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ABSTRACT

In this paper, we introduce a parametric extension of a certain family of summation-integral type operators on
the interval [0,20). Firstly, we obtain test functions and central moments. Secondly, we investigate weighted
approximation properties for these operators and estimate the rate of convergence. Then, we give a pointwise
approximation for the Peetre K-functional and functions of the Lipschitz class. Moreover, we demonstrate
Voronovskaja type theorem for the operators. Finally, the convergence properties of operators to some
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Introduction

Approximation to real-valued continuous functions
with the help of positive linear operators is an important
area in the approximation theory. All studies in this area
originate from the Weierstrass theory [1]. A sequence of
positive linear operators was introduced by Baskakov in
1957 [2], and in 1967, Durrmeyer defined a sequence of
positive linear operators [3]. In 1977, Phillips defined an
operator [4]. In 2003, Gupta introduced a general
sequence of summation integral type operators G, . [5],
and then the approximation properties of the operators
Gy, . for continuous and unbounded functions specified on
the interval [0,o0) were studied by Yiiksel and ispir [6,7].
Chen, Tan and Liu studied on generalized Bernstein
operators [8]. Later, Cai, Lian and Zhou introduced A-
Bernstein operators with parameter A€ [—1,1] [9].
Recently, Aral proposed Baskakov operators which have a
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non-negative real parametric generalization [10]. A lot of
studies concerning generalizations of a sequence of linear
positive operators have been done by many researchers
[11-31].

In this paper, motivated by the a-Baskakov operators
by Aral [10], we introduce a parametric extension of
summation integral type operators named them Gy,
operators and study the approximation properties of
these operators.

a
G, - operators
Let us define Gy . operators on subset of all continuous

functions on [0, ) for which the following integral exists
finitely.

GEFi3) =1 ) PE5) [ Prsana(656) FOE + Py OF ©)
k=1 0

(o @O
| ¢ k!
| (n k) I"(n k)
| (enkt acx TI'(z+ L
P& (x €)= { L+ e {(1 T o0 k.cp(g) +a- "‘)(C")k!crﬁ}r
i N g
' (cx)*? acx 1"(;+k) o F(E+k
L (a+ Cx)%wc—l {(1 +¢x) pir (%) 1-a)(d +cx) —(k Py F(

with

F(%+k) (cx)k_l
k=D (3+1) (14cxyc+k

Pn+c,k—1(t; c)=

n
— 2) +(1- a)(Cx)F(F—-Fnk)}r

C)

ifc=0

if c € N\{0} and k € {0,1} (1)

if ¢ € N\{0} and k € N\{0,1}

wr(g)

(2)
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Theorem 2.1 The G .operators for f(x) satisfy the following equation forn > c.

Gr?,c(f; x) = aGn,c(f; x)+(1- a)én,c(f; x),

where

Gucfix) =1 ) Pack@0) [ gui6:0) FOE + Poeos OF O)
k=1 0

and

k k
Ik (& 0) = || 1+ 57=¢ | Prsci-1(60) = | 7=¢ | Prack (& O |-
c c

Proof.
The following identities hold.

k F(nzc+k)_r(nzc+k+1) )
) T T =
F(nzc“‘) k \F(P k) (@)
(k=1 (= ) ) kr(2=)

1+

3 > r (— + k) (cx)k v a
Gn,c f; x) = anz ¥ F( ) (1 N Cx)c+kf n+c,k—1(t; C)f(t)dt + mf(o)

+ (1 — @) (ki (f;0) — K2 (F )

where

AR T G %
kn,c(f.x)—n; k!F(n; )(1+cx) =

r 1
f Prreseon(t;€) ()t + ———— £(0).
(1+cx)c

If we use equation (3), we get

[oe]

1
e f Pusescs(6:) [t + ——=£(0)
(1+cx)c

[ee)

—c
k r +k (cx)k

k,lq_c(f;x)=nz T+a== Cn )
k=1 c k!F( - ) (1+cx)c

Sl Gt IR CO L OO i
=n c 1+73== Pn+c, - (t; C)f(t)dt+—Hf(0).
kZlk!F(nT) (1+Cx)c+kf noc )t A+ c

Similarly, we have

, _ = F(nzc+k—1) (cx)k-1 v
e (i) = nkz D= 1) (17 o f Pusesens (:6) ()L

When we write k + 1 instead of k in k} .(f; x), we obtain

o hd F(n_ +k> (cx)k v .
k%,c(f, x) = nkzzl G- 1)1 r( ) a+ Cx)nT_C"'kb’- Pricr(t;c) f()dt.

