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Abstract
In this paper, three natural fuzzifying topologies are presented on the fuzzy real line.
Then the notion of fuzzifying pseudo-quasi-metrics is introduced. It is proved that the
three fuzzifying topologies can be induced respectively by three fuzzifying pseudo-quasi-
metrics. Our definition of fuzzifying pseudo-metric is slightly different from that of KM-
fuzzy metric. A fuzzifying pseudo-metrics can be regarded as a weak form of a KM fuzzy
metric.
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1. Introduction
The fuzzy unit interval was first presented by Hutton [7] and the L-fuzzy real line

was introduced by Höhle [5] and Gantner et al.[2]. Then Goetschel and Voxman [3]
presented the other definition of fuzzy numbers. A GV-fuzzy number can be decomposed
into two Hutton’s fuzzy numbers. In fact, a Hutton’s fuzzy number can be regarded as the
complement of a distribution function. However Hutton’s fuzzy numbers and GV-fuzzy
numbers are very important in the theory of fuzzy sets. They are important not only in
L-topology, but also in other fuzzy mathematical fields.

To reflect the characteristics of pointwise L-topology, i.e., the relation between a fuzzy
point and its Q-neighborhoods (or R-neighborhoods) [9], a theory of pointwise uniformities
and a theory of pointwise metrics were introduced on completely distributive lattices and in
L-fuzzy set theory(see [11,12]). Many ideal results in general topology were generalized to
L-topology [14,15]. It was proved that the L-fuzzy real line is pointwise pseudo-metrizable
and the pointwise pseudo-metric function on the L-fuzzy real line was given [13]. Moreover
a natural L-topology is constructed on the set of L-fuzzy numbers in the sense of [3, 6]
and it can be induced by a pointwise pseudo-metric [19].

A probabilistic metric space (or a statistical metric space) is classically defined relative
to a so-called t-norm [10]. In fact, it is also called a fuzzy metric space in the sense of
[8]. In [8], I. Kramosil and J. Michalek presented a definition of fuzzy metric. M. Grabiec
revised it as follows:
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Definition 1.1 ([4,8]). A KM fuzzy metric is a fuzzy set F : X2 × [0, ∞) → [0, 1] satisfies
the following conditions: ∀x, y, z ∈ X and ∀s, t > 0,

(1) F (x, y, 0) = 0;
(2) F (x, y, t) = 1 if and only if x = y;
(3) F (x, y, s) ∗ F (y, z, t) ≤ F (x, z, s + t);
(4) F (x, y, ·) : [0, ∞) → [0, 1] is left continuous;
(5) F (x, y, t) = F (y, x, t);
(6) limt→∞ F (x, y, t) = 1.

When ∗ = min and L = 2, a KM fuzzy metric can be regarded as an (L, M)-fuzzy
metric [16].

As we know, a KM fuzzy metric can induce a fuzzifying topology [16]. Now we naturally
have to ask the following question:

Whether there is a topology on the set of all distribution functions such that the topology
can be induced by a probabilistic metric, or analogously whether there is a (fuzzy) topology
on the fuzzy real line such that the (fuzzy) topology can be induced by a KM-fuzzy metric?

In fact, there have been some researches about metrics and topologies on the fuzzy
real line [1, 21]. In [1], the author only considers the crisp metric and does not consider
topology. In addition, Zhang only considers crisp topology but does not consider metric.

In this paper, we shall discuss the above problem. First, three natural fuzzifying topolo-
gies are presented on the fuzzy real line. Then the notion of fuzzifying pseudo-quasi-metrics
is introduced. It is proved that the three fuzzifying topologies can be induced respectively
by three fuzzifying pseudo-quasi-metrics. It is worth noting that our definition of fuzzify-
ing pseudo-metric is slightly different from that of KM-fuzzy metric.

2. Preliminaries
Throughout this paper, M always denotes a completely distributive lattice with an

order-reversing involution “ ′ ”. The smallest element and the largest element in M are
denoted by 0 and 1 respectively. We say that a is wedge-below b, denoted by a ≺ b, if for
every subset D ⊆ M , the relation b ≤

∨
D always implies the existence of a d ∈ D with

a ≤ d. A complete lattice M is completely distributive if and only if b =
∨

{a ∈ M | a ≺ b}
for each b ∈ M [9].
Definition 2.1 ([2,5,7]). An M -fuzzy real number is an equivalence class [λ] of antitone
maps λ : R → M satisfying

λ(−∞) =
∨
t∈R

λ(t) = 1 and λ(+∞) =
∧
t∈R

λ(t) = 0,

where the equivalence identifies two such maps λ, µ if and only if ∀t > 0, λ(t−) = µ(t−).

The set of all M -fuzzy real numbers is denoted by R(M).
We shall not distinguish an M -fuzzy real number [λ] from its representative function λ

being left continuous.

