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ABSTRACT

In this study, we first investigate the intersection of two different ruled surfaces in R* for two different
tangential spherical indicatrix curves on DS? using the E. Study mapping. The conditions for the intersection of
these ruled surfaces in R® are expressed by theorems with bivariate functions. Secondly, considering two
different principal normal spherical indicatrix curves on DS?, we examine the intersection of two different
ruled surfaces in R* by using E. Study mapping. Similarly, the conditions for the intersection of these ruled
surfaces in R® are indicated by theorems with bivariate functions. Thirdly, using E. Study mapping, we explore
the intersection of two different ruled surfaces in R® by considering two different binormal spherical indicatrix
curves on DS?. Likewise, the conditions for the intersection of these ruled surfaces in R* are denoted by
theorems with bivariate functions. Fourthly, considering two different pole spherical indicatrix curves on DS?,
we study the intersection of two different ruled surfaces in R® by using E. Study mapping. In the same way, the
conditions for the intersection of these ruled surfaces in R® are specified by theorems with bivariate functions.
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Introduction

In geometry, surface theory has significant concepts in
many disciplines such as surface modeling, kinematics,
computer science, etc. One of the most important of these
surfaces is the ruled surface. A ruled surface is
represented by a straight line that moves along a curve
[1]. Many authors have explored the application and
geometric interpretation of ruled surfaces, see [2-4]. The
surface-surface intersection problem (SSl) is also one of
the significant research topics in geometry. B. U. Duldl
and M. Caliskan examined the unit tangent vector of the
tangential intersection curve of two surfaces in all three
types of SSI problems, see [5]. The intersections of
parametric-parametric, implicit-implicit and parametric-
implicit combinations of two surfaces are studied in detail,
see [6]. For ruled surfaces, which are special cases of
surfaces, the intersection of two ruled surfaces has been
investigated. Furthermore, each connected component of
the surface intersection curve corresponds to a connected
component in the zero-set except for some singular
points, redundant solutions and degenerate cases, see [7].

Dual numbers were first introduced by W. K. Clifford in
1873. Later, E. Study constructed the correspondence
between the geometry of lines and the points of the unit
dual sphere. E. Study says that there exists one-to-one
correspondence between the oriented lines in Euclidean
space and the points on the unit dual sphere. For more
details on dual numbers, see [8]. Using the E. Study
mapping, the curve on DS? corresponds to the ruled

Finally, we provide some examples that support the main results.
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surfaces in R3, see [9-10]. Similarly, the spherical curves
on DS? correspond to the ruled surfaces in R3, see [11].

In this article, we examine the intersections of two
ruled surfaces corresponding to two different tangential
spherical indicatrix curves, two different principal normal
spherical indicatrix curves, two different binormal
spherical indicatrix curves and two different pole spherical
indicatrix curves on DS?, respectively. Firstly, we consider
the intersections of ruled surfaces corresponding to two
different tangential spherical indicatrix curves on DSZ2.
Here, the intersection of the parameter curves of two
ruled surfaces is shown by some theorems with the help
of bivariate functions. Secondly, we investigate the
intersections of ruled surfaces corresponding to two
different principal normal spherical indicatrix curves on
DS?. In the same way, the intersection of the parameter
curves of two ruled surfaces is given by some theorems
with the help of bivariate functions. Thirdly, we discover
the intersections of ruled surfaces corresponding to two
different binormal spherical indicatrix curves on DSZ2.
Likewise, the intersection of the parameter curves of two
ruled surfaces is expressed by some theorems with the
help of bivariate functions. Fourthly, we explore the
intersections of ruled surfaces corresponding to two
different pole spherical indicatrix curves on DS2. Similarly,
the intersection of the parameter curves of two ruled
surfaces is denoted by some theorems with the help of
bivariate functions.
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This study is organized as follows: In Section 2, we
present the properties of dual vectors, dual spherical
indicatrix curves, ruled surfaces and the intersection of
two ruled surfaces. In Section 3, we examine the
intersections of two ruled surfaces corresponding to two
different tangential spherical indicatrix curves, two
different principal normal spherical indicatrix curves, two
different binormal spherical indicatrix curves, two
different pole spherical indicatrix curves on the unit dual
sphere DS?, respectively. Additionally, we give some
examples to illustrate the main theorems. In Section 4, we
discussed the results obtained.

