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Abstract: In this study, we determine some of the classes of almost paracontact metric structures

which are invariant under D-homothetic deformations. We write the Riemannian curvature tensor, the

Ricci tensor and the scalar curvature when the characteristic vector field is Killing. In addition, we give

examples.
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1. Introduction

Differentiable manifolds having almost paracontact structures were introduced by [5] and after

[11] many authors have made contribution, see [7, 9, 11–13] and references therein. Manifolds

with almost paracontact metric structure were classified according to the Levi-Civita covariant

derivative of the fundamental tensor. There are 212 classes of almost paracontact metric manifolds.

The defining relations and projections onto each subspace are given in [7, 13].

D-homothetic deformations of almost contact metric manifolds is extensively studied, see

[1, 3] and references therein. For D-homothetic deformations of almost contact metric structures

with B-metric, refer to [2]. D-homothetic deformations of almost paracontact metric structures

were introduced in [11]. In [10], almost paracontact metric manifolds whose characteristic vector

field is parallel are considered and their D-homothetic deformations are studied. Our aim is to

investigate D-homothetic deformations of almost paracontact metric manifolds having arbitrary

characteristic vector fields.

2. Preliminaries

Assume that M2n+1 is a smooth manifold having odd dimension. An ordered triple (φ, ξ, η) of an

endomorphism, a vector field, a 1-form, respectively, with the properties below is called an almost
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paracontact structure on M

φ2 = I − η ⊗ ξ, η(ξ) = 1, φ(ξ) = 0,

there is a distribution D ∶ p ∈M Ð→ Dp =Kerη. M together with the almost paracontact structure

is said to be an almost paracontact manifold. In addition, if M carries a semi-Riemannian metric

g satisfying

g(φ(x), φ(y)) = −g(x, y) + η(x)η(y),

where X(M) is the set of smooth vector fields on M and x, y ∈ X(M) , then M is called an almost

paracontact metric manifold. The fundamental 2-form of the almost paracontact metric structure

is given as

Φ(x, y) = g(φx, y).

We denote the vector fields and tangent vectors by letters x, y, z .

Consider the tensor F defined by

F (x, y, z) = g((∇xφ)(y), z), (1)

for all x, y, z ∈ TpM , where TpM is the tangent space at p , ∇ is the Levi-Civita covariant derivative

of g . Then F satisfies

F (x, y, z) = −F (x, z, y), (2)

F (x,φy,φz) = F (x, y, z) + η(y)F (x, z, ξ) − η(z)F (x, y, ξ). (3)

The forms below are defined for any almost paracontact metric structure.

θ(x) = gijF (ei, ej , x), θ∗(x) = gijF (ei, φej , x), ω(x) = F (ξ, ξ, x),

where u ∈ TpM , {ei, ξ} is a basis for TpM and the inverse of the matrix gij is gij .

Let F be the set of (0,3) tensors over TpM having properties (2), (3). F is the direct sum

of four subspaces Wi , i = 1, . . . , 4 , where projections FWi we use are

FW1(x, y, z) = F (φ2x,φ2y,φ2z), (4)

FW2(x, y, z) = −η(y)F (φ2x,φ2z, ξ) + η(z)F (φ2x,φ2y, ξ). (5)

In addition, W1 is a direct sum of four subspaces Gi , i = 1, . . . , 4 , W2 = G5⊕ . . .⊕G10 , and

denote W3 and W4 by G11 and G12 , respectively. A manifold with almost paracontact metric

structure is said to be in the class Gi ⊕Gj , etc. if F belongs to Gi ⊕Gj over TpM for all p ∈M .

The defining relations of Gi and projections F i onto each Gi are given in [7, 13]. We only write

the classes and projections we use:
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G5 ∶ F (x, y, z) =
θF (ξ)
2n
{g(φx,φz)η(y) − g(φx,φy)η(z)} (6)

G8 ∶ F (x, y, z) = −η(y)F (x, z, ξ) + η(z)F (x, y, ξ), (7)

F (x, y, ξ) = F (y, x, ξ) = −F (φx,φy, ξ), θF (ξ) = 0

G9 ∶ F (x, y, z) = −η(y)F (x, z, ξ) + η(z)F (x, y, ξ),

F (x, y, ξ) = −F (y, x, ξ) = F (φx,φy, ξ) (8)

G10 ∶ F (x, y, z) = −η(y)F (x, z, ξ) + η(z)F (x, y, ξ),

F (x, y, ξ) = F (y, x, ξ) = F (φx,φy, ξ) (9)