Definition 2.2 ([20]). A map T : 2X → M is called an M -fuzzifying topology if it satisfies
the following conditions:

(FYT1) T (X) = T (∅) = 1;
(FYT2) ∀A, B ∈ 2X ,T(A ∩ B) ≥ T(A) ∧ T(B);

(FYT3) ∀ {Ai | i ∈ ∆} ⊆ 2X ,T

( ⋃
i∈∆

Ai

)
≥
∧

i∈∆
T(Ai).
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3. M-fuzzifying topologies on the M-fuzzy real line
In this section, we shall present three M -fuzzifying topologies on R(M). They are

natural extensions of three topologies on R.

Theorem 3.1. Let R(M) be the set of M -fuzzy real numbers. Define three mappings
R,L,T : 2R(M) → M such that for all A ⊆ R(M),

(1) R(A) =
∧

λ∈A

∨
s∈R

(
λ(s+) ∧

∧
µ 6∈A

µ(s+)′
)

;

(2) L(A) =
∧

λ∈A

∨
r∈R

(
λ(r−)′ ∧

∧
µ6∈A

µ(r−)
)

;

(3) T(A) =
∧

λ∈A

∨
r,s∈R

(
λ(s+) ∧ λ(r−)′ ∧

∧
µ 6∈A

(µ(s+)′ ∨ µ(r−))
)

.

Then R,L and T are M -fuzzifying topologies on R(M).

Proof. We only prove that T is an M -fuzzifying topology on R(M). The other proofs
are analogous. It is obvious that T(∅) = T(R(M)) = 1. Now we prove that for all
A, B ∈ 2R(M),

T(A ∩ B) ≥ T(A) ∧ T(B).

Suppose that a ∈ M and a ≺ T(A) ∧ T(B). Then a ≺ T(A) and a ≺ T(B). Further we
have that

a ≺ T(A) =
∧

λ∈A

∨
s,r∈R

λ(s+) ∧ λ(r−)′ ∧
∧

µ6∈A

(
µ(s+)′ ∨ µ(r−)

)
and

a ≺ T(B) =
∧

λ∈B

∨
s,r∈R

λ(s+) ∧ λ(r−)′ ∧
∧

µ6∈B

(
µ(s+)′ ∨ µ(r−)

) .

Hence for all λ ∈ A, there exists s, r ∈ R such that

a ≤ λ(s+) ∧ λ(r−)′ ∧
∧

µ6∈A

(
µ(s+)′ ∨ µ(r−)

)
and for all λ ∈ B, there exists u, v ∈ R such that

a ≤ λ(v+) ∧ λ(u−)′ ∧
∧

µ6∈B

(
µ(v+)′ ∨ µ(u−)

)
.

This implies for all λ ∈ A ∩ B and for all µ 6∈ A ∩ B, it follows

a ≤ λ(s+) ∧ λ(v+) ∧ λ(r−)′ ∧ λ(u−)′ ∧
∧

µ6∈A

(
µ(s+)′ ∨ µ(r−)

)
or

a ≤ λ(s+) ∧ λ(v+) ∧ λ(r−)′ ∧ λ(u−)′ ∧
∧

µ6∈B

(
µ(v+)′ ∨ µ(u−)

)
.

Thus we have

a ≤ λ(s+) ∧ λ(v+) ∧ λ(r−)′ ∧ λ(u−)′ ∧
∧

µ6∈A∩B

(
µ(s+)′ ∨ µ(r−) ∨ µ(v+)′ ∨ µ(u−)

)
≤ λ((s ∨ v)+) ∧ λ((r ∧ u)−)′ ∧

∧
µ 6∈A∩B

µ((s ∨ v)+)′ ∨ µ((r ∧ u)−).
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This shows
T(A ∩ B)

=
∧

λ∈A∩B

∨
r,s,u,v∈R

(
λ((s ∨ v)+) ∧ λ((r ∧ u)−)′ ∧

∧
µ6∈A∩B

µ((s ∨ v)+)′ ∨ µ((r ∧ u)−)
)

≥ a.

Therefore we have T(A ∩ B) ≥ T(A) ∧ T(B).
Next we prove that for any family of sets {Ai | i ∈ Ω} ⊆ 2R(M),

T

⋃
i∈Ω

Ai

 ≥
∧
i∈Ω

T(Ai).

Suppose that a ∈ M and a ≺
∧

i∈Ω
T(Ai). Then for all i ∈ Ω, it follows that

a ≺ T(Ai) =
∧

λ∈Ai

∨
s,r∈R

λ(s+) ∧ λ(r−)′ ∧
∧

µ 6∈Ai

(
µ(s+)′ ∨ µ(r−)

) .

This implies that for all i ∈ Ω and for all λ ∈ Ai,

a ≺
∨

s,r∈R

λ(s+) ∧ λ(r−)′ ∧
∧

µ 6∈Ai

(
µ(s+)′ ∨ µ(r−)

) .

Hence for all λ ∈
⋃

i∈Ω
Ai, there exists k ∈ Ω and rk, sk ∈ R such that when λ ∈ Ak, for all

µ 6∈ Ak, it follows
a ≤ λ(sk+) ∧ λ(rk−)′ ∧

(
µ(sk+)′ ∨ µ(rk−)

)
.