Preliminaries

In this section, we recall some basic definitions and
theorems about dual vectors, dual spherical indicatrix
curves, ruled surfaces and the intersection of two ruled
surfaces.

The set of dual numbers is defined as

D={X=x+ex*:(x,x*) ERx R, &% =0}.

The combination of ¥ and X*is called dual vectors in
R3. These vectors are real part and dual part of X,
respectively. If X and ¥*are vectors in R3, then X = % +
ex*is defined as dual vector. Assume that X =X +

ex*and Y = J + £9* are dual vectors. The addition, inner
product and vector product are presented as follows:
The addition is

X+Y=@+P) +e@ +79

and their inner product is

{X,7) = (&, 7) + (& ) + (£, 5°).
Also, the vector product is given as

XxY =%xy+e@xy +3 X

<

The norm of X = X + ex"is defined as

- —)*)

(x,x
NIEE)

The norm of X exists only for X # 0. If the norm of X
is equal to 1, the dual vector is called unit dual vector. The
unit dual sphere which consists of the all unit dual vectors
is defined as

IX| = V&, %) +¢

DS?={X =%+ e¥* € D3:|X| =1}, (1)

for detailed information on dual vectors, see [8].

Theorem 1 (E. Study mapping) There exists one-to-one
correspondence between the oriented lines in R® and the
points of DS?, see [8].

Theorem 2 Let a(u) = a(u) + ea*(u) be a curve on
DS?.In R3, the ruled surface obtained by the curve a(u)
can be represented as

d(u,s) = a(u) X a*(u) + sa(u), (2)

where C(u) = a(u) X a*(u) is the base curve of ¢, see
[9-10].

Definition 1 Let @ = a + £a* be a curve on DS2. The
dual Frenet vectors, dual curvature, dual torsion, dual
Darboux vectors and dual pole vectors of this curve,
respectively, can be presented as follows [11]:
arr

T=a', N= B=TxN, k=(T'",N),

llarr |’

t=(N,B), W=1.T+k.B,

Theorem 3 Let T(u) = T(u) + £T*(u) be a tangential
spherical indicatrix curve on DS2. In R3, the ruled surface
obtained by the curve T'(u) can be shown as

¢o7(w,s) =Tw) X T*(w) + sT(u), (3)

where C7(u) = T(u) X T*(u) is the base curve of ¢,
see [9-11].

Theorem 4 Let N(u) = N(u) + eN*(u) be a principal
normal spherical indicatrix curve on DS2. In R3, the ruled
surface obtained by the curve N(u) can be given as

¢dx(u,s) = N(w) X N*(u) + sN(w), (4)

where Cg(u) = N(u) X N*(u) is the base curve of ¢y,
see [9-11].

Theorem 5 Let B(u) = B(u) + £B*(u) be a binormal
spherical indicatrix curve on DS2. In R3, the ruled surface
obtained by the curve B(u) can be expressed as

¢5(w,s) = B(u) X B*(u) + sB(w), (5)

where Cz(u) = B(u) X B*(u) is the base curve of ¢3,
see [9-11].

Theorem 6 Let C(u) = C(u)+&C*(u) be a pole
spherical indicatrix curve on DS2. In R3, the ruled surface
obtained by the curve € (1) can be denoted as

¢c(u,s) = C(u) x C*(u) + sC(w), (6)
where Ce(u) = C(u) X C*(u) is the base curve of ¢, see
[9-11].