G11 ∶ F (x, y, z) = η(x)F (ξ,φy,φz) (10)

G12 ∶ F (x, y, z) = η(x){η(y)F (ξ, ξ, z) − η(z)F (ξ, ξ, y)} (11)

Some of the projections F i onto each subspace Gi are

F 9(x, y, z) = −1
4
η(y) {F (φ2x,φ2z, ξ) + F (φx,φz, ξ) (12)

−F (φ2z,φ2x, ξ) − F (φz,φx, ξ)} + 1

4
η(z) {F (φ2x,φ2y, ξ)

+F (φx,φy, ξ) − F (φ2y,φ2x, ξ) − F (φy,φx, ξ)} ,

F 10(x, y, z) = −1
4
η(y) {F (φ2x,φ2z, ξ) + F (φx,φz, ξ) (13)

+F (φ2z,φ2x, ξ) + F (φz,φx, ξ)} + 1

4
η(z) {F (φ2x,φ2y, ξ)

+F (φx,φy, ξ) + F (φ2y,φ2x, ξ) + F (φy,φx, ξ)} ,

F 11(x, y, z) = η(x)F (ξ,φ2y,φ2z), (14)

F 12(x, y, z) = η(x){η(y)F (ξ, ξ,φ2z) − η(z)F (ξ, ξ,φ2y)}. (15)

Note that ξ is Killing in any direct sum of G1,G2,G3,G4,G5,G8,G9,G11 and ξ is parallel

in G1 , G2 , G3 , G4 , G11 and also in any direct sum of these classes [10].
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For any almost paracontact metric sructure (φ, ξ, η, g) on a manifold M , consider the

quadruple (φ̃, ξ̃, η̃, g̃) where

φ̃ = φ, ξ̃ = 1

t
ξ, η̃ = tη, g̃ = −tg + t(t + 1)η ⊗ η (16)

for a positive constant t [11]. The structure (φ̃, ξ̃, η̃, g̃) is called a D-homothetic deformation of

(φ, ξ, η, g) . In [10], the Levi-Civita covariant derivative ∇̃ of metric g̃ is obtained as

g(∇̃xy, z) = g(∇xy, z) +
(t + 1)2

2t
η(z) {−η(x)g(∇ξξ, y) (17)

−η(y)g(∇ξξ, x) + g(∇xξ, y) + g(∇yξ, x)}

−(t + 1)
2
{η(x) (g(∇yξ, z) − g(∇zξ, y))

+η(y) (g(∇xξ, z) − g(∇zξ, x))

+η(z) (g(∇xξ, y) + g(∇yξ, x))} .

Also it is proved that the classes with parallel characteristic vector field does not change after

D-homothetic deformations. Our aim is to study the invariance of remaining basic classes G5 , G6 ,

G7 , G8 , G9 , G10 , G12 . We also write the curvature tensors of the deformed metric when ξ is

Killing and we give examples.

3. Classes of Deformed Structures

Consider a D-homothetic deformation given by (16).

First let ξ be Killing. In this case (17) simplifies into

g(∇̃xy, z) = g(∇xy, z) − (t + 1) {η(x)g(∇yξ, z) (18)

+η(y)g(∇xξ, z)} ,

since g is non-degenerate, (18) gives

∇̃xy = ∇xy − (t + 1) {η(x)∇yξ + η(y)∇xξ} . (19)

The Proposition 3.1 yields from (19).

Proposition 3.1 Let ξ be g -Killing. Then ξ̃ is g̃ -Killing.

Now we write the curvature tensors of the deformed metric g̃ for an almost paracontact metric

structure with Killing characteristic vector field. If {e1, . . . , en, φe1, . . . , φen, ξ} is a g -orthonormal
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frame, then {f1, . . . , f2n+1} = { 1√
t
φe1, . . . ,

1√
t
φen,

1√
t
e1, . . . ,

1√
t
en,

1
t
ξ} is g̃ -orthonormal [10] and

g̃ij = gij . We use this basis in calculations.

If ξ is Killing, the Riemannian, the Ricci and the scalar curvatures of the deformed metric

g̃ are evaluated by direct calculation.

