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Introduction

In 2008, Suzuki [1] introduced a useful generalization
of Banach fixed point theorem called as Suzuki fixed point
theorem as follows:

Let (X,d) be a complete metric space and let T be a

self-mapping on X . We consider a nonincreasing function

by
1, OSrS\/E_l,
2
o =1 ", 1 1
r 2 N
! ! <r<1
—, —<r<1.
1+r \E

Assume that there exists r €[0,1) such that
0(r)d(x, Tx) < d(x,y) = d(Tx, Ty) <rd(x,y)

for all x,y € X. Then, there exists a unique fixed point u

of T. Moreover, lim1'x=u for all x e X. In view of this
n—o0

generalization, several authors generalized Suzuki’s fixed
point theorem, see [2-9] and the references therein. In
recently, Wangwe and Kumar [10] combined Kannan and
Suzuki results and introduced a new fixed point theorem
in TVS valued cone metric space.

In 1994, Matthews introduced the concept of partial
metric spaces [11]. They are seen as a part of the study of
denotational semantics of dataflow networks and play an
important role in the creation of models in the
computational theory. So, many authors studied on
partial metric spaces, and they gave different fixed point

Keywords: Partial metric spaces, Fixed point theory, Completeness.

theorems on these type metric spaces, such as Kannan's,
Caristi's, Nadler's and Suzuki's. For more details, the
readers can refer to [12-19].

In this paper, we prove a common fixed point theorem
for Suzuki type contractions on complete partial metric
spaces. We also state some corollaries related to Suzuki
type common fixed point theorem. We also give an
example where we apply our main theorem on complete
partial metric spaces. Finally, to show usability of our
results, we give its an application showing existence and
uniqueness of a common solution for a class of functional
equations in dynamic programming

Preliminaries

We start by recalling a series of definitions of some
fundamental notions related to partial metric spaces. In

the following R* stands for the set of all non-negative

. +
real numbers, i.e., R* =[0,).

Definition 1. Let X #J. A function p: XxX —> RT s
called a partial metric, if it holds the following properties
forall x,y,z e X

(p1) x =y < p(x,x) = plx,y) =ply,y),
(p2) p(x,x)<p(xy),
(p3) p(x,y)=ply,x),

(p4) p(x,y) <p(x,z)+p(z,y)-p(z,2).
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A pair (X,p) is called partial metric space. Shortly, we  Lemma 1. Let (X,p) beaPMSand (x )., beasequence
write PMS for the partial metric space. From (pl) and

(p2), we get that if p(x,y)=0, then x=y. But the
opposite may not be true. If we define partial metric as  that p(u,u)=0. Then Jmp(xn,y) =p(u,y) for every

in X Supposethat x, = u as n— o inaPMS (X,p) such

p(x,y) = max{xy} forall x,y € R",thenthe pair (R*,p)  yeX [20].

is a PMS. This is a basic for PMS [11].
The function p°:XxX —>[0,0) given by
p induces a T topology T, on X having the base s ) ]
p (x,y) =2p(x,y)-p(x,x)-ply,y) is a metric on X where

{B,(a;c):aeXe>0}, p is a partial metricon X [11].

where B (a,€)={beX:p(a,b) <p(a,a)+e} forall acX Lemma 2. Let (X,p) beaPMSand (x), .y be asequence

and £>0 [9]. in X
Definition 2. Let (X,p) be a PMS. (1) The sequence (x,),.y is a Cauchy sequence in (X,p)
if and only if it is a Cauchy sequence in the metric space
(1) A sequence (x,) .y in X converges to a point x € X X0°)
Ip .

if and only if p(x,x) = lim p(x,x_).
o (2) (X,p) is complete if and only if the metric space (X,p°)

(2) A sequence (), in X is called a Cauchy sequence  is complete. Furthermore,

if there exists (and is finite) lim p(x,x,) =0 < p(x,x) = lim p(x,x,) = lim p(x,,x) [11].
n—o0 n—o0 n—o
lim p(x. ,x.).
n,m—»co

(3) (X,p) is called complete if every Cauchy sequence

(x,) ey In X converges, with respect to T, , to a point

x € X such that p(x,x) = lim p(x_,x,) [11].
n,m—oo
Main Results

Theorem 1. Let (X,p) be a complete PMS, T,S: X — X be two self-maps and a nonincreasing function

1
06:[0,1) > (2,1} be defined by

B(r) =

-
N
N

<r<1.