Now, we give some proporties for the intersection
curve of two ruled surfaces in R3.

Let ¢ (u,s) and ¢%(v,t) be two ruled surfaces
defined by

Pt (w,s) = m W) + se; (W), (7)

$*(v,t) =, (v) + se, (v). (8)

329



Oztemir, Caliskan / Cumhuriyet Sci. J., 44(2) (2023) 328-335

Here, n,(u) and n,(v) are the base curves of surfaces
¢ (u, s) and ¢p2(v, t), respectively.

The u-parameter curve of ¢1(u, s) with a constant s,-
parameter and the v-parameter curve of ¢p2(v,t) with a
constant ty-parameter are denoted by L, (u) = ¢1(u, sg)
and L,(v) = ¢2%(v, t,), respectively, see [7].

If the ruled surfaces ¢ (u,s) and ¢2(v, t) intersect,

¢'(u,5) = $*(v, 1),
and we get

N (W) —nx(v) = — se; (u) + tey(v).

Since these three vectors are linearly dependent, the
following equation can be represented by [7]:

Aw,v) = det{e;(u), e;(v), [ (W) — (W)} = 0.

Theorem 7 Let ¢'(u,s) and ¢?(v,t) be two ruled
surfaces in R3 . If A(u,v) = 0, then the parameter curves
L, (u) and L, (v) intersect, see [7].

In order to p(u,v) =0, L;(u) and L,(v) intersect.
But, there are some points in the solution set of the
equation u(u,v) = 0 that is not at the intersection of
these two ruled surfaces. The intersection contains these
points when the directors of the ruled surfaces are
¢1(u,s) and p2(v, t) parallel. In this way, in the condition
of parallelism of the direction vectors of two ruled
surfaces, there may be some points that are not at the
intersection of two ruled surfaces, see [7].

The parallelism of the direction vectors of the ruled
surfaces ¢*(u,s) and ¢2(v, t) is expressed with bivariate
functions as follows [7] :

Aw,v) = lle;(w) x e; ()%

The parallelism of n,(u) —n,(v) and the direction
vector of ¢1(u,s) are given by bivariate functions as
follows [7] :

81w, v) = lley (W) x [, (W) — W]~

Similarly, the parallelism of n,(u) —n,(v) and the
direction vector of the ¢?2(v,t) are presented with
bivariate functions as follows [7] :

8, (w,v) = lle;(v) X [, (W) — n, W12

Theorem 8 The parameter curves L;(u) and L,(v)
intersect if and only if
Alu,v) =8, (w,v) = 8,(u,v) =0,
see [7].

Intersection of Two Ruled Surfaces Corresponding
to Spherical Indicatrix Curves on the Unit Dual
Sphere

In this section, we examine the intersections of two
ruled surfaces corresponding to two different tangential
spherical indicatrix curves, two different principal normal

spherical indicatrix curves, two different binormal
spherical indicatrix curves, and two different pole
spherical indicatrix curves on DS?, respectively.

Furthermore, we give some examples to support the main
results.

Let @; = a; + €aq and @, = a, + a; be two curves
on DS2. The tangential spherical indicatrix curves of these
curves are T, =T, +¢&Ty and T,=T,+eT;,
respectively. According to the E. Study mapping, ¢+, (u, s)
and ¢z, (v,t) are the ruled surfaces corresponding to
these tangential spherical indicatrix curves shown above
in R3. These ruled surfaces are expressed as follows:

dr,(w,s) = Ty (W) X Ty () + sTy(w), (9)

¢r, (W, t) = T,(v) X T; () + tT,(v). (10)

Here, the base curves of the ruled surfaces q,’)Tl(u, s)
and ¢z, (v, t) are Cz (u) = Ty (w) X Ty () and Cz,(v) =
T,(v) X T; (v), respectively.