R̃(x, y)z = R(x, y)z − (t + 1)η(z)R(x, y)ξ (20)

−(t + 1)η(x)∇∇yzξ + (t + 1)η(y)∇∇xzξ

+(t + 1)2η(x)η(z)∇∇yξξ − (t + 1)2η(y)η(z)∇∇xξξ

+(t + 1)g(∇yξ, z)∇xξ − (t + 1)g(∇xξ, z)∇yξ

−2(t + 1)g(∇xξ, y)∇zξ − (t + 1)η(y)∇x∇zξ

+(t + 1)η(x)∇y∇zξ,

R̃ic(x, y) = Ric(x, y) − (t + 1)η(y)Ric(x, ξ)

+(t + 1)η(x)
n

∑
i=1
{g(∇∇ei

yξ, ei) − g(∇∇φei
yξ,φei)}

+(t + 1)2η(x)η(y)
n

∑
i=1
{−g(∇∇ei

ξξ, ei) + g(∇∇φei
ξξ,φei)}

−(t + 1)η(x)div(∇yξ) + 2(t + 1)g(∇xξ,∇yξ)

and

s̃ = 1

t
{−s + (t + 1)

n

∑
i=1
{g(∇φeiξ,∇φeiξ) − g(∇eiξ,∇eiξ)}}.

Now let ξ be any vector field which is not necessarily Killing. We write the tensor F̃ of the

deformed structure in terms of F defined by (1). Since

(∇̃xφ̃)(y) = ∇̃x(φy) −φ(∇̃xy) (21)

and

F̃ (x, y, z) = g̃ ((∇̃xφ̃)(y), z)

= −tg ((∇̃xφ̃)(y), z)

+t(t + 1)η((∇̃xφ̃)(y))η(z), (22)

5



Şirin Aktay / FCMS

replacing (21) in (22) and using (17) and the identity g(∇xξ, y) = −F (x,φy, ξ) yields

F̃ (x, y, z) = −tF (x, y, z) (23)

+ t(t + 1)
2

{η(x) {−F (φy,φz, ξ) + F (z, y, ξ)

−F (y, z, ξ) + F (φz,φy, ξ)}

+η(z) {F (x, y, ξ) − F (φy,φx, ξ)}

+η(y) {−F (x, z, ξ) + F (φz,φx, ξ)}} .

Now we study the invariance of classes Wi , i = 1, . . . , 4 under a D-homothetic deformation.

First note that for any almost paracontact metric structure in a direct sum of W1 ⊕ W3 =

G1 ⊕G2 ⊕G3 ⊕G4 ⊕G11 , since ξ is parallel [10], the equation (23) implies F̃ = −tF and thus a

D-homothetic deformation of any direct sum of W1 ⊕W3 is also in this class.

If ξ is any vector field, not necessarily parallel, from (4) and (23), we have

F̃W1(x, y, z) = F̃ (φ2x,φ2y,φ2z) = −tF (φ2x,φ2y,φ2z) = −tFW1(x, y, z). (24)

Thus F̃W1 is zero if and only if FW1 is zero, that is, a deformed structure contains summands

from the class W1 if and only if the first structure has a summand from W1 .

By (5) and (23), we get

F̃W2 = t(t − 1)
2

FW2(x, y, z) (25)

+ t(t + 1)
2

{η(y)F (φz,φx, ξ) − η(z)F (φy,φx, ξ)} .

Define S as

S(x, y, z) = t(t + 1)
2

{η(y)F (φz,φx, ξ) − η(z)F (φy,φx, ξ)} . (26)

Then it can be easily seen that SW2 = S and thus S ∈W2 . In addition, we have FW2(φx,φy, z) =

η(z)F (φx,φy, ξ) . So FW2 = 0 if and only if S = 0 . Thus a deformed structure has summands

from the class W2 if and only if the first structure has.

Consider the projection FW3 = F 11 . From (14) and (23), we have

F̃ 11(x, y, z) = −tF 11(x, y, z) + t(t + 1)
2

η(x) {−F (φy,φz, ξ) + F (φz,φy, ξ)

+F (φ2z,φ2y, ξ) − F (φ2y,φ2z, ξ)} . (27)
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Define

T (x, y, z) = t(t + 1)
2

η(x) {−F (φy,φz, ξ) + F (φz,φy, ξ)

+F (φ2z,φ2y, ξ) − F (φ2y,φ2z, ξ)} . (28)

It can be checked that T satisfies the defining relation (10) of G11 , that is, T 11 = T . Thus if

F 11 = 0 , or equivalently, if the first almost paracontact structure does not contain a summand

from G11 , and if T ≠ 0 , then the deformed structure contains a summand from G11 since T ∈ G11 .

