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ABSTRACT

In this paper, we construct a generalisation of Ostrowski’s type inequalities with the help of new identity. By
using this identity, we construct further results for g’ € L* [é, &], g € L? [é, &], g €el? [é, ri]. To prove our main
and related results, we utilized some famous inequalities such as Gruss-inequality, Diaz-Mitcaf’s inequality and
Cauchy’s inequality. To prove our main results, we used a new multistep kernel (9-step linear kernel). Some

related results are also discussed. In the end, we apply our results to numerical integration also.
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Introduction

In 1970, Mitrinovi’c [1-3] stressed the significance of
inequalities. Ostrowski type integral inequalities for 2-
times differentiable mappings. Barnett et al. [4] released
research about Ostrowski type integral inequalities for
L,(c,d) and L;(c, d). Qayyum and Husain[5] generalized
Ostrowski type integral inequalities to present new
estimates. Qayyum et al. [6-11] provided a generalized

Main Findings
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form of Ostrowski type Gruss-inequality for twice
derivable mappings. Barnett et al. [4] stressed another
new concept i.e. proved Ostrowski type integral
inequalities by utilizing § — function for 1st and 2nd
differential mappings and they applied their all findings
for numerical quadrature rules. Few people (for example
[9, 10, 12]) worked on different type of inequalities.

Lemma 1 Let & [¢,d] > R be such that &' is absolutely continuous on [¢, d|. Define the kernel P(u, U) as:
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for all ye [ ] the following identity holds:

L[ P(u,0)g (0)d0
=1—16 g(%) +g(3c+u) +2g( )+4g(u) +4g(¢+d—u) +2g(c+2d—2u) +g(¢)

+g (2] - 2 1 g(0)al. (2)

Proof. We obtain the desired identity (2) by applying integration by parts on (1);

(2P D)g(@)d0= [+ (0-c)g (U)dU+f73:++u (0-E2D)g (U)dU+fsc+u (0-29) g (0)a0
+fa+Tu (0229 g (0)a0 + [ “( - &0 g (0)d0 +f+dd;u (0-<29g(0)a0

N ””) (U)dU+fc+4d u (17 ”15‘1) (U)dU+fc+8d o (0—d)g'(0)dD

After simplification, we get(2).
Now by using (2) , we construct five different cases:
Case. 1: When g’ € L! [c', d]

Theorem 1 Let g: [(':, a] — R be differentiable on ((’:, a). Ifg' e Ll[(':, a] andy < g'(ﬁ) <T, forallUe [(':, a], then,

7¢+u 3¢+u ¢+u - ¢+2d—2u ¢+4d —u
‘16[g< >+g( 2 )+2g( > )+4g(u)+4g(c+d—u)+2g > +g 2

+ (%)] ~ 72k o030 <5 (@- -y @)

holds for all ye [ C+d]

Proof. As we know that forall U € [c d] and ye [ ] we have

15C+d<P(u U) <u—¢é.

Using Gruss-inequality [5] on the mappings P(u, 17) and g'(ﬁ),
|5 12 P(u, 0)g (0)d0 — 3= [ P(u,0)a0 - [ ¢'(0)a0] <2 (d-&)T-y) (4)

for all ye |¢ [
It is straight forward exercise to show that

c+d]

3¢+u - c+u

L[ P(u,0)d0 = f = (0 -¢)d0 + fmu (0-=22)a0 + f%, (0-=2)a0
~  3¢+d ¢+d-u é+d\ tr2d-u A~ ¢+3d\
¢ (0 28) a0 5 (0= ar + (- ar
adu g Ty d 7 N\
+ md . (0-22)a0 + fm i (U— = )dU+fb+gg_u (0 - d)d0.
Again after simplification, we have
L[ P(u,0)d0 = 0 (5)
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And
L[ g(0)d0 = EAEQ ) (C) (6)
d-clc 8

Hence using (4) — (6), we get our required result (3).

Now we will discuss some corollaries.

Corollary 1 By substituting y= % in (3), then

els(5) +8(57) +28(50) +as(5) +48(5) +28(5) + 8 ()

+g (29| - 1 [ g(0)a0| < 2 (d - ) - ).