In particular, for all µ 6∈
⋃

i∈Ω
Ai, we have

a ≤ λ(sk+) ∧ λ(rk−)′ ∧
(
µ(sk+)′ ∨ µ(rk−)

)
.

This implies

a ≤ λ(sk+) ∧ λ(rk−)′ ∧
∧

µ 6∈
⋃

i∈Ω
Ai

(µ(sk+)′ ∨ µ(rk−))

≤
∨

u,v∈R

λ(v+) ∧ λ(u−)′ ∧
∧

µ6∈
⋃

i∈Ω
Ai

(µ(v+)′ ∨ µ(u−))

 .

Therefore we can obtain

a ≤
∧

λ∈
⋃

i∈Ω
Ai

∨
u,v∈R

λ(v+) ∧ λ(u−)′ ∧
∧

µ6∈
⋃

i∈Ω
Ai

(µ(v+)′ ∨ µ(u−))

 = T

( ⋃
i∈Ω

Ai

)
.

It is proved that T

( ⋃
i∈Ω

Ai

)
≥

∧
i∈Ω

T(Ai) is true. We complete the proof that T is an

M -fuzzifying topology on R(M). �

Example 3.2. For a real number µ ∈ R, define µ ∈ R(M) such that

µ(t) =
{

1, t ≤ µ;
0, t > µ.
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Then µ is an M -fuzzy number. In this case, ∀s, t ∈ R with s < t, we have

L((−∞, t)) =
∧

λ∈(−∞,t)

∨
u∈R

(
λ(u−)′ ∧

∧
µ≥t

µ(u−)
)

≥
∧

λ∈(−∞,t)

(
λ(t)′ ∧

∧
µ≥t

µ(t−)
)

= 1;

R((s, +∞)) =
∧

λ∈(s,+∞)

∨
u∈R

(
λ(u+) ∧

∧
µ≤s

µ(u+)′
)

≥
∧

λ∈(s,+∞)

(
λ(s+) ∧

∧
µ≤s

µ(s+)′
)

= 1;

T((s, t)) =
∧

λ∈(s,t)

∨
u,v∈R

(
λ(v+) ∧ λ(u−)′ ∧

∧
µ6∈(s,t)

(µ(v+)′ ∧ µ(u−))
)

≥
∧

λ∈(s,t)

(
λ(s+) ∧ λ(t−)′ ∧

∧
µ6∈(s,t)

(µ(s+)′ ∧ µ(t−))
)

= 1.

Let R = {u | u ∈ R}. Then R (or R) can be regarded as a subset of R(M). The
restrictions of L and R to R can be regarded as {(−∞, t) | t ∈ R} and {(s, +∞) | s ∈ R}.
The restriction of T to R can be regarded as the usual topology on R.

4. Fuzzifying pseudo-quasi-metrics on the [0, 1]-fuzzy real line
In this section, we take M = I = [0, 1] and present the definition of [0, 1]-fuzzifying

pseudo-quasi-metrics (fuzzifying pseudo-quasi-metrics for short). Moreover we also present
the expression forms of fuzzifying pseudo-quasi-metrics on the [0, 1]-fuzzy real line (fuzzy
real line for short).

Lemma 4.1. Let R(I) be the fuzzifying real line. Define two maps ε, σ : (0, 1]×R(I) → R
such that for all a ∈ (0, 1] and for all x ∈ R(I),

ε(a, x) = sup {t | a ≤ x(t−)} , σ(a, x) = inf {t | a ≤ x(t+)′} .

Then we have the following results.
(1) ε(a, x) = max{t | a ≤ x(t−)}, σ(a, x) = min{t | a ≤ x(t+)′}.
(2) For all a ∈ (0, 1] and for all x ∈ R(I),

ε(a, x) =
∧
b<a

ε(b, x), σ(a, x) =
∨

b<a
σ(b, x).

(3) For all a, b ∈ (0, 1] and for all x, y ∈ R(I),

ε(b, y) <
∨

c>a′

ε(c, x) + r if and only if σ(a, x) >
∧

e>b′

σ(e, y) − r.

Proof. (1) is obvious. It is easy to see that

ε(a, x) ≤
∧
b<a

ε(b, x), σ(a, x) ≥
∨

b<a
σ(b, x).

Thus in order to prove (2) we need only to prove that

ε(a, x) ≥
∧
b<a

ε(b, x), σ(a, x) ≤
∨

b<a
σ(b, x).

Suppose that ε(a, x) <
∧

b<a
ε(b, x). Then there exists s ∈ R such that

ε(a, x) = max{t | a ≤ x(t)} < s <
∧
b<a

ε(b, x).
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This implies that a 6≤ x(s). Further there exists c < a such that c 6≤ x(s). Thus we
have that ε(c, x) < s. By s <

∧
b<a

ε(b, x) we obtain a contradiction. Therefore ε(a, x) ≥∧
b<a

ε(b, x). Similarly we can prove the other inequalities. (2) is shown.

In order to prove (3), for all a, b ∈ (0, 1] and for all x, y ∈ R(I), suppose

ε(b, y) <
∨

c>a′

ε(c, x) + r.