1
A
1
0, 2) such that

If there exists r € [

B(r)min{p(x, Tx), p(x, Sx)} <p(x,y) (1)

Implies
1
max4p(Sx, Sy), p(T, Tv),g[p(SX, Ty) +p(Sy, TX)|¢ < rp(x,y),

forall x,y € X, then T and S have a unique common fixed point.

Proof. Firstly, we prove that if u is a fixed pointof T (or S), then it is also fixed point of S (or T ). We suppose that u
is a fixed point of T, thatis, Tu=u. We want to show that Su=u. Taking x=u and y = Tu in (1), we get
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0< G(r)min{p(u,Tu), p(u, Su)} <p(u, Tu)
implies
2 1 2
p(Su,u) < max{p(Su, STu),p(Tu, T u),—[p(Su,T u)+p(STu,Tu)]}
2

<rp(u, Tu).

Hence, we have p(Su,u) <rp(u,u). From property (p2)of PMS, we get

p(u,u) < p(Su,u) <rp(u,u).

So, p(u,u) =0. Then we get Su=u. Similarly, the contrary can be shown easily. Therefore, it is enough to show that T
has a fixed point to complete the proof. Putting y = Sx in (1), we have

O(r)min {p(x, Tx), p(x, Sx)} < p(x,Sx)

implies
2 1 2
max{p(Sx, S°x), p(Tx, TSx), —[p(Sx, TSX) +p(S7X, TX):|} < rp(x, Sx)
2
for every x € X. Hence, we get

1 1 5
—p(Sx, TSx) < —[p(Sx, TSx) +p(S°X, Tx)] <rp(x, Sx). (2)
2 2

Now, putting y = Tx in (1), we have
G(r)min{p(x, Tx), p(x, Sx)} < p(x, Tx)
implies
2, 1 2
max4p(Sx, STx), p(Tx, T x),—[p(Sx,T X) +p(STx, Tx)} <rp(x, Tx)
2

for every x € X. So, we get

p(Tx, sz) <rp(x, Tx) (3)
and

1 1 )

—p(Tx,STx) < —[p(Sx, T°X) +p(STx, Tx)] <rp(x, Tx). (4)
2 2

Let x, be an arbitrary element in X. We obtain a sequence {x,} such that x, ., =5x,, and x,.,, = Tx,,,, for each
n e N U{0}. By (4), we get

P(Xpn Xan ) = P(TXy0 1, ST 1) S 200Xy 1, TX 1) = 20D(Xy, 1, X5,)-
And also, from (2), we get
P(Xon417 Xone2) = P(SXo, TSX,) S 2rp(X,,, SX50) = 200(X50 s X )-

Therefore, for each n € N U{0}, we get
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P(Xn, Xnyg) S 2rp(X, 4, %)

< (21 pX, 5, % )

(5)

<(21)"plxg, X,)-
1
Taking limit as n — co in inequality (5), we get lim p(x,x,,;) =0 forre|0,— |. From properties of PMS, we get
n—o 2
p(xn' Xn) s p(xn' Xn+1) and p(xn+1' Xn+1) s p(xn’ xn+1)'
1
Since lim p(x,,x,,;)=0 forre|0,— |, we get
n—w 2
lim p(x,,x,)=0and lim p(x,,;,X,,;) = 0. (6)
n—o0 n—0

p5 (xn' xn+1) = 2p(Xn' Xn+1) - p(xn' Xn) - p(Xn+1' Xn+1)
<2p(X, ) X,q) (7)
<2((21)"plxg, X;)-

From (7), we have for any k,n € N*

s s s s
p (anxn+k)gp (Xn'xn+1)+p (Xn+1'xn+2)+'“+p (Xn+k-1lxn+k)

