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Abstract: The paper investigates some special Smarandache curves according to Flc-frame in Euclidean

3-space. The Frenet and Flc frame vectors, curvature and torsion of the new constructed curves are

expressed by means of the initial curve invariants. For the sake of comparison in view, an example for

Smarandache curves according to both Frenet and Flc frame is also presented at the end of paper.
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1. Introduction

Characterizations of curves in classical differential geometry are generally expressed with the help

of Frenet framework. However, the disadvantage of this frame is that the frame cannot be settled at

points where the second derivative of the curve is zero. In this case, an alternative frame is needed.

Bishop defined Bishop frame which we call alternative parallel frame in 1975 [5]. This frame is

formed by rotating the normal vectors at a certain angle by keeping the tangent vector in the

Frenet framework constant and can be defined including the points where the second derivative of

the curve is zero. Even if the Bishop frame is suitable for applications, it is not an analytical frame.

Recently, Dede has introduced a new framework called Flc (Frenet like curve) frame along a given

polynomial curve, and provided some insight into the geometric meaning for the n th derivative of

a given curve [8]. Calculations made according to this frame are easier than the Frenet frame and

Bishop frame. The most important advantage of the Flc Frame is that it has less singular points

compared to the Frenet frame. Thus, by hindering the sudden rotation of the tangent vector of

the curve, the deformation that may occur on the surface is prevented, and the problem of sudden

ruptures and bends on the surface are removed. The Smarandache curve is defined as the regular

curve with the place vector generated by the Frenet vectors of a regular curve.

In Euclidean space, the first studies for this subject were given by Ali in [2]. Turgut and

Yılmaz, described the Smarandache curves in Minkowski space [15]. Later, at either Euclidean
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or Minkowski space, some features of the Smarandache curves are investigated according to the

Darboux frame, Bishop frame, alternative frame, q frame and Sabban frame, [1, 3, 4, 6, 7, 9, 11–

14]. In this study, we introduce special Smarandache curves according to the new Flc frame in

Euclidean 3-space. The Flc apparatus of each new curve are calculated and the graphs of the

curves are also presented.

2. Preliminaries

In this section, we recall some basic concepts that we refer in the context of the paper. Let

α : I ⊂ R → R3 be a regular curve in E3 . The general forms of Frenet vectors and formulas are

given as

T (s) =
α′(s)

∥α′(s)∥
, N(s) = B(s) ∧ T (s), B(s) =

α′(s) ∧ α′′(s)

∥α′(s) ∧ α′′(s)∥
, (1)

κ(s) =
∥α′(s) ∧ α′′(s)∥

∥α′(s)∥3
, τ(s) =

⟨α′(s) ∧ α′′(s), α′′′(s)⟩
∥α′(s) ∧ α′′(s)∥2

, (2)

T ′(s) = νκ(s)N(s), N ′(s) = ν (−κ(s)T (s) + τ(s)B(s)) , B′(s) = −ντ(s)N(s), (3)

where ν = ∥α′(s)∥ , κ is the curvature and τ is the torsion of the curve [10].

Moreover, a point s0 ∈ I is said to be a singular point of order 0 of the curve α , if α′(s0)

vanishes. Another point s1 ∈ I is said to be a singular point of order 1 if α′′(s1) vanishes. If

α′(s2)∧α′′(s2) = 0 that is the curvature vanishes at a point s2 ∈ I , then s2 is called an inflection

point. Therefore as known to be the main disadvantage of the Frenet frame, it has inflection points

and two type of singular points. However, recently, Dede introduced a new frame moving along a

polynomial space curve of degree n and named it as Flc-frame. The vector elements of this new

frame is defined as following;

T (s) =
α′(s)

∥α′(s)∥
, D2(s) = D1(s) ∧ T (s), D1(s) =

α′(s) ∧ α(n)(s)∥∥α′(s) ∧ α(n)(s)
∥∥ , (4)

where the prime (n) stands for the nth derivative with respect to s [8]. The new vectors D1

and D2 are called as binormal-like and normal-like vectors, respectively. The curvatures of the