The u-parameter curve of ¢z, (u,s) with a constant
So-parameter is represented by Lz (u) = ¢z (u,so).
Similarly, the v-parameter curve of ¢ (v,t) with a
constant ty-parameter is represented by Lz, (v) =

¢7_'2 (U, tO) .

If ¢z, (w,s) and ¢z, (v, t) intersect, we can write
b, (W, s) = g, (v, 1),

and

Cr,(w) — Cz,(v) = =sTy(w) + tT,(v).

Since these three vectors are linearly dependent, the
following equation can be given

Ar(u,v) = det{T1 W), T,(), C7,(w) — Cz, (v)} =0.

Theorem 9 Let ¢+ (u,s) and ¢+, (v, t) be the two ruled
surfaces corresponding to two different tangential
spherical indicatrix curves on the unit dual sphere in R3 .
If Az(u,v) = 0, then the parameter curves Lz, (u) and
Lz,(v) intersect.

According to the parallelism of these three vectors
with each other, the bivariate functions are denoted as

follows, respectively:

Ar(w,v) = IT, (W) x T, )%,
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5w, v) = ||Ty (@) x [C7,(w) — Cr, ]|,

82(u,v) = |T,(») x [C1,) - C,W)]|"

Theorem 10 Let L7 (u) and L7, (v) be the parameter
curves of the ruled surfaces ¢z, (u, s) and ¢z, (v, t), which
correspond to two different tangential spherical indicatrix
curves on DS?. In this case, the parameter curves Ly, (u)
and Lz, (v) intersect if and only if

Ar(u,v) = 8h(w,v) = 62(u,v) = 0.

Let @, = a; + €af and @, = a, + €a; be two curves
on DS2. The principal spherical indicatrix curves of these
curves are N; =N;+eN; and N,=N,+eN;,
respectively. By the E. Study mapping, ¢y, (u,s) and
o, (v, t) are the ruled surfaces corresponding to these
principal spherical indicatrix curves given above in R3.
These ruled surfaces are denoted as follows:

¢, (W, s) = Ny (u) X Ny (u) + sN; (w), (11)

b, (0, 1) = N (v) X N3 (v) + tN, (v). (12)
Here, the base curves of the ruled surfaces ¢,;,1(u, s) and
¢x, (v, t) are Cy, (w) = Ny(w) X Ny (w) and

Cy, (@) = Ny (0) X N; (v).

The u-parameter curve of ¢y, (u,s) with a constant
So-parameter is presented by Ly, (w) = ¢y, (u, o).
Similarly, the v-parameter curve of ¢y, (v,t) with a
constant to-parameter is given by Ly, (v) = ¢y, (, to).

If ¢, (u, s) and gy, (v, t) intersect, we can write

dn, (W, s) = ¢y, (v, ),

and
Cy, (W) — Cy,(v) = —sN; (W) + tN,(v)

Since these three vectors are linearly dependent, the
following equation can be expressed

Ay(u,v) = det{Nl(u), N,(v),Cy,(w) — Cy, (v)} = 0.

Theorem 11 Let ¢y, (u, s) and ¢y, (v, t) be the two ruled
surfaces corresponding to two different principal
spherical indicatrix curves on the unit dual sphere in R3 .
If Ax(u,v) = 0, then the parameter curves Ly, (u) and
Ly, (v) intersect.

According to the parallelism of these three vectors
with each other, the bivariate functions are indicated as
follows, respectively:

Ay(u,v) = [INy (W) x Ny ()|1?,

85w, v) = [Ny w) x [Cr, @) = Cr, W]|I",

83w, v) = [Ny (v) x [C, () = C, D]’

Theorem 12 Let Ly (u) and Ly,(v) be the parameter
curves of the ruled surfaces ¢, (u,s) and ¢y, (v, 1),
which correspond to two different principal spherical
indicatrix curves on DS?. In this case, the parameter
curves Ly, (u) and Ly, (v) intersect if and only if

Ay(u,v) = 8 (u,v) = §2(u,v) = 0.