Then there exists c > a′ such that ε(b, y) < ε(c, x) + r. Then there is t > 0 such that
ε(b, y) < ε(c, x) + r − t. This implies that

b 6≤ y(ε(c, x) + r − t) or y(ε(c, x) + r − t)′ 6≤ b′

So there exists e ≤ y(ε(c, x) + r − t)′ such that e 6≤ b′ (i.e., e > b′). We can obtain
σ(e, y) ≤ ε(c, x) + r − t or σ(e, y) − r + t ≤ ε(c, x)

since y(ε(c, x) + r − t)′ ≤ y(ε(c, x) + r − t+)′. By c ≤ x(ε(c, x)) again we know that
a > c′ ≥ x(ε(c, x))′ ≥ x(σ(e, y) − r + t)′ ≥ x(σ(e, y) − r+)′.

Therefore σ(a, x) > σ(e, y) − r. Further we have that σ(a, x) >
∧

e>b′
σ(e, y) − r.

The inverse of the above proof is obvious. �

Now we present a new kind of fuzzy metric.

Definition 4.2. A fuzzifying pseudo-quasi-metric on a set X is a fuzzy set D : X2 ×
[0, ∞) → [0, 1] which satisfies the following (FM1)–(FM5): ∀x, y, z ∈ X and ∀r, s ∈
(0, +∞),

(FM1) D(x, y)(0) = 1;
(FM2) D(x, x)(r) ≤ 0.5;
(FM3)

∧
r>0

D(x, y)(r) = 0;

(FM4) D(x, y)(r) =
∧

s<r
D(x, y)(s), i.e., D(x, y) : [0, ∞) → [0, 1] is left continuous;

(FM5) D(x, z)(s + r) ≤ D(x, y)(s) + D(y, z)(r).
A fuzzifying pseudo-quasi-metric D is said to be a fuzzifying pseudo-metric if it
satisfies the following (FM6):

(FM6) D(x, y)(r) = D(y, x)(r).

Remark 4.3. Suppose that F is a KM fuzzy metric on X and ∗ is a Lukasiewicz T -norm.
Let D(x, y)(r) = F (x, y, r)′. Then D is a fuzzifying pseudo-metric. But it is easy to check
that the inverse is not true.

Theorem 4.4. Let R(I) be the fuzzy real line. For all x, y ∈ R(I) and for all r ∈ R,
define

D1(x, y)(r) =
∨{

a ∈ (0, 1]
∣∣∣∣∣ max

{
ε(a, y) −

∨
c>a′

ε(c, x), 0
}

≥ r

}
,

D2(y, x)(r) =
∨{

a ∈ (0, 1]
∣∣∣∣∣ max

{ ∧
c>a′

σ(c, y) − σ(a, x), 0
}

≥ r

}
,

D(x, y)(r) = D1(x, y)(r) ∨ D2(x, y)(r).
Then

(1) ∀b ∈ (0, 1], b < D1(x, y)(r) ⇒ max
{

ε(b, y) −
∨

c>b′
ε(c, x), 0

}
≥ r.

(2) ∀b ∈ (0, 1], b < D2(y, x)(r) ⇒ max
{ ∧

c>b′
σ(c, y) − σ(b, x), 0

}
≥ r.
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(3) D1, D2 are fuzzifying pseudo-quasi-metrics.
(4) D is a fuzzifying pseudo-metric.

Proof. (1) Suppose b ∈ (0, 1] and b < D1(x, y)(r). By the definition of D1(x, y)(r) we
know that there exists a ∈ (0, 1] such that b < a and

max

ε(a, y) −
∨

c>a′

ε(c, x), 0

 ≥ r.

Hence by Lemma 4.1 we have

max

ε(b, y) −
∨

c>b′

ε(c, x), 0

 ≥ max

ε(a, y) −
∨

c>b′

ε(c, x), 0


≥ max

ε(a, y) −
∨

c>a′

ε(c, x), 0

 ≥ r.

(2) Suppose b ∈ (0, 1] and b < D2(y, x)(r). By the definition of D2(y, x)(r) we know
that there exists a ∈ (0, 1] such that b < a and

max

 ∧
c>a′

σ(c, y) − σ(a, x), 0

 ≥ r.

Hence we have

max

∧
c>b′

σ(c, y) − σ(b, x), 0

 ≥ max

 ∧
c>a′

σ(c, y) − σ(b, x), 0


≥ max

 ∧
c>a′

σ(c, y) − σ(a, x), 0

 ≥ r.

(3) (i) We first prove that D1 is a fuzzifying pseudo-quasi-metric.
(FM1) Obviously for all x, y, we have D1(x, y)(0) = 1.
(FM2) For all a ∈ (0.5, 1], it holds a > a′. Thus ∀x ∈ R(I) and for all r ∈ (0, +∞), by

max
{

ε(a, x) −
∨

c>a′
ε(c, x), 0

}
= 0, we know

D1(x, x)(r) =
∨a ∈ (0, 1]

∣∣∣∣∣∣ max

ε(a, x) −
∨

c>a′

ε(c, x), 0

 ≥ r

 ≤ 0.5.

