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ABSTRACT

The main goal of this paper is to study together the spinors, which have a major place in several
disciplines from mathematics to physics, and Positional Adapted Frame (PAF) which is a new
frame that attracts the attention of many researchers. In accordance with this purpose, we introduce
the spinor representations for the trajectories endowed with PAF in the Euclidean 3-space E3,
and construct the spinor equations of PAF vectors. Then, we find the relations between spinor
representations of PAF and Serret-Frenet frame. Also we give some results and present some
geometric interpretations with respect to this relationship. Moreover, we present an illustrative
numerical example in order to support the given theorems and results.
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1. Introduction

Despite its long history, the curve theory is still an issue of interest in different dimensions and spaces. The
concept of moving frames is an important part of the curve theory. The discovery of the moving frame called
today as Serret-Frenet frame was a turning point for this theory. The reason why this frame is called the Serret-
Frenet frame is that Serret and Frenet discussed this issue at different times unaware of each other in 19th
century.

From the discovery of Serret-Frenet frame until today, by considering the curve theory, a lot of interesting
studies have been performed with the aid of Serret-Frenet frame. The readers are referred to [4, 18,19, 41] for
some of these studies. Also, the researchers have introduced many other moving frames similar to this frame.
The first ones come to mind are Darboux frame [6] and Bishop frame [2]. In addition to these, the readers, which
are interested, can find some of the other frames in [7, 8,22,26, 30, 34, 43]. Recently, one of the newest of them
is given in the study [30] by Ozen and Tosun. For the trajectories having non-vanishing angular momentum in
Euclidean 3-space, the authors introduced the Positional Adapted Frame (PAF) in the aforementioned study.
This frame enables the researchers to handle the kinematics of the particle, the differential geometry of the
surface, and the differential geometry of the trajectory. On the other hand, PAF is a useful tool to study the
motion of an electron (with electrical charge —e, and mass m) under a constant magnetic field along an axis.
Certainly, this is so special motion for electrons. Spin is a more general motion than the aforementioned motion
for electrons. Even it can be said that it is the most important motion for electrons. The practical tools to study
this spin motion are spinors.

Spinors are physical concepts which are used in various fields of theoretical and applied sciences. Quantum
mechanics, theory of relativity and physics can be given as some examples to these fields. The word “spinor”
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is a term used for the first time by Paul Ehrenfest in quantum physics in 1920s [39]. Spinors are considered
as multi linear transformations and by this property, spinors are mathematical structure. According to the
mathematicians spinors are a vectorial structure and this multi-linear property does not matter [11, 13, 14].
The first mathematician who studied the spinors in geometrical sense is Elie Cartan [3]. When examining
the representation of groups, Cartan found the mathematical forms of spinors in 1913. Cartan indicated that
spinors satisfy a linear representation of the groups of rotations of a space of any dimension. Therefore, spinors
are directly related to geometry in addition to their relationship with physics [17]. Cartan [3] obtained the
geometric construction of spinor representations. This study is quite fundamental study because of the fact that
it presents some fundamental definitions and concepts with respect to the geometry of spinor representations.
In accordance with this basic study, in the vector space C?, the set of isotropic vectors constructs a two-
dimensional surface in the space C2. Conversely, these vectors in C? represent the same isotropic vectors.
Cartan stated that these vectors are complex as two-dimensional in the space C?. Moreover, Cartan [3]
expressed the spinors comprising of two complex components in terms of vectors in Euclidean 3-space and
specified that spinors supply a linear representation of the groups of rotations of a space of any dimension
[11,13]. The triads of unit vectors which are orthogonal to each other were stated in terms of a single vector
having two complex components, that is called a spinor [3,9,10]. On the other hand, spin matrices which
express the spin in quantum theory were presented by W. Pauli in [32]. Today these matrices are known as
Pauli matrices, as well. By utilizing the Pauli matrices, spin can be represented in the quantum theory [11,39].
Pauli expressed that the wave function of an electron can be represented by a vector (with two complex
components) which is called spinor in 1927 [17]. The other study with respect to the spinors in geometric
meaning is performed by Vivarelli [40]. Afterwards, Vivarelli obtained some relations between the spinors and
quaternions, and provided the spinor representation of rotations in E® by utilizing the relations between the
rotations in E? and quaternions [13,40]. In addition to these, hyperbolic spinors were studied [1, 12,23, 24]
in Minkowski 3-space. Also, spinors have an substantial and basic role in Clifford algebra, which is called
geometric algebra by W. K. Clifford, as well [5,27,28,39]. Furthermore, the Fibonacci spinors were investigated
in [13].