Flc-frame d1 , d2 and d3 are defined as

d1 =
⟨T ′, D2⟩

ν
, d2=

⟨T ′, D1⟩
ν

, d3 =

⟨
D2

′, D1

⟩
ν

. (5)
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The relationship between the Frenet and Frenet like frame (Flc) is given by

 T
D2

D1

 =

 1 0 0
0 cos θ sin θ
0 − sin θ cos θ

 T
N
B

 (6)

and the relations between the curvatures of two frames are

d1 = κcosθ, d2 = −κsinθ, θ = arctan

(
−d2
d1

)
, d3 =

dθ

ν
+ τ, (7)

where θ = ^(N,D2). Therefore, the local rate of change for the Flc-frame or namely the Frenet-like

formulas can be expressed as in the following form

 T ′

D2
′

D1
′

 = ν

 0
−d1
−d2

d1
0

−d3

d2
d3
0

 T
D2

D1

 . (8)

3. Smarandache Curves According to Flc Frame

Let us consider the curve β(s) : I ⊂ R → R3 as a regular polynomial curve in Euclidean space

and denote {T (s), D2(s), D1(s)} as its moving Flc frame. We define and consider the following

Smarandache curves. Note that for simplicity we omit to denote the parameter s throughout the
paper.

3.1. TD2 Smarandache Curve

Definition 3.1 The curve β1 defined by the linear combination of two vectors T and D2 is called

the TD2 Smarandache curve and is defined as;

β1(s) =
1√
2
(T +D2) . (9)

We examine the Flc frame invariants of the TD2 Smarandache curve β1 by means of the

main curve β . To do so, we first differentiate (9) with respect to s and recall the relations given

at (8) to get

β′
1 =

ν√
2
(−d1T + d1D2 + (d2 + d3)D1) .

By taking the norm of above and considering the equations (1), we obtain the tangent vector

Tβ1 as;

Tβ1 =
−d1T + d1D2 + (d2 + d3)D1√

2d1
2 + (d2 + d3)

2
.
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On the other hand, by recalling (8) again, the second order derivative of (9) with respect to

s is given as

β′′
1 = η1T + η2D2 + η3D1,

where  η1
η2
η3

 =
−1√
2

 ν2
(
d1

2 + d2d3 + d2
2
)
+ (νd1)

′

ν2
(
d1

2 + d2d3 + d3
2
)
− (νd1)

′

ν2 (d1d2 − d1d3)− (νd2)
′
+ (νd3)

′

 .
Then, the cross product of first and second order derivatives is given

β′
1 ∧ β′′

1 = ζ1T + ζ2D2 + ζ3D1,

where  ζ1
ζ2
ζ3

 =
ν√
2

 (d1η3 − η2 (d2 + d3))
(d1η3 + η1 (d2 + d3))
−d1 (η1 + η2)

 .
Hence, we express the principal normal and the binormal vector field of β1 as in the following;

Nβ1 =
ν√
2

(ζ2 (d2 + d3)− ζ3d1)T − (ζ1 (d2 + d3) + ζ3d1)D2 + (ζ1d1 + ζ2d1)D1(√
2d1

2 + (d2 + d3)
2

)(√
ζ1

2 + ζ2
2 + ζ3

2
) ,

Bβ1 =
ζ1T + ζ2D2 + ζ3D1√

ζ1
2 + ζ2

2 + ζ3
2
.