Let @, = a; + € and @, = a, + a; be two curves
on DS?. The binormal spherical indicatrix curves of these
curves are By =B;+¢eB; and B,=DB,+¢B;,
respectively. According to the E. Study mapping, ¢, (4, s)
and o3, (v,t) are the ruled surfaces corresponding to

these binormal spherical indicatrix curves shown above in
R3. These ruled surfaces are indicated as follows:

¢3,(u,s) = By (u) X B{(w) + 5B, (w), (13)

$3,(v,t) = B,(v) X B;(v) + tB,(v). (14)

Here, the base curves of the ruled surfaces ¢z, (u, s) and
¢5,(v,t) are Cz(w) = B;(u) X Bi(u) and Cz,(v) =
B,(v) X B;(v).

The u-parameter curve of ¢, (u,s) with a constant
So-parameter is given Lg (w) = ¢35, (1, so). Similarly, The
v-parameter curve of ¢z, (v,t) with a constant t,-
parameter is represented Lg, (v) = ¢5, (v, to).

If ¢, (u,s) and ¢, (v, t) intersect, we can write
¢p, (W, 5) = ¢p, (v, 1),

and

Cp, (W) — Cp,(v) = =sB; (W) + tB,(v)

Since these three vectors are linearly dependent, the
following equation can be denoted

Ag(u,v) = det{Bl(u),B2 (v),Cs, (W) — Cp, (v)} =0.

Theorem 13 Let ¢35, (u, ) and ¢,(v, t) be the two ruled
surfaces corresponding to two different binormal
spherical indicatrix curves on the unit dual sphere in R3 .
If A5(u,v) = 0, then the parameter curves Lz, (u) and
Lg,(v) intersect.

According to the parallelism of these three vectors
with each other, the bivariate functions are expressed as
follows, respectively:

A5(u,v) = ||By(w) X B,(W)|I?,
8L, v) = ||Ny(w) X [Ca,w) — C5,@]|I",

52w, v) = ||B,(v) x [C5,(w) — C5,W)]|I”.
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Theorem 14 Let Lg (u) and Lg,(v) be the parameter
curves of the ruled surfaces ¢z, (u,5) and ¢g, (v,1),
which correspond to two different binormal spherical
indicatrix curves on DS?. In this case, the parameter
curves Lz, (u) and Lg, (v) intersect if and only if

Ag(u,v) = 6§(u,v) = Sg(u, v) = 0.

Let @, = a; + €aj and @, = a, + €a; be two curves
on the unit dual sphere DS2. The pole spherical indicatrix
curves of these curves are C; = C; + &C; and C, = C, +
€C;, respectively. By the E. Study mapping, ¢¢, (u, s) and
¢¢, (v, t) are the ruled surfaces corresponding to these
pole spherical indicatrix curves taken above in R3. These
ruled surfaces are given as follows:

¢, (w,s) = G (w) x € (w) +sC(w), (15)

be, (W, 1) = C,(v) X C3(v) + tC,(v). (16)
Here, the base curves of the ruled surfaces ¢c‘1 (u,s) and
¢¢,(,t) are C¢, (u) = C;(u) X € (u) and

Ce,() = C,(v) X (3 ().

The u-parameter curve of ¢¢, (u, 5) with a constant s,-
parameter is shown L¢, (w) = ¢¢, (u, so). Similarly, the v-
parameter curve of ¢¢,(v,t) with a constant t,-
parameter is indicated L¢, (v) = ¢¢, (v, to).

If p¢, (u, s) and ¢, (v, t) intersect, we can write

b, (W, s) = ¢¢, (v, 1),
and

Ce,(w) — C¢,(v) = —sC () + tCr(v)
Since these three vectors are linearly dependent, the
following equation can be represented

Ae(u,v) = det{Cl(u), C,(v), Ce, (W) — C¢, (v)} = 0.