Again, if we use equation (4), we get
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) L > k r (n ; ¢ + k) (cx)¥ b .
k2. (f;x) = n; n;c klf(g) as cx)%”‘bf Poicx(t;0) f(B)dt

- Z (CX) f n—c Pn+c,k(t; c) f(t)dt.
k=1 (1 + Cx) c —

Finally, substracting k;. . (f; x) from k;, .(f; x), we have

Khe(fix) = K2 (fix) = nZiL J;,FEn [ ) Prscsa(85) = () Pascs 85 0)| F(Odt +

. c ) (1+cx) c
—=f(0)
(1+cx) ¢ e
=nyi 11(.4 +k)) e I G (.0) F (D)t + — = £ (0)
(1+cx) ¢ (1+cx) ¢
= 0 3 Pacic (35 0) f, Gnie(t5 €) F(©)dE + Py (x5 €)f (0)
= ~n,c(f; x)

and proof of the Theorem 2.1 is completed.

According to Theorem 2.1, G, operators are positive provided that a € [0,1]. Here, the operators reduce to G, .
operators [7] for a = 1.
Lemma 2.1 Let ;7o k™ Py (x; ) be series of Py, base functions defined in equation (1). Then, we have the following

equalities form € {0, 1, 2, 3, 4}.

(i) Y= ok0 k(x c) =1,

(i) Xy 0klP"‘k(x c) =nx—2(1 — a)cx,

(iii) Xmo k2P (x;¢) = nx —4(1 — a)ex — 4nc(1 — a)x* + n(n + c)x?,

(iv) Xrmo k3PS (x;¢) =nx —8(1 — a)cx — 18nc(1 — a)x? + 3n(n + ¢)x?

—6nc(n +c)(1 —a)x® + n(n+ c)(n + 2¢)x3,

(V) Xpmo k*PY (x5 ¢) =nx — 16¢(1 — a)x — 64nc(1 — a)x?
+7n(n + c)x? — 48nc(n + c)(1 — a)x3
+6n(n+c)(n+2c)x3—8nc(n +c)(n+ 2c)(1 — a)x*
+n(n +c)(n + 2c)(n + 3c)x™.

Proof.
A SN v (e0k T(GHk) w (k1 r(Z+k-2)
(i) Xk=o kOng(x’ €) =aYp- O—T A-a) X 2(1+cx)l-‘+k 2 (k= 2),F( )

o0 ok 5+
+(1-a)d +cx —_—
(1 =)t + e S~ B

When we write k + 2 instead of k in the second term of the above equation, we get

(1+cx)c T kIl

k°P% (x;c) =a ek ) 1—a (cokex T(G+k)
R P (i) 2 0(1+Cx)c+k k'F( ) ( ) Zi- 0(1+cx)c+k k'I"( )

w _ ek r(GH)
+(1-a)(1+ —
( a)( ex) Y- 0(1+cx)c+k k,F( )

a—(1—-a)cx+(1—-—a)(1 +cx)
=1.
(i) o k* P (s €) = B (—>% -(1-a)35,

(1+cxyet KT

(Cx)k 1 (n+k 2)
(rexyeth? (e-2ir(3)
(cx) (n+k)
(et K(Z)

(1= a)(A + cx) X

When we write k + 1 instead of k in first and third terms of the above equation, we get

(cx)k 1 (n+k 2)
(1+cx)c+k 2 (k- 2)1( )

(k+1).

okt r(Z+k+1)
(1+cx )c+k+1 (k+1)k‘F( )(k +D-A-a) X,

okt r(Fre+1)
(1+cx)c+k+1 (k+1)kl[‘( )