Corollary 2 By substituting y= 32—+d in (3), we get

liﬁ [g (313&;—&) tg (151c+d) +2g (7c+d) +ag (3&:«1) (c+3d) (3d c)
<

8 () + 5 (“29)] - 2.7 s(0)a0] < (- ) -, 7

16

Corollary 3 By substituting y= # in (3), we get

i [g (29;3&) tg (13:3&) +2g (5c+3d) +ag (C+3d) +4g (3c+d) +2g (c’%{i)
+e(25) +e (7)) - 2k e(@at|< L@ - -, @)

Case: 2 Forg’' € Lt [C, a]

Theorem 2 Let I: € R = R be a differentiable mapping on I°, the interior of the interval I, and let ¢, delwithe<dIf
g e Lt [(’:, a],and Y < g’(U) <TIVye [(':, a], then the following inequality holds for all ye [C, %], we have

=2 [g (7”“) +g (3”“) + Zg( ) + 4g(u) + 4g(c +d-— u) +2g (Hzi_zu)

16 8

+8(S5) + e (M50 - 2 0(0)40] = g (43¢ + 21 - 60 — W] - ), ©

Proof. Let

then

we ! P (0)a0 =35 7 P(u.0)al = 2 P(uO)[g(0) ~clad o
16[g<7c+u)+g(36+u) <C+u>+4g(u)+4g(é+cz—u)+2g<c+2§_2u)+g<c+4f_u)

tg (@)] - ﬂfé g(0)dd,

where
[ P(u,0)d0 = o0.

On the other hand,
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7217 P(a 0)[g (D) ~ clab] < 37 max [¢/(0) — el £ [P0, D)]aD. (10)
Since
_ l"+y
fmax [g'(0) —c| < = (11)
and

ﬁfc’d |P(u,0)|d0 =

64(d )[(2c+d 3u)(c—u)+—(c—u)] (12)

From (10) — (12), we get (9).
Case. 3:

Theorem 3 Let g: [(':, a] — R be differentiable mapping on (C, a). Ifg' € Ll[é, a] andy < g’(ﬁ) <T

%[g (7(5;—u) +g(3c+u) +2g (c+u) +4g(u) +4g(C+d _u) +2g (C+2¢z—2u)

+g (c’+4f—u) n g(c+8: u)] _ Efc (U)dU| <QS-7) (13)
And

) 62) 4 2(2) 0 e+ 0-0) 5222

TR P EES M OV s o

. ¢+d
for all ye [c; %],where

Q = max |P(u, U)|

UE cd
g — &)@ g(c)
d-¢
= inf U
v =i d]g( 0),
= sup g (U)
Ueléd]

Proof. As we know

L[ P(u,0)g/(0)al - f P(u,0)d0. [ g'(0)d0 = = [g(Z52) + g (22) + 2g (42)
+4g(u) +4g(c’+(1 _u) + Zg (C+2(: 2u) +g (c+4-d u) (c+8d u)] (15)
We denote
Ra(0) = == [ P(u,0)g'(0)d0 - o )2 [FP(w,0)d0. [7 ¢'(0)d0. (16)
If ¢ € R is an arbitrary constant
Ra() = 2= [2 (¢'(0) = ) [P(u,0) — 5= [ P(u,5)ds] al. (17)

Since

N [P(u, ) - ﬁff P(u, s)ds] d0 = 0.
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Further more, we have
1 . a0
IR, (W] < ﬂﬁrél[i}%”P(u, U)-0| J. lg’(0) = c|dU

and

Ul’él.’:cal)é |P(u U)| Q. (18)

From [1]-[3], we get
i |/ (@) = vlal = (s -n)(d ), (19)
(1 1g'(0) = 1)d0 = = $)(d - ¢). (20)
By using (5), (6), (15), (18) — (20), we get (13) and (14).
Case. 4: When ¢’ € L?[¢,d]

Theorem 4 Let g: [(':, a] — R be an absolutely continuous mapping in ((':, a). Ifg €12 [(’:, a], then we have

=2 [g (7”“) +g (3”“) + Zg( ) + 4g(u) + 4g(c +d-— u) +2g (c+za—zu)

16 8 2

2B o ()L o

< |28« [1(697¢2 + 805¢d + 25647 — 2199¢u — 1317du + 1758u2)] (21)
d-c¢ 3072

for all ye [ ] where

a(g')=||g”||%—((d;—) lg" 113 — 52(d — ¢).

Proof. Let R, (u) is defined as in (16) then from (15), we get

17 (7¢+u 3¢+u ¢+u . ¢+2d—2u
Rn(u)=|ﬁ[g( 8 )+g( 2 )+2g( 5 )+4g(u)+4g(c+d—u)+2g —

+g (c‘+4f—u) n g(c+8d u)] _ _f (U)dU|

If we choose

1 rd ,
c=ﬁfé g'(s)ds

in (17) and using the Cauchy’s inequality;

d d d
1 ~ 1 — 1 ~
|Rn(u)| Sﬁf g’(U) —ﬁf g’(s)ds P(u, U) —ﬁf P(u,s)ds du
Cc Cc Cc

< ﬁ [fj (g’(ﬁ) - ﬁfj g’(s)ds)2 dl’]\]E X [ff (P(u, 0) - ﬁP(u,s)ds)2 dﬁr

-1 1
< o(g)(d—-2¢)? x [30% (697¢% + 805¢d + 256d% — 2199¢u — 1317du + 1758u2)]2.