The third derivative of β1 Smarandache curve is

β′′′
1 = ρ1T + ρ2D2 + ρ3D1,

where

ρ1 =
1√
2

(
νd1

2
(
ν2d1 − 3ν′

)
+ d1

(
ν3
(
d2

2 + d3
2
)
− 3ν2d1

′ − ν′′
)

−d2
(
3νν′ (d2 + d3) + ν2

(
3d2

′ + 2d3
′))− d2

′ν2d3 − 2ν′d1
′ − νd1

′′

)
,

ρ2 =
1√
2

(
−νd12

(
ν2d1 + 3ν′

)
− d1

(
ν3
(
d3

2 + d2
2
)
+ 3ν2d1

′ − ν′′
)

−νd2
(
νd3

′ − 3ν′d3
)
− 3ν′νd3

2 − ν2d3
(
2d2

′ + 3d3
′)+ νd1

′′ + 2ν′d1
′

)
,

ρ3 =
1√
2

(
−ν3d12 (d2 + d3)− νd1

(
ν
(
d2

′ − d3
′)+ 3ν′ (d2 − d3)

)
− ν3d2

2 (d2 + d3)− ν3d3
3

−d2
(
ν2
(
νd3

2 + 2d1
′)− ν′′

)
+
(
2ν2d1

′ + ν′′
)
d3 + ν

(
d2

′′ + d3
′′)+ 2ν′

(
d2

′ + d3
′) ) .

Hence, the Frenet curvatures κ and τ of β1 are given as

κβ1 =
2
√
2
√
ζ1

2 + ζ2
2 + ζ3

2

ν3
(
2d1

2 + (d2 + d3)
2
) 3

2

, τβ1 =
ζ1ρ1 + ζ2ρ2 + ζ3ρ3

ζ1
2 + ζ2

2 + ζ3
2 .
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Therefore, by using (6), the Flc apparatus of β1 can be given by means of the Flc components

of β as

Tβ1 =
−d1T + d1D2 + (d2 + d3)D1

µ/
√
2

,

D2β1
=

1

µζ

 (νcosθ1 (ζ2 (d2 + d3)− ζ3d1) + µsinθ1ζ1)T
− (νcosθ1 (ζ1 (d2 + d3) + ζ3d1)− µsinθ1ζ2)D2

+(νcosθ1 (ζ1d1 + ζ2d1) + µsinθ1ζ3)D1

 ,

D1β1
=

1

µζ

 − (νsinθ1 (ζ2 (d2 + d3)− ζ3d1)− µcosθ1ζ1)T
+(νsinθ1 (ζ1 (d2 + d3) + ζ3d1) + µcosθ1ζ2)D2

− (νsinθ1 (ζ1d1 + ζ2d1)− µcosθ1ζ3)D1

 ,

where µ =

√
4d1

2 + 2 (d2 + d3)
2
, ζ =

√
ζ1

2 + ζ2
2 + ζ3

2 , θ1 = ^
(
Nβ1 , D2β1

)
and

d1β1
=

 2
√
2
√
ζ1

2 + ζ2
2 + ζ3

2

ν3
(
2d1

2 + (d2 + d3)
2
) 3

2

 cosθ1,

d2β1
= −

 2
√
2
√
ζ1

2 + ζ2
2 + ζ3

2

ν3
(
2d1

2 + (d2 + d3)
2
) 3

2

 sinθ1,

d3β1
= −

d2
′
β1
d1β1

− d2β1
d1

′
β1

ν
(
d1

2
β1

+ d2
2
β1

) +
ζ1ρ1 + ζ2ρ2 + ζ3ρ3

ζ1
2 + ζ2

2 + ζ3
2 .

3.2. TD1 Smarandache Curve

Definition 3.2 The curve β2 defined by the linear combination of two vectors T and D1 is called

the TD1 Smarandache curve and is defined as:

β2(s) =
1√
2
(T +D1) . (10)

We examine the Flc frame invariants of the TD1 Smarandache curve β2 by means of the

main curve β . To do so, we first differentiate (10) with respect to s and recall the relations given

at (8) to get

β′
2 =

ν√
2
(−d2T + (d1 − d3)D2 + d2D1) .