On the other hand, del Castillo and Barrales introduced the spinor equations of the Serret-Frenet frame
in the study [10], and it became a turning point for several researchers. Studying together the spinors and
frames attracted several researchers. In the existing literature, some studies have been done and ongoing with
respect to this interesting topic. Researchers investigated several types of frames and some special curves in
the Euclidean 3-space and Minkowski 3-space by using the term spinors. Unal et al. [38] studied on the spinor
representations of Bishop frame, and Kisi and Tosun examined the spinor formulas of Darboux frame [25].
Also, Senyurt and Caliskan investigated the spinor equations of Sabban frame [36]. Spinor representations of
Bertrand [11], involute-evolute [14] and successor curves [15] were constructed. Also, spinor representation of
framed Mannheim and framed Bertrand curves were investigated by Yazici et al. [42] and Isbilir et al. [21],
respectively. In the Minkowski-3 space, by using the concept of the hyperbolic spinors of curves in Minkowski
space [23], hyperbolic spinor representations of Serret-Frenet frame [24], Darboux frame [1], and Bishop frame
[12] are constructed.

At the beginning of this study, we started with the question “What kind of results and interpretations do we
get if we combine spinors and PAF?” and the results aroused our curiosity. To answer this question, we intend
to examine this issue. The primary purpose of this paper is to study together the spinors, which have a great
deal of interests by researchers and several disciplines from mathematics to physics, and Positional Adapted
Frame, which is a new type special and interesting frame. We absolutely believe that this study contributes to
the literature and leads the future studies.

This article is organized as follows. In Section 2, we give the necessary information with respect to the
spinors, the fundamental concepts of differential geometry and Positional Adapted Frame to be understood the
ensuing sections. In Section 3, the spinor representations are introduced for Positional Adapted Frame. Then,
we indicate that PAF derivative formulas can be stated with a single equation for a vector having two complex
components. Also, the relations between spinor representations of Positional Adapted Frame and Serret-Frenet
frame are found. In Section 4, an example including an illustrative figure is presented. Then, the conclusions
are given in Section 5.
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2. Preliminaries

In this section, we remind some required notions and often used notations with respect to the spinors, PAF
and Serret-Frenet frame.
2.1. Spinors
A spinor is represented as
— (™
! (?72)
where the vectors u, v, w € R? satisfy the following equations

u + v = nlom,

. (2.1)
w=—non.

//tll

Here u + iv is an isotropic vector and w is a real vector. Also, denotes the transposition, 7 denotes the
conjugation [3] (or mate [9]) of 1, and 77 denotes the complex conjugation of n. Additionally, the following
equation with respect to the spinors can be written [10]:

(5 - D0 ()

Moreover, the following 2 x 2 matrices, which are Cartesian components of the vector o = (01, 02, 03), are
derived from Pauli matrices and are given as [10]:

Let p = (p1, p2, p3) € C? be an isotropic vector ({p, p) = 0) where C? represents the three-dimensional complex
vector space. The isotropic vectors in C3 generate a two- dimensional surface in C2. If the surface is
parametrized by using 7, and 72, then p; = 0} — 13, p2 = i(n? +n3), ps = —2m1 72 can be written. Also,

/P1—2 1p2 and 7 = [—P1—1p2 —1/)2 (2.3)

can be given [3]. According to the equalities (2.1) and (2.2), we can write the followings:

pr=n'on=ni —n3, p2=n'oan=1ini+n3), ps=n'osn=—2mns,

and
u+iv = (ni —n3,i(ni +n3), —2mng) ,
o 2 2 (24)
w = (771772 + Mm2, 1(mm — 7yn2), Im|™ — [mel ) .