D= ok1 k(x ) =aXYi

+(1—a)(A+cx) Yo
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When we write k + 2 instead of k in the second term of the above equation, we get

K 2kt o+t (T+k)
o k1 a ; — ) (cx) cx (c —(1- o _ex)"""
Zic=o n,k(x €) =adi- 0(1+c )?+k+1 k!F(%) ( @) 2= 0(1+cx)c+k kir| ( )

(cx)kex (%‘*‘k‘*'l)
R )

(eokex  T(G+k+1) (-3 (cokex T(E+k)
(1reryetht kr(3) ; ® treryerk k(%)

(Cx) o F( ) (cx)kcx (E+k+1)
—(1-a — = k+(1—-a)(d+cx —
(1= @) 2i- Y renett kr(l) ( ) ) i ®arooetkt kr(g)

(k+2)

+(1—a)(A+cx) Yo

=a Y=o

When we write k + 1 instead of k in the third term of the above equation, we yield

(cx)kcx (%+k+1)
(1icx )F+k+1 k!I‘(%) ( 0-') Zk 0o~

© (cx)k+1 (n+k+1)
-1-a) X O et (krniar(D)
(Cx)kcx (C+k+1)

(renyetkrt r(g)
When we multiply and divide first, third and fourth terms of the above equation with n/c, we get

(cx)kcx F( +k)
(rexyet® kr(g)

(k+1)

Y=o klpvf.k(xi c) =aYio

+(1-a)(A+cx) X

(cx)kcx ( +k+1) (cx)kcx F(n‘*'k)
(+ec T k+1 kup( +1) . 2(1 - @) Xizo ik kup( )
X)C (1+cx)c
o o (0ken? I(Z +k+1) 3
(1-a) X0 Crormrr @) ¢ T (1= a)(1 +ex) X
=anx —2(1 —a)ex — (1 — a)nex? + (1 — a)(1 + cx)nx
=nx —2(1 — a)cx.

Y=o kngk(x; ) =aXio

(cx)kcx (n+k+1)

(1+ x)c+k+1 kl[‘( +1)

n
[

We have proof (i) and (ii). Finally, making same process in (i) and (ii), we can obtain (iii), (iv) and (v) easily.
Lemma 2.2 Let e;(t) = t,n # jcandj < iforeveryi,j € {0,1,2,3,4}. We have

(i) Goc(eg;x) =1,

o . _ n+2(a-1)c

(i) G (eg; x) = EE—

s Cy _ nmto)+ala—Dne 5 | 2n+6(a-1)c

(iif) Gn_C(GZ,X) T (n-0)(n-20) (n-o)(n-2¢)""

(i )Ga( . )_ n(n+c)(n+2c)+6(a-nn+c)c 3 6n(n+c)+30(a—Dnc _, 6n+24(a—1)c

W) Gn,el€3;X) = (n-0)(n—20)(n-3¢) (n—0)(n-20)(n-3¢) (n-0)(n-20)(n-30) "

nn+c)(n+2c)(n+3c)+8(a-1)n(n+c)(n+2c)c 4 12n(n+c)(n+2c)+84(a—1)n(n+c)c

(v) Grc(eq; x) =

(n—c)(n-2¢)(n-3c)(n—4c) (n—c)(n-2c¢)(n—3c)(n—4c)
36n(n+c)+216(a—1)nc 2 24n+120(a—-1)c
(n-c)(n-2c¢)(n-3c)(n—4c) (n—c)(n-2¢)(n-3c)(n—4c)

Proof.
The following identities are derived from Beta functions and equation (2).

I"(%+k) B(k+i,%—i) (5)

(k—DIT (%+ 1) ct*t

f Ppyci-1(t¢) tidt =
0

From equation (5) and Lemma 2.1, we have

(i) G,fc(eo,x) =nYie1 (x C) +Pnao(x c)
= Yk=o Pn,k(x' c)
=1,

(”) Gnc(elrx) - nZk 1Pnk(x C)

n(n c)
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1 yo
= E2k=o Py (x; ©)k

n+2(a—-1)c
=X
n-c

)

k(k+1)

(i) Gri (€2 %) = M Xjczy Prpe (X5 €) = 5o

—Y© pa (.. k2 © pa [o. k

= Ziczo Pk (65 ©) G T Likmo Prae X ) 55055

_ 1 o0 a . 2 1 o a .