Corollary 4 If we substitute y= %, in (21), we get

% [g (15162-&) tg (7c+d) n 2g (3c+d) n 8g (c+d) +2g( ) tg (c+7d) +g (c'+1165&)] _ ﬁfj g(U)dﬁ|
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F[3072( —d) ]l' (22)

Now we state another case.
2.5 Case.5:When g € [2[¢,d]

Theorem 5 Let g: [(':, a] — R be a twice absolutely continuous differentiable mapping in ((';, a) with g’ € 12 [é’ a]'
ety 3¢+u ¢tu . ¢+2d - 2u
|16[g( )+g< 4 )+2g( ) >+4g(u)+4g(c+d—u)+2g - =

2
- d
+ ¢+4d —u + ¢+8d—u 1 f (U)dU
g 4 g 8 ci—c. g
c

(697¢% + 805¢d + 256d% — 2199¢u — 1317du + 1758u2)] x (d - c) llg” 1l (23)

[3072

for all ye |¢ [ C+d]

Proof. Let R, (u) be defined by (16) from (15)

= s (52) + 652 +5(2)

+ag(u) + 4g(¢ + d —u) + 2g (FE2) g (S g g (200 LT o(0)aD].

2 4 8

If we choose C = ¢’ ( ) in (17) and use the Cauchy’s Inequality, we get

IR, (u)|<—f |g(U) g( )|

< ﬁ[ff (g’(U) _g (¥)> o 2

ai

P(u,0) ——f P(u,s)ds

X [ff (P(u, 0) - ﬁP(u, s)ds)2 dﬁ]%.

We may apply Diaz-Metcalf inequality[1] or [13], to obtain
< - 2 < 2
d 17831  [Cc+d 7 d—c¢ "
I; (g () -g (= )) d0 < T g7

We also have

d

P(u U)——P(u s)ds) 0 = f(P(u U)) a0

SQ(

= ——(d - ¢)(697¢2 + 805¢d + 256d2 2199¢u — 1317du + 1758u?). (24)

Corollary 5 If we substitute y= #, in (23) we get

i [g (292;3&) tg (13c;3&) +2g (Sc+3d) +4g (c+3d) +4g (3c+d) +2g (c:d)

() o ()] - 2 0] < [t (B2 e~ ) - g,
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An application to Composite Quadrature Rules

Let [;:¢ = Yo <y <...<Up_1 < U, =d be a division of the interval [¢,d], & € [u;u;41](i =0,1,...n—1); a
sequence of intermediate points h; = U;;4 — y;(i = 0,1,...n — 1). We have the following quadrature formula:

When g’ € L![¢,d]

Theorem 6 Let g:1 € R — R be a differentiable mapping on I°, the interior of the interval I, and let ¢, d € I with
¢<ditg elMedlandy <g'(0) STV ye [

d e g5 .
J; 8(@dU =¢é(g 1) +R(g L), (25)
where
1= 29u; + 3 13u; + 3
. U; Ujtq u; U1
=35 ) hefs(a ) e )
¢(g In) 16 2, i|8 37 +g 16
i=
5u;+3u4q u;+3U;4q 3u;tujyg U;+Uj4q 3u;+13u44 3u;+29u44
+og (M) + ag (M) 4 ag () sog (M) 4 g (RitRuR) 4 g (B (26)
and
IR(g 1)l < = (T =) T hy (27)

forall ¢; € [u;,u;41], where h; = yj4; —y;, (i =0,1,...n— 1).

Proof. Apply (7) on the interval [u;, u;44],¢; € [u;, u;1] where h; = yi4; —u;, (i =0,1,...n— 1),

‘ 0)dU — Ly 29u;+3y; 13u;+3y;
R(g I = f: *g(0)dU - EZ?=01 h; [g( - ;'2‘1 +1) + g( - Ieu +1)
2g (Sui * 3ui+1) + 4g (ui * 3ui+1) +4g (M) +2g (ui + ui+1) re <3ui + 13ui+1) ‘e <3ui + 29ui+1)].