Since the vector u + iv € C? is an isotropic vector, u, v, w are mutually orthogonal, and then |u| = |v| = |w| = '
and (u A v, w) = det (u,v,w) > 0. On the other hand, if the vectors u, v, w € R? are mutually orthogonal vectors
of the same magnitude (det (u, v, w) > 0), then there exists a spinor which is defined as in the equation (2.1)
[3,9-11,14,25,36,38].

Proposition 2.1. Let n and i be two spinors. Then the followings are satisfied:

n'oy = Yo, (2.5)

niop = —ijlop, (2.6)
(0171 + 02¢) = 3,7 + By, (2.7)
=, (2.8)

where o1, 0o € C[10].
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Since the matrices o1, 02,03 which are given in the equation (2.2) are symmetric, the equation (2.5) holds.
Also, since the spinors 7 and —n match up with the same ordered orthogonal basis {u, v, w} with |u| = |v| = |w|
and det (u,v,w) > 0, the correspondence between the spinors and orthogonal bases which are written in the
equation (2.1) is two-to-one. Note that, the ordered triads {u,v, w}, {v, w, u}, {w,u, v} correspond to different
spinors. Furthermore, if  # 0, then the set {7, 7} is linearly independent [3,9-11,14,25,36,38]. For more detailed
information about spinors, we can also refer to the studies [3,9,10,27,28,37,40].

2.2. Positional Adapted Frame

In this subsection, at first, we remind Serret-Frenet frame briefly and basically since the PAF is related to
Serret-Frenet frame.

Let P be a moving point particle of constant mass m in the Euclidean 3-space E? given with the
standard inner product. Suppose that the unit speed parametrization of the trajectory of P is shown with
a = a(s). It means that s is the arc-length parameter. In that case, the vectors T (s) = o/(s), N (s) = Hzxﬁ
and B (s) = T(s) AN(s) comprise the Serret-Frenet frame of o = a(s). The base vectors T (s),N (s) and
B (s) of Serret-Frenet frame are said to be the unit tangent, unit principal normal and unit binormal vectors,
respectively. Note that we will use a prime to denote the differentiation with respect to the arc-length parameter
s in most cases, just like we did above. On the other hand, the derivative formulas for Serret-Frenet frame are

given as:
T’ 0 wx O T
N| =|-x 0 7 N (2.9)
B’ 0 -7 0 B

where & (s) = ||T’ (s)]| is the curvature function and 7 (s) = — (B’ (s) ,N (s))) is the torsion function [33].

Now, let us discuss the Positional Adapted Frame (PAF). Assume that the angular momentum vector of P
about the origin is always non-zero, then the Positional Adapted Frame is well defined during the motion of
P (and so during the trajectory a = «(s)). The first base vector of PAF is T(s) as in the Serret-Frenet frame. The
second and third base vectors are given by

and

The relation between the Serret-Frenet frame and Positional Adapted Frame is as follows:

T (s) 1 0 0 T(s)
M(s) | = [0 cosg(s) —sing(s) N(s) (2.10)
Y (s) 0 sing(s) coso(s) B(s)

where ¢(s) is the angle between the vectors N(s) and M(s) which is positively oriented from N(s) to M(s). In
addition to these, the derivative formulas of PAF are expressed as

(T’(s)) ( 0 k1(s) kg(s)) (T(s))
M'(s)| = | —ki(s) 0 k3(s) M(s) (2.11)
Y'(s) —ko(s) —ks(s) O Y (s)
where
k1(s) = r(s) cos é(s),
ka(s) = k(s)sing(s), (2.12)
ks(s) = 7(s) — ¢/(s)
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The rotation angle ¢(s), mentioned above, is calculated as in the following:

arctan (— &(E5E0) if (a(s), B(s)) >0,

ECIORION :
o(s) = arctan( <a(s)’B(s)>) +7 if {(a(s), B(s)) <0,

~7 if {als), B(s)) =0, (als), N(s)) >0,

NE
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The elements of the system {T(s), M(s), Y (s), k1(s), k2(s), k3(s)} are called as PAF apparatuses of o = « () [30].
Throughout this study, we consider the trajectories which are parametrized by arc-length parameter and whose
PAFs are well-defined. One can find more details on PAF in the studies [16,20,29-31, 35].

