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ABSTRACT

We mention some properties of statistical submanifolds in statistical manifolds of quasi-constant
curvature. We obtain Chen first inequality and a Chen inequality for the §(2, 2)-invariant for these
manifolds.

Keywords: Statistical manifold of quasi-constant curvature, submanifold, Chen inequality.

AMS Subject Classification (2020): Primary: 53C05 ; Secondary:53C25; 53C40.

1. Introduction

An important topic submanifold theory is to find out relations between the sectional curvature tensor, the
scalar curvature tensor and the mean curvature tensor of a submanifold. First relevant results in this field
were obtained by B.-Y. Chen in 1993 [6]. He set up some inequalities between the extrinsic (the squared mean
curvature) and intrinsic (the scalar curvature) invariants of a submanifold in a real space form, well-known
as Chen first inequalities. Similar problems for submanifolds in Sasakian space form, Kenmotsu space form,
Riemannian manifold of quasi-constant curvature etc., has been studied by many geometers, see [20], [7], [8],
[13], [14], [15]. All of results related to Chen inequalities were given in [9] and its references.

A differential geometric approach for a statistical model of discrete probability distribution was introduced
in [1] . Firstly, Amari was used the notion of a statistical manifold with applications in Information Geometry.
The geometry of these manifolds involves deals with conjugate connections and, consequently, is closed related
to affine differential geometry. A statistical manifold is a Riemannian manifold (N,g) endowed with a pair of

torsion-free affine connections D and D" satisfying
Ug(V.E) =g (DuV,E) +5 (V.DyE), (L)
forany U,V and E € TN. The connections D and D" are called conjugate (dual) connections (see [1] and [22]).
Any torsion-free affine connection D always has a dual connection given by
D+D =2D°, (1.2)
where D' is Levi-Civita connection of N [1]. So, many geometers have been established inequalities for
statistical submanifolds of various statistical manifolds, for more details [2], [16], [3], [10], [17], [4], [5].

Motivated by the studies of the above papers, we obtain improved Chen inequality and a Chen inequality
for the invariant §(2, 2) for statistical submanifolds in statistical manifolds of quasi-constant curvature.

2. Preliminaries

In [3], authors give an example of a statistical manifold of quasi-constant curvature and studied the
properties of statistical submanifolds of these manifolds.
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The curvature tensor R of D is defined by
RUV)E = a{g(V,E)U—-g(U,E)V} @.1)
+[TWV)T(E)U —g(U,E)T (V)P
+g(V,E)T(U)P-T(U)T (E)V],
where q, b are scalar functions, T is a 1-form given by
g(U,P)=T(U) (2.2)
and P is a unit vector field. The vector field P can be written
p=PT + pt

where P” and P+ are the tangent and normal components of P, respectively. If a statistical manifold N with
its statistical structure (D, g) has the curvature tensor R in the form (2.1), then it is called a statistical manifold of

quasi-constant curvature [3]. If b = 0, then the statistical manifold N turns into a statistical manifold of constant
curvature [2]. o B B -
Let (N, g) be a statistical manifold given by torsion-free affine connections D and D . Denote by R and R

the curvature tensor fields of D and D", respectively. Then R and R~ satisfy

g (R* (U,V)E, F) = —g(E,R(U,V)F), 2.3)

(see [12]). From (2.3), if (5, §) is a statistical structure of quasi-constant curvature, then <E*,§> is also a

statistical structure of quasi-constant curvature. So (2.1) is valid for (ﬁ*, g)

Let (N,g,D) and (N,g, D) be two statistical manifolds. An immersion 7 : N — N is called a statistical
immersion [12]. If there is a statistical immersion between two statistical manifolds (N,g,D,D*) and

(W, g, D, ﬁ*), then N is called a statistical submanifold of N.

Let N be a statistical submanifold of a statistical manifold N. Then, the Gauss formulas are given by
DyV = DyV +h(U,V),
D,V = DV + h*(U, V),

where the normal valued tensor fields » and h* are symmetric and bilinear the imbedding curvature tensors of N

in N for Dand D". So, D and D* are called the induced connections of these connections, respectively. We have
the linear transformations A¢ and A; defined by

g(AeU, V) =g (h(U,V),$) (24)
and
g (AU, V) =g (h* (U, V),§) (2.5)

forany unit{ € T+N and U,V € TN [22].
Let R, R* denote the curvature tensors of the submanifold (XN, g, D, D*) in TN. Then we have the following
Propositions:

Proposition 2.1. [22] Let N be a statistical submanifold of N. Then the Gauss equation with respect to the connection
Dis

( (UV)E,F) = (R (U, V)E,F) (2.6)
respectively, where U,V,E,F € TN.