T (n-0)(n-2¢) Lic=o Prige (%5 )R + (n—C)(n—ZC)Zkzo Prije(x; ©)ke

_ nn+o)+4(a—Dnc - 2n+6(a—1)c
- (n—c)(n-2c) (n-c)(n-2¢) "’

We have proof (i), (ii) and (iii). Finally, if we make same process in (i), (ii) and (iii), we obtain (iv) and (v) easily.

Lemma 2.3 Letn;(t) = (t —x)', i € {1,2,4}and n # jc, j < iforeveryj € {0,1,2,3,4}. We have

. c+2(a-1)c

(()Grc(nyx) = oo %

oy ra Co _ 2(m+c)c+8(a-1)c? 5, | 2n+6(a-1)c
(i) Gre(ne x) = S om om0 ¥

X) = 12n2c2+156nc3+24c*+8(a—1)c(24nc?+24c3) ot
- (n—c)(n—2¢)(n-3c)(n—4c)

(iii) Grrc (Ma;

24nc+264nc?+12(a—1)c(26nc+36c?) 3
(n-c)(n-2c¢)(n-3c)(n—4c)

12n2+132nc+24(a—1)c(5n+16¢) 5
(n—c)(n-2c¢)(n—-3c)(n—4c)

24n+120(a—1)c
(n—c)(n-2c¢)(n—3c)(n—4c)

Weighted Approximation
Bp[O, o) is the space of all functions that are defined on the unbounded interval [0, o) satisfying the inequality

IfGO| < Mep(x),

where Mg is a positive constant only depending on function fand p(x) = 1 + @(x)2. Here, ¢(X) is monotone increasing
continuous function on the real axis. Also, let us define the spaces

C,[0,0) = B, [0, ) N C[0, )

and

C;[0,00) =4f € C,[0, 0): lim GOl <o
S PR ow p(x)

and endow them with the norm

fG)|
p(x)

lIfll, = sup{ x € [0, 00)}.

Theorem 3.1[32,33]
a) There exists a sequence of linear positive operators A,: C,[0, ) — B, [0, o0) such that

lim Ay (") — @*ll, =0, v=012 (6)
n—oo

and there exists a function f* € Cp[O, w)\CZ,[O, 00) with
lim [|A,(F) — ]|, = 1.
n—oo
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b) If conditions (6) are satisfied by a sequence of linear positive operators A,: Cp[O, ) - Bp[O, ), then for every f €
C;[0, ), we have

lim [[A,(0) = fll, = 0.

Choosing p(x) = 1 + x2, we obtain the following theorems.
Theorem 3.2 For every f € C;[0, ), we have

lim |65 ]| = 0.

Proof.
From Theorem 3.1, verifying the following three conditions is sufficient.

lim ||G&.c (e;) — ei”p =0, i=0,1,2. 7)
n—oo

Since G . (eg; X) = 1, condition (7) holds for i = 0. From Lemma 2.2, we have the following inequality,

n+2(a—1)c
| n-—c___
1+x2
2a—1)c
up 5225
2
x20 1+x
2a—-1)c
< ( )

n—-c

A

IA

||G$,‘,C(e1) - e1”p sup

x=0

IA

Hence, for lim ||G$,‘,C(e1) - e1||p = 0 which implies that the condition in (7) holds for i = 1.
n-oo

Similarly, we can write the following inequality.

|n(n+c)+4(a—1)nc_» 2n+6(cx—1)cx le
o I (n—c)(n-20) m-o(n-20"
”Gn,c(ez) - eZHP < Sug)

X=

1+x2
‘( 4nac—2c2 ) 2, 2n+6(a-1)c
n—c)(n—2¢ "(n—-c)(n—-2c)"
< sup (n—c)( ) 2( )( )
x20 1+x
4nac—2c2+2n+6|a—1|c|