(FM3) It is obvious that
∧

r>0
D1(x, y)(r) = 0.

(FM4) Obviously D1(x, y) is an antitone map from R → [0, 1]. Now we prove that
D1(x, y) is left continuous, i.e.,

D1(x, y)(r) =
∧
s<r

D1(x, y)(s), ∀r ∈ [0, +∞).

Obviously ∀r ∈ [0, +∞), it follows

D1(x, y)(r) ≤
∧
s<r

D1(x, y)(s).

We need only to prove that

D1(x, y)(r) ≥
∧
s<r

D1(x, y)(s).
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Let b <
∧

s<r
D1(x, y)(s). Then ∀s < r, we have

b < D1(x, y)(s), i.e., max

ε(b, y) −
∨

c>b′

ε(c, x), 0

 ≥ s.

Hence max
{

ε(b, y) −
∨

c>b′
ε(c, x), 0

}
≥ sup{s | s < r} = r. This implies that b ≤

D1(x, y)(r). Therefore

D1(x, y)(r) ≥
∧
s<r

D1(x, y)(s).

As a result, D1(x, y) is a fuzzy number.
(FM5) Now we prove D1(x, z)(r + s) ≤ D1(x, y)(r) + D1(y, z)(s), ∀x, y ∈ R(I), ∀r, s ∈

[0, +∞).
If r = 0 or s = 0, then the above inequality is obvious. If D1(x, y)(r) + D1(y, z)(s) ≥ 1,

then the above inequality is also obvious.
Now we let r, s ∈ (0, +∞) and suppose D1(x, y)(r) + D1(y, z)(s) < 1. Take b, b1, b2 ∈

(0, 1] such that 1 > b = b1 + b2, b1 > D1(x, y)(r) and b2 > D1(y, z)(s). Then by (1) we
know that

max


ε(b1, y) −

∨
c>b′

1

ε(c, x)

 , 0

 < r and max


ε(b2, z) −

∨
c>b′

2

ε(c, y)

 , 0

 < s.

This implies that

max

ε(b, z) −
∨

c>b′

ε(c, x), 0


≤ max

ε(b, z) −
∨

c>b′
1

ε(c, x), 0


≤ max

ε(b2, z) −
∨

c>b′
1

ε(c, x), 0


≤ max


ε(b2, z) −

∨
c>b′

2

ε(c, y)

+

 ∨
c>b′

2

ε(c, y) −
∨

c>b′
1

ε(c, x)

 , 0


≤ max

ε(b2, z) −
∨

c>b′
2

ε(c, y), 0

+ max

ε(b′
2, y) −

∨
c>b′

1

ε(c, x), 0


≤ max

ε(b2, z) −
∨

c>b′
2

ε(c, y), 0

+ max


ε(b1, y) −

∨
c>b′

1

ε(c, x)

 , 0


< r + s.

Thus we have b ≥ D1(x, z)(r + s), (FM5) is proved.
So D1 is a fuzzifying pseudo-quasi-metric.
(ii) Now we prove that D2 is a fuzzifying pseudo-quasi-metric.
(FM1) Obviously for all x, y, it holds D2(y, x)(0) = 1.
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(FM2) For all a ∈ (0.5, 1], it holds a > a′. Thus ∀x ∈ R(I) and for all r ∈ (0, +∞), by

max
{ ∧

c>a′
σ(c, x) − σ(a, x), 0

}
= 0, we know

D2(x, x)(r) =
∨a ∈ (0, 1]

∣∣∣∣∣∣ max

 ∧
c>a′

σ(c, x) − σ(a, x), 0

 ≥ r

 ≤ 0.5.

(FM3)
∧

r>0
D2(y, x)(r) = 0 is obvious.

(FM4) It is clear that D2(y, x) is an antitone map from [0, +∞) → [0, 1]. Now we prove
that D2(y, x) is left continuous, i.e.,

D2(y, x)(r) =
∧
s<r

D2(y, x)(s), ∀r ∈ [0, +∞).

It is obvious that ∀r ∈ [0, +∞),

D2(y, x)(r) ≤
∧
s<r

D2(y, x)(s).

We need only to prove that

D2(y, x)(r) ≥
∧
s<r

D2(y, x)(s).

Let b <
∧

s<r
D2(y, x)(s). Then ∀s < r, we have

b < D2(y, x)(s), i.e., max

∧
c>b′

σ(c, y) − σ(b, x), 0

 ≥ s.

Hence max
{ ∧

c>b′
σ(c, y) − σ(b, x), 0

}
≥ sup{s | s < r} = r. This implies that b ≤

D2(y, x)(r). Therefore

D2(y, x)(r) ≥
∧
s<t

D2(y, x)(s).