Proposition 2.2. [22] Let N be a statistical submanifold of N. Then the Gauss equation with respect to the connection
D* is

7 (R (WV)EF) = g(R* (U,V) E, F)
respectively, where U, V,E,F € TN.
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In [19], the f—sectiomi curvature of the statistical manifold was introduced as follows:
Let 7 be a plane in T'N; for an orthonormal basis {U, V'} of 7, the K-sectional curvature is

K () = % [E(U, V)+ R (U, V) - 2R (U, V)} , 2.7)

where R’ is the curvature tensor field of D’ on T'N.

Example 2.1. [3] Let (N =1 x N"(c),D,D*) be a dualistic product (for more details see [21]), I one-
dimensional statistical manifold, N"(c) a statistical manifold of constant curvature ¢ with its projection
m: N =1x N"(c) — N"(c). Denote by dt? the metric on I. Thus we have

g= dt2 + 9N,
where gy is a metric on N"(c). The vector field U € x (N) can be written as
_ 0\ 0
U=m, (U)J“"(Uw) P (2.8)
where % ex().

For U,V,E,F € x (N) , using (2.8), we obtain

g(R(UV)E,F)=c[g(V,E)g(U,F)—g(U,E)g(V,F)]

+9(V.F)g (U, 8) g

(2) swn ()3 (3)]
)

It is known that (I, D, dt?) and (N "(c), D, gn ) are statistical manifolds if and only if (N = I x N"(c), D,g) is

a statistical manifold [11]. So N = I x N"(c) is a statistical manifold of quasi-constant curvature with constant
functionsa = b = c.

Let {u1, ..., up } and {up41, ...un4m } be orthonormal tangent and normal frames, respectively, on N. The mean
curvature vector fields are given by

H:% h(U“U,):% Z (Zh?z> Un+a ) h%zg(h(uiauj)aun+a)
i=1 a=1 \i=1
and
H*=1 ;h* (wi,u;) = = 21 (; hif‘> Unta 5 RS =7 (i, uf)  Unta) -

3. Chen first inequality
In this section, we prove an improved Chen inequality statistical submanifolds in statistical manifolds of

quasi-constant curvature. So, we give the following algebraic lemma which will be used in the proof of the
main theorem.

Lemma 3.1. [18] Let m > 3 be an integer and {bx, ..., by, } m real numbers. Then we have

2
m—2 w

2 Wbi—bibe S 5e (Z“) |
1<i<j<m =1

The equality case of the above inequality holds if and only if by + by = bg = ... = byy,.
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Let N7 be an (n 4+ m)-dimensional statistical manifold of quasi-constant curvature, N™ an n-dimensional
statistical submanifold of N, p € N and 7 a plane section at p. We consider an orthonormal basis {u1,us2} of w
and {u1, ..., un}, {tn+1, ..-Untm } Orthonormal basis of T, N™ and Tl N™, respectively.

Let K° be the sectional curvature of the Levi-Civita connection D0 on N7, h? the second fundamental form
of N™. From (2.7), the sectional curvature K () of the plane section 7 is

1
K (m) = 3 [9 (R (u1,us)uz,ur) + g (R* (u1,uz) ug, uy)
—2g (RO (u1,usz) ug, ul)] . (3.1)
Using (2.1), (2.3) and (2.6), we obtain
9 (R (unug) ug,w) = a+ b {T (ua)? + T ()} + 37 (Wi hs, — highs)
a=1
and
g(R” (u1,ug) ug,u1) = —g (R (u1,u) ur,uz) =a+b {T(U2)2 + T(ul)z}

+ Y (hyh3 — hshig).
a=1
If the last equalities are used in (3.1) then

i SRS, + S S — 2h$5RIS) — Ko (1) .

a=1

DN =

K () =a+b{T () +T(w)} +

The last equality can be written as

YR Yo' *a\2
Z {hu h3s — (hi3) }

a=1

w\r—*

K(w):a—i—b{T( 2)% + T (u1) } i[h%hgg— (n%%) ]

;i [hn — (hf3) } — Ko (7).