8 4 4 4 16 32

Adding overifromQOton — 1,

R(g 1) = Z?:_ol uuii+1 g(ﬁ)dﬁ _ 1162?;01 h; [g (29ui+3ui+1) tg (13ui+3ui+1)

32 16

+2g (Sui+3ui+1) + 4g (ui+3;ui+1) + 4g (3ui+ui+1) +2g (ui+ui+1) +g (3ui+13ui+1) +g (3ui+29ui+1)]

8 4 4 16 32

d vy 1 - 29u;+3u; 13u;+3u;
R(g 1) = [, 8(0)d0 - T X hy [g( ul32ul+1) + g( ulléum)
+2g (5ui + 3ui+1) I 4.g (ui + 3ui+1) n 4.g (31.1,: + ui+1) +2g (ui + ui+1) n g (311,: + 13ui+1) i g <3ui + 29ui+1)].

8 4 4 4 16 32

From (7),

d n-1
_ —~ —~ 1 29ui + 3ul-+1 13ui + 3ui+1)
R 1| =| [ 8(0)a0 1620 e (R ) + g (e
i=

¢
5ul- + 3ui+1 u; + 3ui+1> (311,: + ui+1) <ul- + ui+1) (31.1,: + 13ui+1> (31.1,: + 29ui+1)”
2 4 4g| —— ) +2g(——
+g< 8 )+1 g( r )T )l ) te 16 el
S =)

Hence proved.

When ¢ € L%[¢,d]
Theorem 7 Leth; = yj4; —y; =h =
mapping in (¢ d) with g’ € L2[¢, d].

d-c

n

i=01,...,n—1)andletg: [é, a] — R be an absolutely continuous
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d
| swdu= @)+ R@ b

and

37(d-¢)

< r
IR I < | =577 0(@):

Proof. Applying (22) to the interval [u;, u;,4], then

h 15u; + uj4q 7u; + Ui+1) (3Ui + Ui+1) <ui + Ui+1) i+1 (Ui + 7ui+1)
— 2 8 2 _
|16[g( 16 )+g( 8 A — to(T )7 g(z )+1g 8

it15u; i = = 37h i (ujyr1)—gluy) 12
te (%)] B fli " g(U)dU| = \13072 (U = uis) [ fo ( (U)) M}

fori=0,1,...,n—1.
Now adding over i from 0 to n — 1, using the triangle Inequality and Cauchy’s inequality twice, we get

n—-1
h 15u; + u;4q 7u; + Ui+1) <3Ui + Ui+1) (Ui + ui+1) i+1 (Ui + 7Ui+1>
EZM 16 )+g< g )T )t +2g(2)+g 8
i=
1
Is Ujt1 37h Ujtq 5 (g( ) g( ))2 2
u; + 15u;44 N -~ P Uj+1) — 8lU;
+g (T)] — J g(0)at| < 3072 Z (0 —uy41) f (g(U)) dUu — W
u;

< S Vg 1 - 5815 (e — )

\/E\/_[(ul u1+1)(||g 1z — (;ﬂ)]

= \/37(d 9 (u; —ui41)o(gh).

3072

When g’ € L2[¢, d]
Theorem 8 Leth; = yj4; —y; =h = % i=01,...,n—1)andletg: [é, a] — R be a twice continuously
differentiable mapping in (¢, d) with g € L2 [é, a]. Then,

d
| sdu= @i +R@ 1,

where
[R(g LI

El
2

[ 2057 (d c)
245767

= (¢~ d)lg"l=

Proof. Applying (25) to the interval [u;, u;,,], we get

|£ [g (29ui+3ui+1) tg (13ui+3ui+1) (Sul+3ul+1) (u +3ul+1) +4g (Su +u1+1) + 2 (w)
16 32 16 -

g (3ui+13ui+1) +g(3u +29ul+1)] qul U | [ 2057 ] h 30Uy — Ugpy) [fu,+1 ”(U)dU]

16 32 24576T

By adding over i from 0 to n — 1, applying the triangle inequality and Cauchy’s inequality, we have
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u; + 3u; 3u; +y; u; + u;
+4g< i ” l+1)+4g( i 7 l+1)+2g( i Z l+1)

1 1
. ‘ L
< [ 2057 ]2 he 2?2_01 (U — ) I:fl:l+1 g"(U)dU]Z

24576

n—1 Yi+1

1 n-1 %
< 2057n ]2 hgz ) Z "(0)d0 2057
= 225761 £, (u; — U4 f g ( )
i=

i=0 ui
Conclusion

In this paper, we constructed a generalization of
Ostrowski’s type inequalities for different norms by using
some famous inequalities. Some perturbed results are
also discussed. In addition, we gave a new idea of peano
kernel i.e. 9-step linear kernel. In the last section, we
applied our obtained results to numerical integration.
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