Theorem 15 Let ¢¢, (u,s) and ¢¢, (v, t) be the two ruled
surfaces corresponding to two different pole spherical
indicatrix curves on the unit dual sphere in R3 . If
A¢(w,v) = 0, then the parameter curves L¢ (u) and
L¢,(v) intersect.

According to the parallelism of these three vectors
with each other, the bivariate functions are given as
follows, respectively:

Ac(u,v) = 1€, (w) X C,(W) |12,
8L, v) = ||C;(w) X [Ce,@) = Ce, ]|,

52w, v) = [|C,() x [Ce, @) = Ce, ]|

Theorem 16 Let L¢, (u) and L¢, (v) be the parameter
curves of the ruled surfaces ¢¢, (4, 5) and ¢¢, (v, t), which
correspond to two different pole spherical indicatrix

curves on DS2. In this case, the parameter curves Le, (w)
and L¢, (v) intersect if and only if

As(u,v) = Sé—(u, v) = 6§(u, v) = 0.

Example 17. Let us consider a(u) =
(cos(w), sin(u),0) + e(— sin(u), cos(u),u*) and
a,(v) = (sin(v), cos(v),0) + e(— cos(v), sin(v), v?).
Since (a;(w),a;(w)) =0, (a,(v),a;(v))=0 and

la;(w)| = |ay(v)| = 1, the @;(u) and &, (v) are on DS2.

The dual tangential spherical indicatrix curves of the
a,(u) and a,(v) are

Ti(w) = (—sin(w), cos(w),0) + (- cos(w), — sin(w),4u®),
T,(v) = (cos(v), —sin(v),0) + e(sin(v), cos(v),4v?).
The ruled surface corresponding to the T, (1) is

b7, (w, s) = (4u? cos(u), 4u? sin(u), 1)
+ s(—sin(u), cos(w), 0)

where the base curve is
(4u3 cos(u), 4u® sin(u), 1).

Cr,(w) =

The ruled surface corresponding to the T, (v) is
¢r, (v, t) = (—4v? sin(v), —4v3 cos(v), 1) + t(cos(v),
— sin(v), 0)

where the base curve is
(—4v3 sin(v), —4v3 cos(v), 1).

Let's examine the intersection of two ruled surfaces
corresponding to two different tangential spherical
indicatrix curves on DSZ. Let ¢y (u,s) = ¢y, (v, 1), the
following equations can be written by

(4u3 cos(u) + 4v3 sin(v), 4u3 sin(u) + 4v3 cos(v), 0)
= —s(—sin(u), cos(u), 0)
+ t(cos(v), — sin(v), 0).

Cp,(v) =

Since Cr,(w) — Cr,(v), Ty (u) and T,(v) are linearly
dependent, A7(u,v) = 0. Hence, the parameter curves
Ly, () and Ly, (v) intersect.

If Az(u,v), 6%(u, V), 6%(u, v) are calculated, we obtain

Az (u,v) = (cos(u + v))?,
83 (u,v) = 16(u® + v* sin(u + v))?,
82(u,v) = 16(v® + u® sin(u + v))>.

For the A7(u,v) =0, the solution of the (u,v) =
(%’T,%ﬂ), Ar(u,v) = 5%(u, V) = 6%(u, v) = 0.Hence, the

parameter curves Lz (u) and Lg (v) intersect. Then,
¢, (u,s) and ¢y, (v, t) ruled surfaces intersect.
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Figure 1. The intersection of ¢z and ¢y, ruled
surfaces:.

The dual principal spherical indicatrix curves of the
a,(u) and a,(v) are

N;(u) = (= cos(u), — sin(w),0) + e(sin(u), — cos(w), 12u?),

N,(v) = (= sin(v), — cos(v),0) +
g(cos(v), —sin(v), 12v?).