As a result, D2(y, x) is a fuzzy number.
(FM5) Now we prove D2(y, x)(r + s) ≤ D2(y, z)(r) + D2(z, x)(s), ∀x, y ∈ R(I), ∀r, s ∈

[0, +∞).
If r = 0 or s = 0, then the above inequality is obvious. If D2(y, z)(r) + D2(z, x)(s) ≥ 1,

then the above inequality is also obvious.
Now we let r, s ∈ (0, +∞) and suppose D2(y, z)(r) + D2(z, x)(s) < 1. Take b, b1, b2 ∈

(0, 1] such that 1 > b = b1 + b2, b1 > D2(y, z)(r) and b2 > D2(z, x)(s). Then by (2) we
know that

max

 ∧
c>b′

1

σ(c, y) − σ(b1, z), 0

 < r and max

 ∧
c>b′

2

σ(c, z) − σ(b2, x), 0

 < s.
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This implies that

max

∧
c>b′

σ(c, y) − σ(b, x), 0


≤ max

 ∧
c>b′

1

σ(c, y) − σ(b, x), 0


≤ max

 ∧
c>b′

1

σ(c, y) − σ(b2, x), 0


≤ max


 ∧

c>b′
1

σ(c, y) − σ(b1, z)

+ (σ(b1, z) − σ(b2, x)) , 0


≤ max

 ∧
c>b′

1

σ(c, y) − σ(b1, z), 0

+ max {σ(b1, z) − σ(b2, x), 0}

≤ max

 ∧
c>b′

1

σ(c, y) − σ(b1, z), 0

+ max
{
σ(b′

2, z) − σ(b2, x), 0
}

≤ max

 ∧
c>b′

1

σ(c, y) − σ(b1, z), 0

+ max

 ∧
c>b′

2

σ(c, z) − σ(b2, x), 0


< r + s.

Thus we have b ≥ D2(y, x)(r + s), (FM5) is proved.
So D2 is a fuzzifying pseudo-quasi-metric.
(4) From the above (3) we can easily check that D is a fuzzifying pseudo-quasi-metric.

In order to prove that D is a fuzzifying pseudo-metric, we need only to check D(x, y)(r) =
D(y, x)(r) for all x, y ∈ R(I) and r ∈ (0, +∞).

Suppose a > D(x, y)(r) = D1(x, y)(r) ∨ D2(x, y)(r). Then a > D1(x, y)(r) and a >
D2(x, y)(r). Thus we have

max

ε(a, y) −
∨

c>a′

ε(c, x), 0

 < r and max

 ∧
c>a′

σ(c, x) − σ(a, y), 0

 < r.

From Lemma 4.1(3) we obtain

max

 ∧
c>a′

σ(c, y) − σ(a, x), 0

 < r and max

ε(a, x) −
∨

c>a′

ε(c, y), 0

 < r.

By (1) and (2) this implies a ≥ D1(y, x)(r) ∨ D2(y, x)(r) = D(y, x)(r). This shows
D(x, y)(r) ≥ D(y, x)(r). Analogously we can prove D(x, y)(r) ≤ D(y, x)(r).

The proof is completed. �

Remark 4.5. In Theorem 4.4, D(x, x)(r) ≤ 0.5 can not be replaced by D(x, x)(r) = 0.
In fact, we take x ∈ R(I) which is defined as

x(r) =


1, r ≤ 3,

0.5, 3 < r ≤ 7,
0, 7 < r.

Then we can check the following results. ε(0.5, x) = 7, σ(0.5, x) = 3. When c > 0.5, we can
check ε(c, x) = 3, σ(c, x) = 7. Thus it follows D1(x, x)(4) = D2(x, x)(4) = D(x, x)(4) =
0.5 6= 0.
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5. The fuzzifying topologies induced by the fuzzifying pseudo-quasi-metrics
In this section, we can check that when M = I = [0, 1], three fuzzifying topologies L,R

and T in Theorem 3.1 can be respectively induced by three fuzzifying pseudo-quasi-metrics
D1, D2 and D.

Theorem 5.1. Let D1, D2 be respectively the above fuzzifying pseudo-quasi-metrics on
R(I) and let D be the above fuzzifying pseudo-metric on R(I). Then ∀A ⊆ R(I),

(1) L(A) =
∧

x∈A

∨
s>0

∧
y 6∈A

D1(x, y)(s);

(2) R(A) =
∧

x∈A

∨
s>0

∧
y /∈A

D2(x, y)(s);

(3) T(A) =
∧

x∈A

∨
s>0

∧
y /∈A

D(x, y)(s).

Proof. (1) In order to prove ∀A ⊆ R(I),

L(A) =
∧

x∈A

∨
s>0

∧
y 6∈A

D1(x, y)(s),

we need to prove

∧
x∈A

∨
r∈R

x(r−)′ ∧
∧

y 6∈A

y(r−)

 =
∧

x∈A

∨
s>0

∧
y 6∈A

D1(x, y)(s).

Suppose a < L(A) =
∧

x∈A

∨
r∈R

(
x(r−)′ ∧

∧
y 6∈A

y(r−)
)

. Then for all x ∈ A, there exists r ∈ R

such that
a < x(r−)′ =

∨
s<r

x(s)′ and a < y(r−), ∀y 6∈ A.