Another thing that can be of importance is the spinor representations of the Serret-Frenet equations given in
(2.9). This topic is investigated in the quite fundamental study [10] by del Castillo and Barrales. They found
spinor equivalent of the Serret-Frenet equations in [10]. This study has been a milestone for many researchers.
The authors obtained a spinor ¢ satisfying

N +iB = ¢'ov), (2.13)
T = —loy, (2.14)

where 31 = 1 satisfies and the spinor ¢ symbolizes the triad {IN, B, T'}. In this case, the Serret-Frenet equations
are equivalent to the following single spinor equation [10]:

2 (irv + wd) (2.15)

where x and 7 show the curvature and torsion functions of the curve.

3. The spinor representations of Positional Adapted Frame

The goal of this section is to determine the spinor representation of Positional Adapted Frame in E®. We find
the spinor equations of PAF vectors and components of them. Also, we obtain the relations between the spinor
representations of the Positional Adapted Frame and the Serret-Frenet frame. Then, we give some geometric
properties and results with respect to them.

Definition 3.1. Suppose that P is the moving point particle in the Euclidean 3-space and a = « (s) endowed
with PAF is the unit speed parametrization of the trajectory of P. Let 1 match up with the triad {M,Y,T}.
Then, the spinor representations of PAF of the trajectory « are obtained as follows:

M +iY = nlon, (3.1)
T= —ﬁt‘”}a (32)

where 'y = 1.

Theorem 3.1. Let the unit speed trajectory oo = o (s) be endowed with PAF and the spinor n match up with the triad
{M, Y, T}. Then, the PAF equations are equivalent to the following single spinor equation:

dnp 1. . .
53 [—iksn + (k1 + ik2) 7)) . (3.3)

Proof. Differentiating the equation (3.1) according to the parameter s, we get:

d
on+ nto—n. (3.4)

dM  dY  (dp\'
ds

s Vs~ \ds
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Since {n, 1} is a basis for spinors, we can write:

d

U .
R RN (3.5)
S

where x and . are complex valued functions. By means of the equations (2.11), (3.4), (3.5) and (2.5), we have:

k1T + ks Y + i (—koT — ksM) = (xn + @)’ on + n'o (xn + pi)
= 2xn'on + 2un' o).

With the help of the equations (3.1) and (3.2), we can write:
—ikg (M + ZY) — (k?l + Zkg) T = 2X (M + ZY) - 2,uT.

Therefore, we get:

ik k1 + ik
X = " and = L (3.6)
2 2
Substituting the equation (3.6) in the equation (3.5) gives us the equation (3.3). O

Theorem 3.2. Let the unit speed trajectory oo = « (s) be endowed with PAF and the spinor n match up with the triad
{M, Y, T}. Then, the spinor equations for the PAF vectors are written as follows:

T = —7i'on, (3.7)
1 R
M = 5 (n'on = 7'o7) (3.8)
i s
Y = -5 (n‘on+n'on). (3.9)

Proof. Let the spinor n match up with the triad {M,Y, T} of the unit speed trajectory a. According to
the equation (3.1), we can write M = Re(n'on) and Y = Im(n'on). We know already that T = —7on from
the equation (3.2). By using the well-known properties of complex numbers such as Re(p) = 1 (0 + 2) and
iIm(p) = % (0 — o) for every p € C, we have:

(n*on +nton)

DN =

M =

i _
Y = —3 (ntan — ntan) .
Based on the last two equations, we get the equations (3.8) and (3.9) with the help of the equation (2.6). O

Considering the equations (3.7)-(3.9) which are given in the Theorem 3.2, we can say the followings:
For spinor equation n‘on, we obtain:

n‘oin=(m n2) (1 _01) (Z;) =i — 5,
9) (’71) — iR+ 2), (3.10)

? 72

t _ 0 —1 771 _
n'osn=(m n2) (_1 0 )y, ) = —2mm.