<2(2r)"p(xy, %) + 2(2r)n+1p(x0, X,) oot 2(2r)n+k_1p(x0, X,)

n+k-1 i
=2( )y (2r) p(XOle))

i=n

<2 (f (2r)ip(x0, X1))-

i=n

Then there exists a positive integer n; € N such that ps(xn,xmk) <¢ foreveryn=ng,all ke N* and an arbitrary
€> 0. Wesay that {x,} is a Cauchy sequence in the metric space (X,p°). Since (X,p) is a complete PMS, (X,p°) is

also complete metric space. Hence, there exists u € X such that limx_ =u in (X,p°). So, we get lim ps(xn,u) =0
n—o0 n—oo

implies

p(u,u) = lim p(x,,u) = lim p(x,,X.,).
n— n,m—o
Since {x,} is a Cauchy sequence in the metric space (X,p°), we get lim ps(xn,xm) = 0. So, we have
n,m—o0

. S . . .
lim p’(x,,x,)= lim 2p(x ,x )- lim p(x,x)- lim p(x,,x,)=0.
n,m—»co n,m—>o n,m—»co n,m—>co

From (6), we get

lim p(x,,x,)= lim p(x ,x,)=0
n,m—»co n,m—oo

implies lim p(x,,x.)=0 and
n,m—»co

p(u,u) = lim p(x,u)= lim p(x,x,)=0.
n—o0 n,m—»co

So, we get

lim p(x,,,,,u) = lim p(x,,,,,u)=0

n—0 n—0

implies
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lim p(Sx,,, ,u) = lim p(Tx,,,,u) = 0. (8)
n—0 n—0
We take x,u € X such that x # u. As p(u,u) =0, we get, limp(x,,;,Tx, ;) =0

n—o0

and rlnLr)T:o p(X,,,1,X) # 0. Then, there exists some Xones1 € X such that

B(r)min{p(Xan+l, TXan+1)r p(xan+1, SXan+l)} = p()‘an+1' x)

implies
1
max p(SXanﬂ,Sx),p(Txanﬂ,Tx),;[p(SXanﬂ,Tx)+p(Sx,Tx2nk+1)] Srp(Xan+1,x).

Hence, we get

p(Tx2nk+1 ,Tx) < rp(x2nk+1, X).

If we take the limit of both sides as n — «, from (8), we get

p(u, Tx) = nlir; p(Tx2nk+1,Tx) <r nlirgo p(x2nk+1, x) = rp(u, x).

Then, we have for each x # u

p(u, Tx) < rp(u, x). (9)
To show that the equation

p(T"u,u) < p(Tu,u) (10)

provides for each n € N, we use induction. For n =1, the inequality is obvious. We suppose that the inequality (10) is
true for some m € N. So, we get

p(T"u,u) < p(Tu,u).

Forn=m+1,if T"u=u,then

m+1

p(T"" u,u) = p(T(T"u),u) = p(Tu, u). (11)

If T"u#u, then by (9)

p(Tm+1u, u) < rp(Tmu, u) <rp(Tu,u) < p(Tu,u). (12)

So, from (11) and (12), we get

m+1

p(T

Then, inequality (10) is satisfied forall ne N .

u,u) < p(Tu,u).

5— . Formerly, using induction,

1
Now, we will show that Tu=u. We assume that Tu # u. Since 0 <r<—,so 0(r) <
2 r

we prove that
p(Tnu, Tu) <rp(Tu,u) (23)

foreach neN. For n=1, it is obvious. Moreover, for n=2, from (3) we get inequality (13) is satisfied. We suppose
that the inequality (13) is true for some n> 2. So, we have

p(Tu,u) < p(u, T"u) +p(T"u, Tu) - p(T"u, T"u)
<p(u, T"u)+p(T"u, Tu)
< p(u,Tnu)+ rp(Tu, u).

So, we get
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(1-r)p(u, Tu) <p(u, T"u).
Then, from (3), we obtain that

n+l

O(r)min {p(STnz,Tnu),p(Tnu,Tn+1u)} <0(r)p(T"u, " u)
1-r
= Tp(TnU,Tn+1U)
r
1-r
< —np(Tnu,Tmu)

r

1-r ,
< ——rp(u, Tu)
r

=(1-r)p(u, Tu)
<p(u, T"u).

This implies
1

p(Tn+1u, Tu) < max{p(ST"u, Su), p(Tn+1u, Tu), — [p(STnu, Tu) +p(Su, Tn+1u):|}
2

<rp(u, T"u).
Then from (10), we get
p(Tn+1u, Tu) < rp(Tnu, u) <rp(Tu,u).
Hence, the inequality (13) is satisfied for each ne N.