From the Gauss equation with respect to Levi-Civita connection, we obtain
K(m)=a+b {T (u2)? + T (u1)2} + Ko (n) — 2K, (v)

5 [ - i) -

a=1

l\.‘JM—A

i (6, — (5,)°] (3.2)

where K the sectional curvature of the Levi-Civita connection D’onN
Moreover, let 7 be the scalar curvature of N”. Then, using (2.7) and (2.3), we get

1 *
T=35 Z [g (R (wg, uj) uj, ui) + g (R (wg, uj) uj, us) — 2g (RO (us, uy) uj,ui)]
1<i<j<n
1
D) Z 9 (R (ui,uz) uj,uwi) — g (R (ui, ug) ui, uz)] — 7o, (3.3)
1<i<j<n

where 7 is the scalar curvature of the Levi-Civita connection D° on N". By the use of (2.6) and (2.1), we obtain

n>+b(n—1)||PT||2+Z Z (hi Sy — Wi hs;) .

a=11<i<j<n

> 9(R(wiuy)uj,u) =a <n22_

1<i<j<n
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By similar calculations, we get

> g(R(uiug) ui,ug) = —a <n22—

1<i<j<n

”)—b<n—1>>|PT||2+Z S (heh - R

a=11<i<j<n

By using the last two equality in (3.3), we obtain

n?—n
T=a
2

From the above equation, we find

2 - m
rea (S vl ey S (- )°)

a=11<i<j<n

1m
52 > {niengy - (i) }_,Z > {nang - (0g)*} - o

1<i<j<n a=11<i<j<n

>+b(n1)HPT|]2+;Z ST {Bhg + haRIE — 203 he ) — .

a=11<i<j<n

By the Gauss equation for the Levi-Civita connection, we get

2
Tza(n 5 n) —|—b(n—1)||PTH2+7'0—2?0

m
. Z {mienss - (i)'} - Z S0 {nang - ()7} (3.4)
o=l <j<n a=11<i<j<n

n—i-m
where 7, the scalar curvature of the Levi-Civita connection D’ on N

By subtracting (3.2) from (3.4), we get

(1—70)— (K(7)—Ko(n)) =a <712—2n—2> +b {(n -1) ||PT||2 — T (ug)® — T(u1)2}
15 5 1S 5 o 0n) 48 o)

% Z |: h22 h12)2:| — 270 + 2?0 (7‘(’) .

From the above equality, we obtain

(tr—1) — (K (7) — Ko (7)) > aw +b [(n -1 HPTH2 — T(ug)2 — T(ul)z}

- Z Z {h*ah*a _ 2(21

a=11<i<j<n

EZ Y {nang; = hiihsy} =2 (7o — Ko (1)) (3.5)

a=11<i<j<n

l\D

Applying now Lemma 3.1, we have

2 n— )
Z {h;);h?] htlllth} = 2 (Zh > = 77/_12)) (Ha)

1<i<j<n
and
-2
1<i<j<n

Then using the last two inequality in (3.5), we can state the followmg main theorem:
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Theorem 3.1. Let N be an (n+ m)-dimensional statistical manifold of quasi-constant curvature and N an n-
dimensional statistical submanifold of N. Then we have

™= Ko () < 7 K (x) = o "= g [ ) [P - 7 ) - ()]
O (g e ) 2 (o Fo ).

Moreover, the equality case holds in the above inequality if and only if for any 1 < a < m we have

h$y + h3y = hiy = ... = hy

nn’
RS+ b33 = hg = . = hia

nn?

h%Zh;‘f‘:O, i # 7, (Z>])¢{( ) (71)}'

If we consider statistical submanifold in statistical manifold of constant curvature we have the following
corollary:

Corollary 3.1. Let N be an (n + m)-dimensional statistical manifold of constant curvature and N an n-dimensional
statistical submanifold of N. Then we have

(n— 2)2(71 +1) 7”;((:_—12)) (”HHQ i HH*Hz) 12 (70— Fo (m)).