For the projection FW4 = F 12 , by using (23) and (15), we get

F̃ 12(x, y, z) = t2F 12(x, y, z). (29)

Thus the deformed structure belongs to a direct sum containing G12 if and only if the first almost

paracontact structure has summands from this class.

It is known that almost paracontact metric structures which belong to G1 , G2 , G3 , G4 , G11

or one of their direct sums are invariant under D-homothetic deformations. These are structures
with parallel characteristic vector fields [10]. We investigate the invariance of remaining basic

classes G5 , G6 , G7 , G8 , G9 , G10 , G12 .

Theorem 3.2 The classes Gi , where i = 5,6,7,8,10,12 are invariant under a D-homothetic

deformation, G9 is not invariant.

Proof Assume that {e1, . . . , en, φe1, . . . , φen, ξ} is a g -orthonormal frame. Then

{f1, . . . , f2n+1} = { 1√
t
φe1, . . . ,

1√
t
φen,

1√
t
e1, . . . ,

1√
t
en,

1
t
ξ}

is g̃ -orthonormal and g̃ij = gij .

Let (φ, ξ, η, g) ∈ G5 . By (23), for i = 1, . . . , n ,

F̃ (fi, fi, ξ̃) =
1

t2
F̃ (φei, φei, ξ)

= t − 1
2t

F (φei, φei, ξ) −
t + 1
2

F (ei, ei, ξ)

and for i = n + 1, . . . , 2n ,

F̃ (fi, fi, ξ̃) =
1

t2
F̃ (ei, ei, ξ)

= t − 1
2t

F (ei, ei, ξ) −
t + 1
2

F (φei, φei, ξ).
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Thus

θ̃F̃ (ξ̃) = g̃ijF (fi, fi, ξ̃)

=
n

∑
i=1

F̃ ( 1√
t
φei,

1√
t
φei, ξ̃) −

n

∑
i=1

F̃ ( 1√
t
ei,

1√
t
ei, ξ̃)

= −θF (ξ).

From (6) and (23), we get that F̃ satisfies the defining relation (6).

Similarly, the class G6 is invariant.

Let (φ, ξ, η, g) ∈ G8 . Then the defining conditions (7) hold. First we evaluate θ̃F̃ (ξ̃) . If

{e1, . . . , en, φe1, . . . , φen, ξ} is a g -orthonormal frame, then

{f1, . . . , f2n+1} = { 1√
t
φe1, . . . ,

1√
t
φen,

1√
t
e1, . . . ,

1√
t
en,

1
t
ξ} is g̃ -orthonormal and g̃ij = gij .

From (7) and (23), we have

F̃ (φei, φei, ξ) = −tF (φei, φei, ξ)

+ t(t + 1)
2
{F (φei, φei, ξ) − F (φ2ei, φ

2ei, ξ)}

= −tF (φei, φei, ξ) + t(t + 1)F (φei, φei, ξ)

= t2F (φei, φei, ξ)

and

F̃ (ei, ei, ξ) = t2F (ei, ei, ξ),

thus

θ̃F̃ (ξ̃) = g̃ijF (fi, fi, ξ̃)

=
n

∑
i=1

F̃ ( 1√
t
φei,

1√
t
φei, ξ̃) −

n

∑
i=1

F̃ ( 1√
t
ei,

1√
t
ei, ξ̃)

= 1

t2
{

n

∑
i=1

t2F (φei, φei, ξ) −
n

∑
i=1

t2F (ei, ei, ξ)}

= −θF (ξ)

= 0.
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In addition, from (7) and (23)

F̃ (x, y, z) = −tF (x, y, z)

+ t(t + 1)
2
{2F (x, y, ξ)η(z) − 2F (x, z, ξ)η(y)}

= −tF (x, y, z) + t(t + 1)F (x, y, z)

= t2F (x, y, z)

and

−η̃(y)F̃ (x, z, ξ̃) + η̃(z)F̃ (x, y, ξ̃)

= t2F (x, y, z)

= F̃ (x, y, z).

Also,

F̃ (x, y, ξ̃) = t2F (x, y, ξ̃) = t2F (y, x, ξ̃) = F̃ (y, x, ξ̃),

F̃ (x, y, ξ̃) = t2F (x, y, ξ̃) = −t2F (φy,φx, ξ̃) = −F̃ (φ̃y, φ̃x, ξ̃).

Thus the new structure satisfies (7).

A similar proof can be done for the class G7 . In this case, θ̃∗
F̃
(ξ̃) = 1

t
θ∗F (ξ) .