Now, Tu # u and (13) implies that T'u # u.. If not,

p(T"u, Tu) < rp(Tu,u) = p(u, Tu) < rp(u, Tu) < p(u, Tu)
1
forre [O, Zj , Which is impossible. So, from (9), we have

p(u, Tn+1u) <rp(u, T"u) < rzp(u, Tn'lu) <+ <r"p(u, Tu).

Taking the limit of both sides, we get

lim p(u,Tmlu) =0=p(u,u)

n—oo
1 n . n

forre|0,— |.Then, T'u—u. Since p(T u, Tu) <rp(Tu,u), we get
2

p(u,Tu) = lim p(T"u, Tu) < lim rp(Tu,u) = rp(Tu, u).
n—oo

n—o0

So, we get p(Tu,u) = 0, which is a contradiction. So, Tu = u. Hence, uis fixed point of T . Therefore, uis also a fixed
point of S. As a result,uis a common fixed point of TandS.

Now, to show the uniqueness of this common fixed point, we assume that u and v are common fixed points of T
and S where u # v. Taking x =u and y = Vv ininequality (1), we have

0= e(r)min{p(u,Tu),p(u, Su)} <p(u,v)

implies
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max {p(Su, Sv), p(Tu, Tv), ! [p(Su, Tv) +p(Tu, Sv)]} <rp(u,v)
2

=> max {p(u, v),p(u,v),i[Zp(u,v)]} <rp(u,v)

= p(u,v) <rp(u,v) <p(u,v).

So, p(u,v) =0 which is a contradiction. Hence, u=v.

In Theorem 1, if we take as S = T, then we get the following corollary which is Suzuki type result in partial metric
spaces [15].

Corollary 1. Let (X,p) be a complete PMS, T: X — X be a self-mapping and a nonincreasing function

1
0:[0,1) > (2,1} be defined by

J5-1
1, 0<r< ,
2
o(r) 1-r 5-1 i< 1
r)= ’ —r—il
r? 2 2
1 1
—, ——<r<1
1+r 2

1
If there exists r € |:O, j such that T satisfies the condition
2

0(r)p(x, Tx) < p(x, y)
implies
p(Tx, Ty) <rp(x,y)

for each x,y € X, then T has a unique fixed point.

Corollary 2. Let (X,p) be a complete PMS, f,S,T: X — X be three self-maps and a nonincreasing function

1
0:[0,1) > (2,1} be defined by

5-1
1, 0<r< ,
2
1-r 5-1 1
0(r) =9 —-, <r<—,
r 2 2
1
—_—, ——~<r<1
1+r 2

1
If there exists r € |:O, j such that
2

O(r)min {p(x, fTx), p(x, fo)} <p(xy)

implies
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1
maX{p(fo, fSy), p(FTx, Ty), - [p(fsx, fTy) +p(fSy, fT X)]} <rp(x,y),
2

also, if f isonetoone, fS=Sf and fT=Tf, then f, T and S have a common fixed point.

Proof. If we consider fS and fT as two maps with given contractive condition of Theorem 1, then fS and fT have a
common fixed point u € X. Namely, fSu = fTu=u. Since f is one to one, we get

fSu=fTu=u=Su=Tu.

Then, putting x =u and y = Tu in inequality (14)
O(r)min {p(u, fTu),p(u, fSu)} <p(u, Tu)

implies

1
max {p(fSu, fSTu), p(fTu, szu), —[p(fSu, szu) +p(fSTu, ﬂ'u)]} <rp(u, Tu)
2
1
= max {p(fSu, SfTu), p(fTu, TfTu), — [p(fSu, TfTu) + p(SfTu, fTu)]} <rp(u, Tu)
2

= max {p(u, Su), p(u,Tu),i[p(u,Tu) + p(Su,u)]} <rp(u,Tu)

= p(u, Tu) < rp(u, Tu).

Then, p(u,Tu) = 0. So, we get Tu=u which implies Tu=Su=u and also fu=fTu=u.So, f, T and S have a

common fixed point.