The ruled surface corresponding to the N; (u) is

én,(w,s) = (—12u?sin(u), 12u? cos(u), 1)
+ s(—cos(u), — sin(u), 0)
where the base curve is

Cy, (W) = (—12u?sin(u), 12u® cos(w), 1).
The ruled surface corresponding to the N, (v) is

¢y, (. t) = (=122 cos(v), 12v? sin(v), 1)
+ t(—sin(v), — cos(v), 0)

where the base curve is
Cy,(v) = (=12v? cos(v), 12v% sin(v), 1).

Let's examine the intersection of two ruled surfaces
correspondig to two different principal normal spherical
indicatrix curves DS% Let ¢y, (u,s) = ¢y, (v,t), the
following equation can be written by

(—12u?sin(u) + 12v? cos(v), 12u? cos(u) —
12v2 sin(v),0) = —s(— cos(u), — sin(u), 0) +
t(— sin(v), — cos(v), 0).

Since Cy, (u) — Cy,(v), N;(w) and N, (v) are linearly
dependent, Ag(u,v) = 0. Therefore, the parameter
curves Ly, (u) and Ly, (v) intersect.

If Ax(u,v), 6,17(11, V), 6,27(11, v) are calculated, we
obtain
Ay(u,v) = (cos(u + v))?,
8x(u,v) = 144(v? sin(u + v) — u?)?,

8%(u,v) = 144(v? — u?sin(u + v))?2.

For the Ag(u,v) =0, the solution of the (u,v) =
G,%), Ax(u,v) = 65(u,v) = 83(u,v) = 0. Therefore,
the parameter curves Ly, (u) and Ly, (v) intersect. As a
result, ¢y, (1, s) and ¢y, (v, t) ruled surfaces intersect.

Figure 2. The intersection of ¢y, and ¢y, ruled
surfaces:.

The dual binormal spherical indicatrix curves of the d; (u)
and da, (v) are

B;(w) = (0,0,1) + e(4u®sin(u) +
12u? cos(u) , —4u® cos(u) + 12u? sin(u), 0),

B,(v) = (0,0,—1) + e(4v? cos(v) —
12v? sin(v) , —4v?3 sin(v) — 12v? cos(v), 0).

The ruled surface corresponding to the B; (u) is

b5, (u,s) = (4u3 cos(u) — 12u? sin(w), 4u? sin(u)
+ 12u? cos(u),0) + s(0,0,1)

where the base curve is Cg (w) = (4u® cos(u) —
12u? sin(w), 4u3 sin(u) + 12u? cos(u), 0).

The ruled surface corresponding to the B, (v) is

¢, t) = (—4v3sin(v)
— 12v2 cos(v), —4v2 cos(v)
+ 12v?% sin(v), 0) + £(0,0,—1)

where the base curve is Cg,(v) = (—4v®sin(v) —
12v? cos(v) , —4v3 cos(v) + 12v? sin(v), 0).

Let's examine the intersection of two ruled surfaces
correspondig to two different binormal spherical
indicatrix curves on DS?. Let ¢y, (u,s) = ¢, (v, 1), the
following equation can be written by

(4u3 cos(u) — 12u? sin(w)
+ 4v3 sin(v)
+ 12v2 cos(v), 4u? sin(u)
+ 12u? cos(u)
+ 4v3 cos(v) — 12v? sin(v), 0)
= —s(0,0,1) + ¢t(0,0,—1).

Since Cg, (u) — Cg,(v), B;(u) and B,(v) are linearly

dependent, A;5(u,v) = 0. Hence, the parameter curves
Lg, (u) and Lg, (v) intersect.
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If Ag(u,v), 85(u,v), §2(u,v) are calculated, we obtain
As(u,v) =0,

85(u,v) = 16{[3(v? sin(v) — u? cos(w))
— (3 cos(v) + uB sin(w))]?
+ [3(v? cos(v) — u? sin(w))
+ (v3 sin(v) + u® cos(w))]?},

82(u, v) = 16{[3(u? cos(u) — v?sin(v))
+ (u3 sin(u) + v3 cos(v))]?
+ [3(u? sin(u) —v? cos(v))
— (u3 cos(u) + v3sin(v))]?}.