(n—c)(n—-2c) |

Then, lim ||Ggrc(e2) - e2|| = 0 which implies that the condition in (7) holds for i = 2.
n—-oo p

Therefore, the proof is completed.
Rate of Convergence

We want to find the rate of convergence for the G, operators in this section. As we know, if f isn’t continuous
uniformly on [0, ), then w(f, §) which is the usual first modulus of continuity doesn’t tend to zero as § — 0. For every
f € C;[0, ), a weighted modulus of continuity would be liked to define 2(f, §) that tends to zero as § — 0.

Let

|f(x +h) — fx)|

Qf,6) = su _
@©8)= sup T+x0)d+hD)

for f € C;[0, ). (8)

02(f, 6) is called the weighted modulus of continuity of the function f € C;[0, ) [34].

We will show that the weighted modulus of continuity defined in equation (8) has similar properties to the first modulus
of continuity.

Lemma 4.1 [34] Let f € C;[0, ). Then, we have

(i) 2(f, 8) is a monotonically increasing function of &,

(ii) for every f € C,[0, m),glirggrﬂ(f, 6)=0,

(iii) for every m € N, 2(f, mé) < mQ(f,5),

(iv) for 2 € R*, 2(f,A6) < (A + D)Q(f, 5).
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Theorem 4.1 For f € C;[0,00) ,M > 0and p(x) =1+ x5, we get

£ £l < M2 (f\/%)

Proof.
From the definition 2(f, §) and Lemma 4.1(iv), we can write

F(®) = F)] < (1 + (=021 +22) (1+557) a(f, ).
Then, we obtain

|GR(F() = fG; 0] < GRAf () — fF(O]; %)
< 0F,8) 1 +x65 (1 + - 07 (1+57)x)

8

= 0(f,8)( +x2) [6%. (1 + (¢ = 0% 0 + 68 (2 x) + 6 (25 1)), ©)

Applying the Cauchy-Schwarz inequality to the second and third term of (9), we obtain

6 (2 x) < J6g. (s x) VGE T

and

[t —x|? [t —x|? (10)
Gﬁ%( 5 XS /Gr‘i‘,c((t—X)‘*;x) G\ =52 % -

Due to (9) and (10) we get

G (IF(®) = FQ ) < 2(F,8)(1 + x2) G (1 + (£ = 1)% %) +5/Gic(E — 052 +
G =05 0,/GE(E — 0752

There exist positive constants M;and M, such that

GE L+ (t—x)%5x) < My(1+x?), (11)

JGE((t — )% x) < My(1 + x2). (12)
Notice that from Lemma 2.3, we have

2(n+c)c+8(a-1)c? 5 2n+6(a—1)c
(n—c)(n-2c) (n—c)(n-2¢) """

Gre((t —x)%x) =

Hence, we get

o (7E) 10 () VG

(1+4x)
< Ms svn’

(13)

Then, from (12) and (13) we yield

JGE =070, 6o (25 2) < M 2L, (14)
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2
where Mg = M,M;M, and M, = sup w
x>0 1+x
2
Lastly, from (11)—(14) and choosing Mg = M Mg + M3;M, + M5 where Mg = sup 1+—x3, M, = sup 1+x3 ; choosing M =
x>0 1+x x>0 1+x
(1+x2)(1+x3)

MgMqy where Mg = sup T and choosing § = \/%then combining the estimate between (9) and (14), we end up
x=0

with the result of

|Gr?.c(f(t) _f(X);x)| <M(1 +x5)_(2 (f’\/iﬁ)

Therefore, we reach the result of the theorem.
Pointwise approximation properties by Gf; .