(14)

11
Example 1. Let X ={0,,,2}C R . Define p: XxX — RT by p(x,y) = max{x, y} forall x,y € X. Then, itis obvious
4 3

that (X,p) is a complete PMS. And define twomaps T and S by

0 , x#2
Tx=41

-, x=2

3
and

0 , x#2
Sx =<1

-, x=2

4

1
for x € X. Moreover, we choose as r = —. So, we get O(r)=1.
6

11
Casel If x,y €40, —,—¢, we get
4 3

8(r)min {p(x, Tx), p(x, Sx)} = min {p(x, 0), p(x, 0)} = min {max{x,0},max{x,0}}
=x <max{x,y} = p(x,y)

implies
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1 1
max {p(Sx, S¥),p(TTY), [p(Sx, Ty), p(SY, Tx)]}= max {p(o, 0),p(0,0),[p(0,0) +p(0,0)]

1
=0 < ~max{x, y} = rp(x, y).
6

11
Case Il If xe{o,,} and y =2, we get
4 3

6(r)min {p(x, Tx), p(x, Sx)} = min{p(x, 0), p(x, 0)}
= min{max{x, 0}, max{x, 0}}
= x <max{x, y} = p(x, y)

implies

1 1 1) 1 1 1
max {p(Sx, Sy),p(Tx, Ty), = [p(Sx, Ty), p(SY, TX)]; = max {p (0, j P (0, j = {p (0, j + p( , Oﬂ}
2 4 3)'2 3 4

1 1
=< —max{x, 2} = rp(xl Y)
3 6

Caselll If ye

———

11
0,—,—; and x=2, we get
4 3

0(r)min {p(x, Tx), p(x, Sx)} = min{p (2, ij,p(z, i)} =2 <max{2,y} =p(x,y)

implies

1 1 1 1 1 1
max :p(sxl SY)I p(TX: Ty)l - [p(sxl Ty)l p(Syl TX)]} = max {p ( ’ 0) P ( ’ Oj r |:p ( ’ Oj + p (01 j}}
2 4 37 )21 (4 3

1 1
= — < —max{2,y} =rp(x,y).
3 6

Case IV If x=y =2, we get

1 1
6(r)min {p(x, Tx), p(x, Sx)} =min {p (2, 3) P (2, 4)}

=2 <max{x,y} =p(x,y)

implies

1 1 1) (11)1] (11 11
max {p(Sx, Sy), p(Tx, Ty), = [p(Sx, Ty), p(SY, TX)]} = max {p ( , j P ( , j = {p (j +p ( , ﬂ}
2 a'4)"\3"3) 2] 4’3 4’3

1 1
= — < —max{x,y} =rp(x,y).
3 6
Thus, T and S satisfy all the hypotheses of Theorem 1. So, T and S have a uniqgue common fixed point. Moreover, it

is0eR.

Application

Let Y and Z be Banach spaces, S Y be a state space, D — Z be a decision space and H. : SxDxR — R for
i=1,2. The problem of dynamic programming related to the multistage process reduces to the problem of solving the
following functional equation:
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g;(x) =sup{H.(x,y,q,(x,y))}, xeS,i=1,2. (15)
yeb

In this section, using Theorem 1, we show existence and uniqueness of a bounded common solution of the functional
equation (15). B(S) is a Banach space which consists of all bounded real functionals on S with the norm
Il hill=sup | h(x)| for an arbitrary h € B(S). (B(S),ll . II) endowed with the metric d defined by

xeS

d(h,k) = sup | h(x) - k(x) |

XeS
for h,k € B(S) . Then, the convergence in the space B(S) corresponds to uniform convergence. So, if we take a Cauchy

sequence {h_} in B(S), the sequence {h } converges uniformly to a function h . Itis bounded. Hence, h e B(S). We
define the partial metric such that

p(h,k) = d(h,k) +b (16)

for all h,k € B(S) where b > 0. Then, (B(S),p) is a complete PMS. Now, we define mappings A, : B(S) — B(S) by

Ah(x) = sup{H.(x, y,h(x, y))} (17)
yeb

Ak(x) = sup{H,(x,y,k(x, y))} (18)
yeb

fori=1,2, h,keB(S), x €S. Itis clear that if the functions H, are bounded, then A, are well defined for i=1,2.