This implies that there exists t < r such that x(t) = x(t−) < a′ and

ε(a, y) = sup{t ∈ R | a ≤ y(t−)} ≥ r, ∀y 6∈ A.

From x(t−) < a′ we know that ∀c > a′, it follows ε(c, x) < t < r which implies
∨

c>a′
ε(c, x) ≤

t < r. Let s = r −
∨

c>a′
ε(c, x) > 0. Then

ε(a, y) −
∨

c>a′

ε(c, x) ≥ r −
∨

c>a′

ε(c, x) = s > 0.

This shows

D1(x, y)(s) =
∨a ∈ (0, 1]

∣∣∣∣∣∣
ε(a, y) −

∨
c>a′

ε(c, x), 0

 ≥ s

 ≥ a.

Hence we obtain a ≤
∧

x∈A

∨
s>0

∧
y 6∈A

D1(x, y)(s). Therefore it follows

L(A) =
∧

x∈A

∨
r∈R

x(r−)′ ∧
∧

y 6∈A

y(r−)

 ≤
∧

x∈A

∨
s>0

∧
y 6∈A

D1(x, y)(s).

Conversely suppose a <
∧

x∈A

∨
s>0

∧
y 6∈A

D1(x, y)(s). Then for all x ∈ A, there exists s ∈ R

with s > 0 such that a < D1(x, y)(s) holds for all y 6∈ A. This implies

ε(a, y) −
∨

c>a′

ε(c, x) =
∨

{t ∈ R | a ≤ y(t−)} −
∨

c>a′

∨
{t ∈ R | c ≤ x(t−)} ≥ s.
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Thus we have ε(a, y) ≥
∨

c>a′
ε(c, x) + s. Let r =

∨
c>a′

ε(c, x) + s
2 . Then for all c > a′, it

holds the inequality ε(c, x) < r < ε(a, y). This implies that for all y 6∈ A, c > x(r−) and
a ≤ y(r−). Hence we obtain

a ≤ x(r−)′ and a ≤ y(r−), ∀y 6∈ A.

Therefore it holds

a ≤
∨x(r−)′ ∧

∧
y 6∈A

y(r−) | r ∈ R

 .

Further it follows

a ≤
∧

x∈A

∨
r∈R

x(r−)′ ∧
∧

y 6∈A

y(r−)

 = L(A).

This shows

L(A) =
∧

x∈A

∨
r∈R

x(r−)′ ∧
∧

y 6∈A

y(r−)

 ≥
∧

x∈A

∨
s>0

∧
y 6∈A

D1(x, y)(s).

Thus we complete the proof of the following formula

L(A) =
∧

x∈A

∨
r∈R

x(r−)′ ∧
∧

y 6∈A

y(r−)

 =
∧

x∈A

∨
s>0

∧
y 6∈A

D1(x, y)(s).

(2) In order to prove ∀A ⊆ R(I),

R(A) =
∧

x∈A

∨
s>0

∧
y 6∈A

D2(x, y)(s),

we need to prove

∧
x∈A

∨
r∈R

x(r+) ∧
∧

y 6∈A

y(r+)′

 =
∧

x∈A

∨
s>0

∧
y 6∈A

D2(x, y)(s).

Suppose

a < R(A) =
∧

x∈A

∨
r∈R

x(r+) ∧
∧

y 6∈A

y(r+)′

 .

Then for all x ∈ A, there exists r ∈ R such that

a < x(r+) =
∨
t>r

x(t+) and a < y(r+)′, ∀y 6∈ A.

This implies there exists t > r such that a < x(t+) and

σ(a, y) = inf{t ∈ R | a ≤ y(t+)′} ≤ r.

From a < x(t+) we know that for all c > a′, it holds c > x(t+)′, which implies
∧

c>a′
σ(c, x) ≥

t > r. Let s =
∧

c>a′
σ(c, x) − r > 0. Then

∧
c>a′

σ(c, x) − σ(a, y) ≥
∧

c>a′

σ(c, x) − r = s > 0.

This shows

D2(x, y)(s) =
∨a ∈ (0, 1]

∣∣∣∣∣∣max

 ∧
c>a′

σ(c, x) − σ(a, y), 0

 ≥ s

 ≥ a.
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Hence we obtain a ≤
∧

x∈A

∨
s>0

∧
y 6∈A

D2(x, y)(s). Therefore it follows

R(A) =
∧

x∈A

∨
r∈R

x(r+) ∧
∧

y 6∈A

y(r+)′

 ≤
∧

x∈A

∨
s>0

∧
y 6∈A

D2(x, y)(s).

Conversely suppose a <
∧

x∈A

∨
s>0

∧
y 6∈A

D2(x, y)(s). Then for all x ∈ A, there exists s ∈ R

with s > 0 such that a < D2(x, y)(s) holds for all y 6∈ A. This implies∧
c>a′

σ(c, x) − σ(a, y) =
∧

c>a′

∧
{t ∈ R | c ≤ x(t+)′} −

∧
{t ∈ R | a ≤ y(t+)′} ≥ s.

