) ( ) (1 )

5( 1) ( ) (1 )

n r

n r n r n r r

n r

n r n r n r r

DFS DFS DFS F LS FS K F

DLS DLS DLS F LS FS K F





 

 



 

       

       

 

Where Fr, F2r, FS0 and LS0 are r-th, (2r)-th Fibonacci 

numbers, 0-th Fibonacci and Lucas sedenions, 

respectively, and 

9 10 11 12 13 14 1594 94 188 282 188 94 893 .K e e e e e e e        

Proof In Equations (2) and (3), if we write –r instead of s 

and use the identities 𝐹−𝑟 = (−1)𝑟+1𝐹𝑟, 𝐿−𝑟 = (−1)𝑟+1𝐿𝑟 

and 𝐹2𝑟 = 𝐹𝑟𝐿𝑟, the proof is completed.∎ 

 

 

Corollary 6 (Cassini-like Identity) Let n be any integer. 

Then Cassini’s identities of dual Fibonacci and dual Lucas 

sedenions are 

 

 

 

2

1 1 1

2

1 1 1

( 1) 2 (1 )

5( 1) 2 (1 )

n

n n n

n

n n n

DFS DFS DFS FS K

DLS DLS DLS FS K





  

  

    

     

 

 

where, FS-1 (–1)-th Fibonacci sedenion and 

9 10 11 12 13 14 1594 94 188 282 188 94 893 .K e e e e e e e      

 

Proof In Equations (2) and (3), if we write s = –r = –1 and 

use the relation LS0 – FS0 = 2FS-1; it is completed.∎ 

Corollary 7 (d’Ocagne-like Identity) Let m and n are 

any integer numbers. Then d’Ocagne identities of dual 

Fibonacci and dual Lucas sedenions are as follows: 

 

 

 

1 1 0 0

1 1 0 0

( 1) ( ) (1 )

5( 1) ( ) (1 )

n

n m n m m n m n

n

n m n m m n m n

DFS DFS DFS DFS F LS FS K L

DLS DLS DLS DLS F LS FS K L





   

   

     

      

 

where, Fm-n, Lm-n, LS0 and FS0  are (m-n)-th Fibonacci and 

Lucas numbers, 0-th Fibonacci and Lucas sedenions, 

respectively, and 
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9 10 11 12 13 14 1594 94 188 282 188 94 893 .K e e e e e e e      

 

Proof If we write s = m – n and r = 1 in Equations (2) and 

(3), we get the result. ∎ 

Some identities of DFS and DLS are given without proof 

in the next theorem. 

Theorem 8 Following identities for dual Fibonacci and 

Lucas sedenions are valid. 

 

02( 1) (1 ),n r

n r n s n s n r s rDLS DFS DLS DFS LS FS 

       

 

( 1) ,n

m n m n m nDFS DFS DFS L     

 
1

02( 1) (1 ).m

m n n m n mDFS DLS DLS DFS L F 

     

 

4. Conclusion 
In this study, dual Fibonacci and dual Lucas sedenions 

are defined. Then we calculated Vajda’s identities for DFS 

and DLS. By using this identity some classical identities 

are given for example, Catalan, Cassini and d’Ocagne etc. 
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