Also, for the spinor equation 7’07, we have:
M2\ _ 2 -2
( m ) 2 Ui

~ _ 1 0
o= (=7 ) (o _1)
<_777’2) =i (B+7), (3.11)

o

n'oan = (m

3

[\V]
S—
N
o .

=

—~ _ 0 -1 -7 _
77/\t0377 = (*772 771) (_1 0 > <77132> = 21y Ty
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Finally, for the spinor equation 7o, we get:

_ _ 1 0 m _ _

Nom= (= M)y 1) {,,)= "Tm =T

-~ _ (i 0 o

o= (-7 ) (0 Z) (2;) =1 (=T2m +T112) (3.12)
_ 0 =1\ (1 _ _

N'osn = (=T ) (_1 0 > <7;;> = —[m|* + 7.

Corollary 3.1. Let the unit speed trajectory o = o (s) be endowed with PAF and the spinor 1 match up with the triad
{M, Y, T}. In that case, the spinor components of PAF vectors are given as follows:

T = (m72 + 172, (M7 — T102) | — |772|2) )
1

M
2

(i —m3+73 =750 (i +m3 =13 —13) , =2 (mn2 + 7)) ,

{ ) o _
Y == (nf = =T 75,0 (0} 03 7+ 73) 2 (72 — k) -

Proof. Let the unit speed trajectory o = «(s) be endowed with PAF and let the spinor n match up with the
triad {M, Y, T}. If we substitute the equations (3.10), (3.11) and (3.12) in the equations (3.7), (3.8) and (3.9), we
complete the proof easily. O

In addition to these, let us give the spinor relations between the Positional Adapted Frame and Serret-Frenet
frame.

Theorem 3.3. Suppose that the spinors n and ) match up with the triads {M,Y, T} and {IN,B, T} (related to o),
respectively. Then, the relations between 1 and +) can be given as:

nton = em(wtaw), (3.13)
T=T,

where the angle ) is the Euclidean angle between the vectors B and Y.
Proof. According to the equation (2.10), we can write:

M +iY = cos ON — sin OB + i (sin QN + cos 2B)

= (N +iB)(cos Q + isin Q)
= (N +iB)e'. (3.14)
From the equations (2.10), (2.13) and (2.14), we have n'on = ¢*? (¥'oyp) and T = T. O

Theorem 3.4. Assume that the spinors n and ¢ match up with the triads {M,Y, T} and {N,B, T} (related to o),
respectively. Then the following equation holds:

n=+eT . (3.15)
Proof. From the equation (3.13) and (3.14), we can say that the angle between the vectors N +iB and M + (Y
is 2. According to the equation (3.13) and (2.4), we can write n'on = (n? — 13,4 (nf +n3) , —2mn2) , and Y'op =
(V3 — 3,0 (¥} +43), —2¢1¢) . Then we have 117 = 97 and 73 = ¢**¢2. Thus, ;1 = Fe'Z ¢ and 1, = FelZ by
can be written. The spinor 7 and —7 correspond to the vector M + iY, and the spinor ¢ and — correspond to
the vector N + iB, since the spinors  and —7 symbolize the same ordered orthonormal basis. Hence, we can

write n = ie%w. O

Corollary 3.2. Let the spinors n and v match up with the triads {M,Y, T} and {N, B, T} (related to o), respectively.
In that case, the angle between the spinors n and 1) is /2.

Theorem 3.5. Let the spinors n and +p match up with the triads {M,Y, T} and {N,B, T} (related to o), respectively.
Then the following relation between the spinors n and 1 is satisfied:

=t %4, (3.16)

dergipark.org.tr/en/pub/iejg E
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Proof. Taking the conjugate of both sides of the equation (3.15), we get the equation 7j = +e?% . By means of
(2.7), we have the equation (3.16). O

Corollary 3.3. Let the spinors n and ¢ match up with the triads {M,Y, T} and {IN, B, T} (related to o), respectively.
While the spinor 1 makes a rotation angle as /2 with the spinor 1), the spinor 1) makes the same rotation angle in the

opposite direction with the spinor .