Theorem 2. Let the functions H, : SxDxR — R be bounded and A, : B(S) — B(S) be defined as in (17). If there exists

1
re |:O, ) such that
2

O(r)min{| h(t) - Ash(t) |, h(t) - Ah(t) [} <I h(t)-k(t) | (19)
implies
[H,(x,y, h(t)) - H;(x, v, k(t)) [<r [ h(t) - k(t) | (20)

for every (x,y) € SxD, h,k €B(S) and teS and i,j=1,2, then the functional equations (15) have a unique common
bounded solution in B(S) fori=1,2.

Proof. Let ¢ be an arbitrary positive number and h,k € B(S) . By (17), there exist y,,y, € D such that

Ah(x) < H, (X, y,,h(x,y,)) +€ (21)
Ak(X) < H, (%, y;, k(x,y,)) +€ (22)
ALh(X) < Hy (%, v, h(x, y,)) + € (23)

ALK(X) < Hy (%, Y, k(X,y,)) + € (24)

and

Ah(x) = H, (x,y,,h(x,y,)) (25)
Ak(X) = H, (%, y,, k(X)) (26)
A,h(x) = H, (x,y,,h(x,Y,)) (27)
AK(X) = H, (%, , k(X, Y,)) (28)

for x € S. The inequality (19)
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O(r)min{| h(x) - A;h(x) |, h(x) - A,h(x) |} <[ h(x) -k(x) |
1

is satisfied for r € |:O, j . Then, from (23), (24), (27) and (28), we get the functional equations
2

A h(x) - Ak(x) <H,(x,y,,h(x,y,))-H, (x,y,,kix,y,)) + ¢
<IH, (% y,,h(%,y,)) -Hy (%, v, kix, y,)) | +e

and

Ak(x) - A,h(x) <H, (x,y,,k(x,y,)) -H, (x,y,,h(x,y,)) + ¢
<IH, (%, y,,k(x, ¥,)) - Hy (%, v, hix, y,)) | +e

From (30) and (31), we get

| Ash(x) - Ajk(x) [<I Hy (%, 5, h(%, v5)) - Hy (X, v, k(x, y,)) | +€

Using (20), we can say that

[ A,h(x) - ASk(x) |< 1 | h(x) - k(x) | +e.

Similarly, using (20), (21), (22), (25) and (26), we get

[ Ah(x)- Ak(x) [<r ] h(x)-k(x) | +e.

On the other hand, from (22), (23), (26) and (27), we get

[ A,h(x) - Ak(x) [T H, (%, 5, h(x,y,)) - Hy (%, y,, kX, y,)) | +e

and from (21), (24), (25) and (28), we get

[ ALk(x) - Ah(x) I<I H, (%, y,, k(x, y,)) -H (%, y,, hix, y,)) | +€

1
If we sum both sides of the inequalities (34) and (35) and multiply them by E, then we get
1
E[| Ah(x)- Ak(x) [ +] Ak(x) - Ash(x) [] <7 [h(x) - k(x) | +c.
Since the inequalities (32), (33) and (36) hold forany x € S and € > 0, we canignore €. Then, we get
[ A,h(x) - Ak(x) |< 1 [h(x)-k(x),| Ajh(x) - Ak(x) [< T [ h(x)-k(x) |,

and

1
E[| Ah(x) - Ak(X) [+ Ak(x) - Ash(x) (] < r [ h(x)-k(x) |-

Thus, it is true that

max {IAzh(X)'Azk(x)l+lA1h(X)'Alk(x)l %[IAzh(X)—Alk(X)I+IAzk(X)-A1h(X)I] <rlh(x)-k(x)|.

Now, if we take supremum in the inequalities (29) and (37) and add b > O to them, we get from (16)
0(r)min{p(h(x), A;h(x)), p(h(x), A,h(x))} < p(h(x), k(x))
implies

max p(Azh(X),Azk(X)),p(Alh(X),Alk(X))%[D(Azh(X),Alk(X))+p(/-\zk(X),A1h(X))] < rp(h(x), k(x))

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)
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1
for h,k €B(S), xeS and r e [O, j . So, from Theorem 1, equations (15) and (17) there exists a uniqgue common fixed
2

point h e B(S) . Namely, the system of functional equations (15) has a unique common bounded solution for i=1,2.
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