Thus we have
∧

c>a′
σ(c, x) − s ≥ σ(a, y). Let r =

∧
c>a′

σ(c, x) − s
2 . Then

∧
c>a′

σ(c, x) > r > σ(a, y).

This implies that for all c > a′, it follows c > x(r+)′ and a ≤ y(r+)′, that is,

a ≤ x(r+) and a ≤ y(r+)′, ∀y 6∈ A.

Therefore it holds

a ≤
∨
r∈R

x(r+) ∧
∧

y 6∈A

y(r+)′

 .

Further it follows

a ≤
∧

x∈A

∨
r∈R

x(t+) ∧
∧

y 6∈A

y(t+)′

 = R(A).

This shows

R(A) =
∧

x∈A

∨
r∈R

x(t+) ∧
∧

y 6∈A

y(t+)′

 ≥
∧

x∈A

∨
s>0

∧
y 6∈A

D2(x, y)(s).

Thus we complete the proof of the following formula

R(A) =
∧

x∈A

∨
r∈R

x(t+) ∧
∧

y 6∈A

y(t+)′

 =
∧

x∈A

∨
s>0

∧
y 6∈A

D2(x, y)(s).

(3) The proof can be obtained from the results of (1) and (2). �

6. Conclusions
A statistical metric space can be regarded as a KM fuzzy metric space and the set of all

distribution function can be regarded as a special M -fuzzy real line. In this paper we first
presented three fuzzifying topologies on the M -fuzzy real line. Then we constructed three
fuzzifying pseudo-quasi-metrics on the fuzzy real line. Finally, we proved that the three
fuzzifying topologies can exactly be induced by the three fuzzifying pseudo-quasi-metrics.
A fuzzifying pseudo-metric can be regarded as a weak form of a KM fuzzy metric.

In future work, we will consider the fuzzifying convex structure (see [17,18]), the fuzzi-
fying convergence, the fuzzifying completeness, and others on the M -fuzzy real line.

Acknowledgment. This project was supported by the National Natural Science Foun-
dation of China (12271036).



470 F.-G. Shi

References
[1] K. Bekar, Metric on L-fuzzy real line, International J. Math. Combin. 3, 48–60, 2022.
[2] T.E. Gantner, R.C. Steinlage and R.H. Warren, Compactness in fuzzy topological

spaces, J. Math. Anal. Appl. 62, 547–562, 1978.
[3] R. Goetschel and W. Voxman, Topological properties of fuzzy numbers, Fuzzy Sets

Syst. 10, 87–99, 1983.
[4] M. Grabiec, Fixed points in fuzzy metric spaces, Fuzzy Sets Syst. 27, 385–389, 1988.
[5] U. Höhle, Probabilistsche Metriken auf der Menge nicht negativen verteilungs funk-

tionen, Aequationes Math. 18, 345–356, 1978.
[6] H.-L. Huang and F.-G. Shi, L-fuzzy numbers and their properties, Inform. Sci. 178,

1141–1151, 2008.
[7] B. Hutton, Normality in fuzzy topological spaces, J. Math. Anal. Appl. 50, 74–79,

1975.
[8] I. Kramosil and J. Michalek, Fuzzy metric and statistical metric spaces, Kybernetica,

11, 326–334, 1975.
[9] Y.-M. Liu and M.-K. Luo, Fuzzy topology, World Scientific, Singapore, 1997.

[10] B. Schweizer and A. Sklar, Statistical metric spaces, Pacific J. Math. 10, 314–334,
1960.

[11] F.-G. Shi, Pointwise uniformities in fuzzy set theory, Fuzzy Sets Syst. 98, 141–146,
1998.

[12] F.-G. Shi, Pointwise metrics in fuzzy set theory, Fuzzy Sets Syst. 121, 209–216, 2001.
[13] F.-G. Shi, Pointwise pseudo-metric on the L-real line, Iranian J. Fuzzy Syst. 2, 15–20,

2005.
[14] F.-G. Shi, C.-Y. Zheng, Metrization theorems in L-topological spaces, Fuzzy Sets Syst.

149, 455–471, 2005.
[15] F.-G. Shi, A new approach to L-T2, L-Urysohn, and L-completely Hausdorff axioms,

Fuzzy Sets Syst. 157, 794–803, 2006.
[16] F.-G. Shi, (L, M)-fuzzy metric spaces, Indian J. Math. 52, 231–250, 2010.
[17] F.-G. Shi and Z.-Y. Xiu, A new approach to the fuzzification of convex spaces, J.

Appl. Math. 2014, 249183, 2014.
[18] F.-G. Shi and Z.-Y. Xiu, (L, M)-fuzzy convex structures, J. Nonlinear Sci. Appl. 10,

3655–3669, 2017.
[19] F.-G. Shi, L-metric on the space of L-fuzzy numbers, Fuzzy Sets Syst. 399, 95–109,

2020.
[20] M. S. Ying, Fuzzifying topology based on complete residuated lattice-valued logic (I),

Fuzzy Sets Syst. 56, 337–373, 1993.
[21] D. Zhang, A natural topology for fuzzy numbers, J. Math. Anal. Appl. 264, 344–353,

2001.