Let (φ, ξ, η, g) ∈ G10 . Then the defining relations (9) hold. From (23), F̃ = −tF and (13)

implies F̃ 10 = −tF = −tF 10 = F̃ .

Let (φ, ξ, η, g) ∈ G12 . By using the defining relation (11) and (23), F̃ = t2F and from (15),

F̃ 12 = t2F 12 = t2F = F̃ . Since F̃ = F̃ 12 , the deformed structure is in G12 .

Now we show that the class G9 is not invariant.

For an arbitrary structure, using (23), we have

F̃ (φx,φz, ξ) = t(t − 1)
2

{F (φx,φz, ξ)} + t(t + 1)
2

{F (φ2z,φ2x, ξ)} (30)

and

F̃ (φ2x,φ2z, ξ) = t(t − 1)
2

{F (φ2x,φ2z, ξ)} − t(t + 1)
2

{F (φz,φx, ξ)} . (31)

By using equations (12), (30) and (31), we get F̃ 9 = t2F 9 .

Let (φ, ξ, η, g) ∈ G9 . From (8), F̃ 9 = t2F 9 = t2F and also from (8) and (23),

F̃ (x, y, z) = t2F (x, y, z) − 2t(t + 1)η(x)F (y, z, ξ).

9
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The structure is invariant if and only if F̃ = F̃ 9 , that is

t2F (x, y, z) = t2F (x, y, z) − 2t(t + 1)η(x)F (y, z, ξ)

holds. This implies F (y, z, ξ) = 0 . Then the defining relation (8) of G9 implies F = 0 . Thus a

nontrivial structure in G9 is not in the same class after deformation. ◻

In addition, we determine the class of the deformed structure if the first structure is in G9 .

Proposition 3.3 Assume that the first almost paracontact metric structure belongs to the class

G9 . Then the deformed structure is in G9 ⊕G11 .

Proof Since M ∈ G9 , we have FW1 = FW3 = F 11 = FW4 = F 12 = 0 and FW2 = F 9 . From (24)

and (29), we get F̃W1 = F̃W4 = F̃ 12 = 0 . By using the defining relation (8), it can be seen that the

tensor S defined in (26) also satisfies the defining relation of G9 . Thus the equation (25) implies

that F̃W2 = t(t−1)
2

F 9 + S9 , that is, the deformed structure contains a summand from G9 and no

other summand from W2 . In addition, by using (8), the tensor T given in (28) is

T (x, y, z) = 2t(t + 1)η(x){−F (φy,φz, ξ)},

which is nonzero for a nontrivial structure in G9 , otherwise (8) implies F = 0 . From (27),

F̃ 11 = T ≠ 0 .
To sum up, the deformed structure is in G9 ⊕G11 . ◻

Proposition 3.4 Normal almost paracontact manifolds are invariant under D-homothetic defor-

mations.

Proof Let the first almost paracontact metric structure be normal. Then

F (x, y,φz) + F (φx, y, z) + η(z)F (x,φy, z) = 0. (32)

(32) implies

F (x,φy, ξ) = −F (φx, y, ξ), (33)

see [13]. Then by (23), (32) and (33), we get

F̃ (x, y, φ̃z) + F̃ (φ̃x, y, z) + η̃(z)F̃ (x, φ̃y, z) = 0.

As a result, the deformed structure is also normal. ◻

Example 3.5 Let L be Lie algebra having basis {e1, e2, e3} whose only nonzero bracket is

[e1, e2] = αe3,

10
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together with the semi-Riemannian metric satisfying g(e1, e1) = −g(e2, e2) = g(e3, e3) = 1 and

g(ei, ej) = 0 for i ≠ j . Let φ(e1) = e2 , φ(e2) = e1 , φ(e3) = 0 , e3 = ξ and η = e3 , where e3 is the

metric dual of e3 . It is known that (L,φ, ξ, η, g) is an almost paraconact metric manifold of class

G5 . The nonzero covariant derivatives are

∇e1e2 = −∇e2e1 =
α

2
e3, ∇e1e3 = ∇e3e1 =

α

2
e2, ∇e2e3 = ∇e3e2 =

α

2
e1.

The Ricci tensor is

Ric(x, y) = sg(x, y) − 2sη(x)η(y),

where s is the scalar curvature given by s = α2/2 , that is, L is an η -Einstein manifold, see [13].