By taking the norm of above and considering the equations (1), we obtain the tangent vector

Tβ2 as;

Tβ2 =
−d2T + (d1 − d3)D2 + d2D1√

2d2
2 + (d1 − d3)

2
.
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On the other hand, by recalling (8) again, the second order derivative of (10) with respect

to s is given as

β′′
2 = ξ1T + ξ2D2 + ξ3D1,

where  ξ1
ξ2
ξ3

 =
−1√
2

 ν2
(
d2

2 + d1
2 − d1d3

)
+ (νd2)

′

−ν2d2 (d1 + d3) + ν′ (d1 − d3) + ν
(
d1

′ − d3
′)

−ν2
(
d2

2 − d1d3 + d3
2
)
+ (νd2)

′

 .
Next, the cross product of first and second order derivatives is given

β′
2 ∧ β′′

2 = χ1T + χ2D2 + χ3D1,

where  χ1

χ2

χ3

 =
ν√
2

 ξ3 (d1 − d3)− d2ξ2
d2 (ξ1 + ξ3)
ξ1 (d1 + d3)− d2ξ2

 .
Hence, we express the principal normal and the binormal vector field of β2 as in the following;

Nβ2
=

ν√
2

(χ2d2 − χ3 (d1 − d3))T − d2 (χ1 + χ3)D2 + (χ1 (d1 − d3) + χ2d2)D1(√
2d2

2 + (d1 − d3)
2

)(√
χ1

2 + χ2
2 + χ3

2
) ,

Bβ2 =
χ1T + χ2D2 + χ3D1√

χ1
2 + χ2

2 + χ3
2
.

The third derivative of β2 Smarandache curve is

β′′′
2 = ω1T + ω2D2 + ω3D1,

where

ω1 =
1√
2

(
νd1

2
(
d2ν

2 − 3ν′
)
− νd1

(
3νd1 − 2νd3

′ − 3ν′d3
)
+ ν3d2

3 − 3νd2
2ν′

+
(
ν2
(
νd3

2 − 3d2
′)− ν′′

)
d2 + d1

′ν2d3 − 2ν′d2
′ − νd2

′′

)
,

ω2 =
1√
2

(
−ν3d12 (d1 − d3)− d1

(
ν3
(
d2

2 + d3
2
)
+ 2d2

′ν2 + 3νd2ν
′ − ν′′

)
+ ν3d2

2d3
−νd2

(
ν
(
d1

′ + d3
′)+ 3ν′d3

)
+ ν3d3

3 − d3
(
2ν2d2

′ + ν′′
)
+ ν

(
d1

′′ − d3
′′)+ 2ν′

(
d1

′ − d3
′) ) ,

ω3 =
1√
2

(
−ν3d2d12 + νd1

(
νd3

′ + 3ν′d3
)
− νd2

2
(
ν2d2 + 3ν′

)
− d2

(
ν2
(
νd3

2 + 3d2
′)− ν′′

)
−3ν′νd3

2 + d3
(
2ν2d1

′ − 3ν2d3
′)+ νd2

′′ + 2ν′d2
′

)
.

Hence, the Frenet invariants κ and τ of β2 can be expressed as

κβ2 =
2
√
2
√
χ1

2 + χ2
2 + χ3

2

ν3
(
2d2

2 + (d1 − d3)
2
) 3

2

, τβ2 =
χ1ω1 + χ2ω2 + χ3ω3

χ1
2 + χ2

2 + χ3
2

.
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By using again (6), the Flc apparatus of β2 can be given by means of the Flc components

of β as

Tβ2 =

√
2

ϑ

(
− d1T + d1D2 + (d2 + d3)D1

)
,

D2β2
=

1

ϑχ

 (νcosθ2 (χ2d2 − χ3 (d1 − d3)) + ϑsinθ2χ1)T
− (νcosθ2 (d2 (χ1 + χ3))− ϑsinθ2χ2)D2

+(νcosθ2 (χ1 (d1 − d3) + χ2d2) + ϑsinθ2χ3)D1

 ,

D1β2
=

1

ϑχ

 − (νsinθ2 (χ2d2 − χ3 (d1 − d3))− ϑcosθ2χ1)T
+(νsinθ2 (d2 (χ1 + χ3)) + ϑcosθ2χ2)D2