Theorem 3.6. Let the spinors n and i match up with the triads {M,Y, T} and {N,B, T} (related to o), respectively.
The derivative of the spinor 1) can be expressed by using the Serret-Frenet curvatures s and T as follows:

d 1 )
di; = 5 [-i(r = @)+ re®i) (3.17)

Proof. Using the equations (3.3) and (2.12) gives us the following;:

dp 1. NN
=3 [—iksn + (k1 + ik2) 7]
[—i (T —Q)n+ Kk (cosQ +isinQ) 7]

[—i(r — Q)+ ke 7] .

N~ N~

O
Corollary 3.4. Let the spinors n and ¢ match up with the triads {M,Y, T} and {IN, B, T} (related to o), respectively.

d
The angle between d—z and 7 is 2 on condition that QY = 7.

Theorem 3.7. Let the spinors n and v match up with the triads {M,Y, T} and {N, B, T} (related to «), respectively.
In that case, the following equation is satisfied:

% = % [—i (T — Q)0+ ke 7]
= % [—i (r— Q) (iei%z/}) + ke'? (ie‘i%{p\)]
_ %ei% [—z' (r— Q)+ mﬂ .

O
Corollary 3.5. Let the spinors n and ¢ match up with the triads {M,Y, T} and {IN, B, T} (related to o), respectively.

d ~
Then we can say that the angle between d—n and v is Q/2if QY = 1.
S

4. Application
In this section, we present an example in order to understand the notions of the spinor representations of
PAF in the Euclidean 3-space.

Example 4.1. In the Euclidean 3-space, suppose that a point particle P of constant mass m moves on the
trajectory

a:(0,7)— B3

8 9 15 1)
s als) = 7708 8, 7 —8ins, —7-cos's
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Figure 1. The trajectory of the moving point particle P given in (4.1)

which is a unit speed curve. In the Figure 1, the trajectory o = «(s) can be seen

It should be noted that the Figure 1 is drawn by utilizing the website Wolfram Mathematica (Wolfram Cloud)
By straightforward calculations, we get the following Serret-Frenet apparatus

8 . 15 .
T(s) = <17 sin s, — cos s, 7 sin 5> ,
_8 COs 8, 8in s 5 cos § and ~(s)
17 ’ 17 ’ 7(s)
15 8
B(s)= [ ——,0,——
(s) ( 17 17)’
By means of the equation (2.3), we have:
4 15 sin s
P = f—coss —1 34 5 )
15 sin s
Po = —cos s+ 34 5 )

Ay i~

s o

[a—y

I
e

Via the equation (2.15), we obtain:

Since (a(s),B(s)) = 0 and {(a(s), N(s)) < 0, we find 2 = g Then, the PAF apparatus can be given as

8 15
T(s) = (— sin s, — cos s, — sin s) )
17 17
15 8 fale) =0,
= —_— —_ = 1
M(s) <1 ,0, 17) ; and ZQ(S 0,
Y(s) = 8 . 15 3(s) = 0.
s) = T cos s, sin s, T coss |,
From the equation (2.3), we can write:
W 4
m = 31 fsms 21—70085,
. \/ 15 1 4
2 = 73—4+ smerzl—?coss
dergipark.org.tr/en/pub/iejg
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By using the equation (3.3), we get
dn 1
ds 2"
One can easily check this result from the equation (3.17).

~

5. Conclusions

In this study, for the trajectories endowed with PAF, we investigated the spinor representations of PAF.
Also, we found the spinor equations and spinor components of PAF vectors. Moreover, we examined this
representation with respect to the geometric interpretations. In addition to these, we gave the relations between
the spinor representations of PAF and Serret-Frenet frame. Afterwards, we provided an example in order to
support given materials.

There is no doubt that this paper will lead to a new perspective and novelty for future studies regarding
the spinors, which have a major place in mathematics and physics, and PAF, which is a new type interesting
moving frame. Also some physical results and applications can be found by using the physical construction of
spinors in the future studies.
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