Then from (20),

R̃ic(x, y) = Ric(x, y) − (t + 1)η(y)Ric(x, e3)

−2(t + 1)α
2

4
{x1y1 − x2y2 − tη(x)η(y)},

where x = x1e1 + x2e2 + x3e3 and y = y1e1 + y2e2 + y3e3 . It can be checked that

R̃ic(x, y) = α2

2
g̃(x, y) − α2η̃(x)η̃(y),

that is the deformed manifold is also η -Einstein.

Example 3.6 Consider the nilpotent Lie algebra g1 given in [4] with basis {e1, . . . , e5} , whose

nonzero brackets are
[e1, e2] = e5, [e3, e4] = e5.

Assume that g is the metric such that {e1, . . . , e5} is orthonormal and ϵi = g(ei, ei) = ±1 . The

nonzero covariant derivatives are evaluated in [8] by Kozsul’s formula:

∇e1e2 =
1

2
e5, ∇e1e5 = −

1

2
ϵ2ϵ5e2,

∇e2e1 = −
1

2
e5, ∇e2e5 =

1

2
ϵ1ϵ5e1,

∇e3e4 =
1

2
e5, ∇e3e5 = −

1

2
ϵ4ϵ5e4,

∇e4e3 = −
1

2
e5, ∇e4e5 =

1

2
ϵ3ϵ5e3,

∇e5e1 = −
1

2
ϵ2ϵ5e2, ∇e5e2 =

1

2
ϵ1ϵ5e1, ∇e5e3 = −

1

2
ϵ4ϵ5e4, ∇e5e4 =

1

2
ϵ3ϵ5e3.

11



Şirin Aktay / FCMS

Consider now the structure (φ, ξ, η, g) defined by g(e1, e1) = g(e2, e2) = −g(e3, e3) = −g(e4, e4) =

g(e5, e5) = 1 , ξ = e5 , η = e5 , whose endomorphism is given via basis elements as follows.

φ(e1) = e3 , φ(e2) = e4 , φ(e3) = e1 , φ(e4) = e2 , φ(e5) = 0 . Nonzero structure constants of

F are

F (e1, e4, e5) = −F (e1, e5, e4) = −F (e2, e3, e5) = F (e2, e5, e3) = 1/2,

−F (e3, e5, e2) = F (e3, e2, e5) = −F (e4, e1, e5) = F (e4, e5, e1) = 1/2,

−F (e5, e1, e4) = F (e5, e4, e1) = F (e5, e2, e3) = −F (e5, e3, e2) = 1.

Note that ξ = e5 is Killing [8] and this structure is in the class G9 ⊕G11 [6]. We determine the

class of the deformed structure after a D-homothetic deformation. Proposition 3.1 implies that ξ̃

is Killing, so F̃ 6 = F̃ 7 = F̃ 10 = F̃ 12 = 0 . Also since F̃W1 = −tFW1 and FW1 vanishes, F̃W1 also

vanishes. It can be checked that this structure satisfies

F (φy,φz, ξ) = −F (φz,φy, ξ) = F (φ2y,φ2z, ξ)

and thus

F̃ 11(x, y, z) = −tF 11(x, y, z) + t(t + 1)
2

η(x) {−F (φy,φz, ξ) + F (φz,φy, ξ)

+F (φ2z,φ2y, ξ) − F (φ2y,φ2z, ξ)}

= −2t(t + 1)η(x)F (φy,φz, ξ)

= t(t + 1)x5{y2z3 − y3z2 + y4z1 − y1z4} ≠ 0.

In addition, by direct calculation

F 9(x, y, z) = η(y)F (φz,φx, ξ) − η(z)F (φy,φx, ξ)

= −1
2
y5 {x1z4 − x2z3 + x3z2 − x4z1}

+1
2
z5 {x1y4 − x2y3 + x3y2 − x4y1}

12
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and

F̃W2 = t(t − 1)
2

FW2(x, y, z)

+ t(t + 1)
2

{η(y)F (φz,φx, ξ) − η(z)F (φy,φx, ξ)}

= t(t − 1)
2

F 9(x, y, z)

+ t(t + 1)
2

{−1
2
y5 {x1z4 − x2z3 + x3z2 − x4z1}

+1
2
z5 {x1y4 − x2y3 + x3y2 − x4y1}}

= t2F 9(x, y, z) ≠ 0

As a result the deformed structure is also in G9 ⊕ G11 . So we obtain infinitely many

examples of structures of type G9 ⊕ G11 by D-homothetic deformation. Note that although an

almost paracontact structure of class G9 is not invariant, a direct sum containing the class G9

may be invariant.
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