To—Ko(m) <7 —K(7)—a

Moreover, one of the equality holds in the all cases if and only if for any 1 < a < m we have

(073 o o — (073
011 t 09 =033 = ... = ‘Tnm

kv *X ko —
oYt o35 =038 = ... =050,

=0 =0, i#j (i,5) ¢ {(1,2), (2,1}

Q

4. A Chen §(2,2) inequality

In this section, we establish Chen inequality for the invariant §(2, 2) for submanifolds in statistical manifolds
of quasi-constant curvature. The following lemma has a major role in the proof of the our main result.

Lemma 4.1. [18] Let m > 4 be an integer and {by, ..., b, } m real numbers. Then we have

D bibj —biby — bsbs < (Zb)

1<i<j<m
Equality holds if and only if by 4+ by = b3 + by = b5 = ... = byy,.

Let p € N, m,m C T,N, mutually orthogonal, spanned respectively by sp{ui,us} = m1, sp{us,us} = ma.
Consider {u1, ..., un} C TpN, {tnt1, .oy Untm} C TpLN . Then from (3.2), for the planes 7; and m, we have

K (m)=a+b {T(uQ)Q' n T(ul)Q} 4 Ko (m) — 2K, (m1)

1 < *Q ] kO *a 1 - [e] [ (e}

—3 > [pigns - 1i9)’] - 3 3 [ptuhs - (h5)?] 1)
a=1 a=1

and
K(’lrg):a+b{ +T Ug 2}+K0 o 72K0(’/T2)

1 - *QU T R *a 1 - 2

) Z [h33 hig — (h3y) } 5 Z [h33h44 (h34) } . (4.2)
a=1 a=1

From (3.4), (4.1) and (4.2),

(1 —70) = (K (m) — Ko (m1)) — (K (m2) — Ko (m2)) > a(n_2n_4)
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(n—1)||PT|" - f—wa—Twn%nwm?

l\D\H

Z Z {[n&hS; — h$1hSy — hgshgy] + [RiEhe — hiThss — RS RES] )
a=1 <i<j

-2 (?0 — FO (7‘(‘1) — KQ (7'('2)) .

From Lemma 4.1,
Y [hfihS; — hiihs, — hg3hs,]
1<i<j<n
(Zh ) _ n? ( :_—23)) (HO‘)27
and similarly
> [RiEngs - hithss — highs]

1<i<j<n
2
n—3 " n%(n —3) 2
< 79 xa | _ T\ O) a2
~2(n-2) (;h“> 2(n—2) (H™)

Using the last two inequlities, we obtain the following inequality:

n?—n—
(1 —70) = (K (m1) — Ko (m1)) — (K (m2) — Ko (m2)) > a(24)

+b {(n )| P77 (un)? = T (wr)? = T (ua)? — T(u3)2}

Ko (7'('2)) .

TL2 (n - 3) 2 * (12 — T
ity (HIE 1) =2 (7o~ Ko (m) -
So we state the following theorem.

Theorem 4.1. Let N be an (n+ m)-dimensional statistical manifold of quasi-constant curvature and N an n-
dimensional statistical submanifold of N. Then

n?—n—4
70— Ko (m) — Ko (m2) <7 — K (m1) — K (m2) — a<2)
b {tn =) | PT* = T (w2)® = T () = T (wa)* = T (us)” }
n?(n —3) 9 au2 - . _
Ty (I 171) 42 (70 = Ko (m) = o ().
Moreover, the equality holds if and only if for any 1 < o < m we have
hiy 4 h3y = hgs = ... = hq,,
RIT + hoy = h3§ = ... = hyf,

h%:h:ﬁ:o i # 7, (z J)¢{(7 )7( ) (3,4),(4,3)}-

If we consider statistical submanifold in statistical manifold of constant curvature we have the following
corollary:

Corollary 4.1. Let N be an (n + m)-dimensional statistical manifold of constant curvature and N an n-dimensional
statistical submanifold of N. Then

(nQ—n—4)

TQ—K()(’]Tl)—K()(ﬂ'Q)ST—K(’]Tl)—K(ﬂ'Q)—a B)
77,2 (7’L — 3) 2 w112 ~ ~ ~
=y (I 1) 2 (R = Ko (m) = Ko ()
Moreover, the equality is attained in the above inequality if and only if for any 1 < oo < m we have

hiy 4+ h3y = hgs = ... = hy

nn’

WO 4 h3g = hiS = .. = h°

nn’

by = i =0, i £, (10) ¢ {(1,2).21).(3,4). (4.3)) |
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