The usual modulus of continuity of f € [0, ) is given by

w(f8) = sup |f(x) — ()|, (15)
[x-y|<8

where CB[O, o0) space of uniformly continuous and bounded functions on [0, ).
Theorem 5.1 Let f € C[0, ), then the following inequality holds

|G (%) — F()] < 200 (£4/0, (),

where 0, (x) = Ggi (1;X).
Proof.
From Lemma 2.3 and Shisha Mond Theorem [35] which states that if Gj is a linear positive operator, then for any

bounded function f we obtain

|GEe (%) — )] < w(£,8) (1 +3/Gie(nzi %))
= w(f,§) (1 +§,/@n(x))

< Zm(f, (E)n(x)),

where § = /0, (x).

Now, we mention the rate of convergence of Gj . whereby Peetre K -functional [36].
Let us define the space CZ[0,) = {f € Cg[0,): f",f"" € Cg][0, 00)} and endow it with the norm [Ifllg; 1000y =
Ifllegto,00) + I lcgoy + " llcg o) and Cgl0, 00) with the norm [Ifllc, 0.y = sup{If(x)|:x € [0,0)}.

For g € C2[0,), f € C5[0,0) and § > 0, the Peetre K -functional is defined by

o) = gea%rhf.@{”f‘ 8licgoe) + 818" legro ) -

There exists an absolute constant M € R™, such that

K (£,8) < Mw,(f,V8),

where wz(f, \/8) is the second order modulus of continuity of f € Cg[0, o). wz(f, \/8) defined as

W, (f, \/E) < sup sup |f(x + 2h) — 2f(x + h) + f(x)|.
0<hs<v8 xx+he[0,00)
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Theorem 5.2 Let f € CB[O, o) and x € [0, 0).Then, there exists a constant M € R such that

2(n+c)c+8(a—1)c? o (2a-1)2¢? _, 2n+6(a—1)c
(n—-c)(n-2¢) (n—-c)(n—-c) (n=c)(n-2c¢)

where §,(x) = X,n # candn # 2c.

Proof.
Let f € C[0, ) andt € [0, ) . Then by Taylor’s expansion we have

g(0) — g0 = (t— g @) + f (t— w)g” (u)du. (16)

When we apply Gj} . to both sides of the above equation (16) , we get G .(t — x; x) # 0. So, we must define an operator
as follows

Ge.(f%) = G2 (%) — f(%ﬁ + f(x). (17)

Now, applying E%,C to both side of the equation (16), we get

Gie(g ) — 800 = G (J(t - wg" (Wdu;x).

From the definition of equation (17), we yield

n+2(a—1)c

Ggo(gx) — g(x) = G&, (fxt(t —u)g”(u)du; X) —J e * (wx - u) g"(u)du + fxx(x —u)g"” (u)du.

n—-c

Using linearity and positivity properties of Gy, we write the inequality

n+2(a—-1)c

[Geer9 — 860 < [ (Jie - we" dus)|+ [, me (PR~ w) g (wau
n+2(a—1)c

< Ge ([l = ullg"@ldusx) + [, e |FEEREx — ] Jg" (W] du.

Then, we get

- +2(a-1) 2
|Gee(@%) = 8] < 18" ligg o) Gie((t = 0)%%) + 118" gy (Fax — )
From Lemma 2.3, we write

2(n+c)c+8(a—-1)c? o 2n+6(a—1)c )

[Gec(g ) — 80| < 1" llggpo00) (

(n=c)(n—2c¢) (n=c)(n-2c¢)
. 2a-1)3%c? _,
+”g ”CB[O'OQ) ((n—c)(n—c) )
= lg" Il (2(n+c)c+8(a—1)c2 2 a-12c¢% 5 2n+6(a—1)c )
=1lg Cg[0,») (n—c)(n—2¢) (n—c)(n—c) (n—-c)(n—-2c)
= 118" lleg[0,00) S0 (%), (18)

2(n+c)c+8(a—1)c2 2 (2a-1)3c2 2 2n+6(a—1)c
(n—c)(n-2c) (n—c)(n-c) (n—-c)(n-2¢) "

where §,(x) =

From equation (17) for f € Cg[0, ), we get

n+2(a—1)c
n-c

[Gec ()] < [GE (6] + [f( x)| + 1)l
< Gu (Ul %) + [fllego,m) + fllego,00)