For the A5(u, v) = 0, the solution of the (u, v) = (0,0),
As(u,v) = 83(u,v) = 83(u,v) = 0. Therefore, the
parameter curves Lg (u) and Lg,(v) intersect. Then,
¢, (u,s) and ¢, (v, t) ruled surfaces intersect.

Figure 3. The intersection of ¢y and ¢z, ruled
surfaces.

The dual pole spherical indicatrix curves of the d; (u) and
d,(v) are

C,(w) = (0,0,1) + (12u? cos(u)
— 24usin(u), 12u? sin(u)
+ 24u cos(u), 0),

C,(v) = (0,0,—1) + e(—12v? sin(v) —
24v cos(v), —12v? cos(v) + 24v sin(v), 0).
The ruled surface corresponding to the C; (u) is

be, (u,s) = (—12u? sin(u) — 24u cos(u), 12u? cos(u)
— 24usin(u),0) +s(0,0,1)

where the base curve is C¢ (u) = (—12u”sin(u) —
24u cos(u), 12u? cos(u) — 24u sin(u), 0).

The ruled surface corresponding to the C,(v) is
¢¢, (v, ) = (1202 cos(v) + 24v sin(v), 12v2 sin(v)
+ 24v cos(v),0) + t(0,0,—1)

where the base curve is Cg,(v) = (—12v% cos(v) +
24v sin(v), 12v? sin(v) + 24v cos(v), 0).

Let's examine the intersection of two ruled surfaces
correspondig to two different pole spherical indicatrix
curves on DS?. Let ¢, (u,s) = d¢, (v, 1), the following
equation can be written by

(=12u? sin(u) — 24u cos(u)
+ 12v2 cos(v)
— 24v sin(v), 12u? cos(u)
— 24u sin(u) —12v?sin(v)
— 24v cos(v),0)
= —s(0,0,1) + ¢t(0,0,—1).

Since C¢,(u) — C¢,(v), C;(w) and C,(v) are linearly
dependent, A:(u,v) = 0. Hence, the parameter curves
L¢, (W) and L¢, (v) intersect.

If Aq(u,v), 53—(u, V), 5§(u, v) are calculated, we obtain

As(u,v) =0,

8 (w, v) = 144{[(v? sin(v) — u? cos(u))
+ 2(usin(u) + v cos(v))]?
+ [(v? cos(v) — u? sin(u))
— (ucos(u) + vsin(v))]?},

8%(u, v) = 144{[(u? cos(u) — v?sin(v))
— 2(usin(u) + v cos(v))]?
+ [(u? sin(u) —v? cos(v))
+ 2(u cos(u) + v sin(v))]?}.

For the As(u,v) =0, the solution of the (u,v) =
(0,0), As(u,v) = Sé(u, v) = 6§(u, v) = 0. Therefore,
the parameter curves L¢, (1) and L¢, (v) intersect. Then,
b¢, (u,s) and g, (v, t) ruled surfaces intersect.

Figure 4. The intersection of ¢, and ¢, ruled
surfaces.

Conclusion

E. Study mapping plays an important role to establish
correspondence between dual space and Euclidean space.
Considering the E. Study mapping, the curve on DS?
corresponds to the ruled surfaces in R3. Also, the
intersection curve of two ruled surfaces in R3 is
represented by bivariate functions. In this study, two
different ruled surfaces in R? are examined with E. Study
mapping to two different dual spherical indicatrix curves
taken on DS?. Later, the intersection curve for the
corresponding ruled surfaces is presented by some main
theorems. Additionally, these theorems are verified by
giving examples. These results could have important
applications in geometry, computer modeling systems,
and solid modeling
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