< 3Iflleg 0,00)- (19)
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From equation (17), we obtain

|GEe(6:%) — £ < [Gac((F - 8)%) — (F— ) (®)| + G %) — 8] + [F(FEE20x) — £(x) (20)
From (15) and (17)—(20), we yield

2(c—1)c+c )
—_ x|

68(6) = £ < 4IF — gllcy (0. + 18" lpfom Sn (9 + (f, —

Taking infimum on the right side of the above inequality overall g € (Allzg[O, ), we get

2(a—1Dc+c )
— x|
n

|G (Fx) — f(x)| < 4K (£, 8,(%) + w (f, —

Consequently, we get

6550 = 109] < Mo (6 /5o ) + o (1 252,

—C

Theorem 5.3 Let f € Lipy (o) with M > 0 and 0 < o < 1. Then the operators Gy . satisfy

|GE (%) — £(x)| < M(0,())”"?,

where Lipy (o) = {f € C5[0, ) : |f(t) — f(x)| < M|t —x|°, tx € [0,0)}.
Proof.

If f satisfies the Lipschitz conditions, we have
[f(t) — f(x)| < M|t —x]°. (21)

By the linearity and positivity properties of GJ . and inequality (21), we get

2
Q=5 ,we have

alwn

Thanks to Lemma 2.3 and using Holder inequality with p =

|Gic (£ %) — ()] < MG ((t —x)%x)7/2
- M (2(n+c)c+8(o¢—1)c2 2 2n+6(a—1)c )0/2
(n—c)(n—2c) (n—c)(n—2c)
= M(@n(x))o/zfor n # candn # 2c.
Voronovskaja Type Theorem
Theorem 6.1 Let f € Cé[O, ). Then the following equality holds

limn (ERGE f(x)) = 2a — D(cOf' (%) + (cx? + 0f" ().

Proof.
For any x = 0, using Lemma 2.3 we have

limnG§i . (ny;x) = (2o — 1)(cx), (22)
n—.oo
lim nG% (ny; x) = 2¢cx? + 2%, (23)
n—oo
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limn?G§ . (ny; x) = 12¢2x* 4 24cx® + 12x2%. (24)

n—-o

By using Taylor’s formula, we write
1
f(t) = fx) + ') (t—x) + Ef”(x) (t—x)? + pu,x)(t—x)3?, (25)

where u(t; x) is Peano form of the remainder term and ltim u(t,x) = 0.
—X

When we apply Gj . to (25) and use linearity of G ., we have

Ghe(fx) — f(x) = F'(X)Grc((t —x);x) + %f”(X)Gf,‘,c((t = %% %) + G (Rt )t — %)% %). (26)
When we multiply (26) by n, take the limit n goes to infinity and use (22) and (23), we achieve

limn (Gg‘c(f; X) — f(x)) = (2o = DEF () + (& + 0" () + ImnGi e (w(t, ) (= )% ). (27)

If we use Cauchy-Schwarz inequality for the remainder term in equation (27), we obtain

NG 0= 0% =[G (2(6 07 [1PG (e = )% )

i.et P(t,x) = p2(t, x). Since Y (., x) is continuous at t € [0, o) and ltl_r)g u(t,x) = 0, we observe that

lim 12(t,%) = lim $(t,%) = Y(x ) = 0. (28)
When we use (24) and (28), we have

lim nGg e (u(t, ) (t = %)% x) = 0. (29)
Finally, from (27) and (29) we yield

limn (ERGE f(x)) = 2a — D(eOf' %) + (cx? + 0f" ().

Therefore, we complete the proof.

Graphical Analysis

In this section, the convergence of the operators G¢'. with function f(x) = x? is illustrated in Figure 1 for different
valuesof a = 1,a = 1/10 and ¢ = 1 on the interval [0, ). Also, the convergence of the operators G, with the

function f(x) = x3 is illustrated in Figure 2 for different values of a = 1, a = 1/10,a = 1/1000 and ¢ = 1 on the
interval [0, ).
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Gj: | (fix)

Figurel.n =5,c = 1 and f(x) = x?

X
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1 1
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Figure2.n =5,c=1and f(x) = x3
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