− (νsinθ2 (d2 (χ1 + χ3))− ϑcosθ2χ3)D1

 ,

where ϑ =

√
4d2

2 + 2 (d1 − d3)
2
, χ =

√
χ1

2 + χ2
2 + χ3

2 , θ2 = ^
(
Nβ2 , D2β2

)
and

d1β2
=

 2
√
2
√
χ1

2 + χ2
2 + χ3

2

ν3
(
2d2

2 + (d1 − d3)
2
) 3

2

 cosθ2,

d2β2
= −

 2
√
2
√
χ1

2 + χ2
2 + χ3

2

ν3
(
2d2

2 + (d1 − d3)
2
) 3

2

 sinθ2,

d3β2
= −

d2
′
β2
d1β2

− d2β2
d1

′
β2

ν
(
d1

2
β2

+ d2
2
β2

) +
χ1ω1 + χ2ω2 + χ3ω3

χ1
2 + χ2

2 + χ3
2

.

3.3. D2D1 Smarandache Curve

Definition 3.3 The curve β3 defined by the linear combination of two vectors D2 and D1 of Flc

frame is called the D2D1 Smarandache curve and is defined as;

β3(s) =
1√
2
(D2 +D1) . (11)

We examine the Flc frame invariants of the D2D1 Smarandache curve β3 by means of the

main curve β . By differentiating (11) with respect to s , first and referring the relations given at

(8) to get

β′
3 =

ν√
2
(−(d1 + d2)T − d3D2 + d3D1) .

By taking the norm of above and considering the equations (1), we obtain the tangent vector

Tβ2 as;

Tβ3 =
−(d1 + d2)T + d3D2 + d3D1√

2d3
2 + (d1 + d2)

2
.
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On the other hand, by recalling (8) again, the second order derivative of (11) with respect

to s is given as

β′′
3 = ϕ1T + ϕ2D2 + ϕ3D1,

where  ϕ1
ϕ2
ϕ3

 =
1√
2

 ν2d3 (d1 − d2)− (νd1)
′ − (νd2)

′

−ν2
(
d1

2 + d2 + d3
2
)
− (νd3)

′

−ν2
(
d1d2 + d2

2 + d3
2
)
+ (νd3)

′

 .
Next, the cross product of first and second order derivatives is given

β′
3 ∧ β′′

3 = υ1T + υ2D2 + υ3D1,

where  υ1
υ2
υ3

 =
ν√
2

 −d3 (ϕ2 + ϕ3)
ϕ3 (d1 + d2) + ϕ1d3
−ϕ2 (d1 + d2) + ϕ1d3

 .
Hence, we express the principal normal and the binormal vector field of β3 as in the following;

Nβ3 =
ν√
2

(d3 (υ2 + υ3))T − (υ1d3 + υ3(d1 + d2))D2 − (υ1d3 − υ2(d1 + d2))D1(√
2d3

2 + (d1 + d2)
2

)(√
υ12 + υ22 + υ32

) ,

Bβ3
=
υ1T + υ2D2 + υ3D1√

υ12 + υ22 + υ32
.

Moreover, the third derivative of β3 Smarandache curve is

β′′′
3 = ϵ1T + ϵ2D2 + ϵ3D1,

where

ϵ1 =
1√
2

(
d1

2ν3 (d1 + d2) + d1
(
ν3
(
d2

2 + d3
2
)
+ 3νd3ν

′ + 2ν2d3
′ − ν′′

)
+ ν2d3

(
d1

′ − d2
′)

+d2
3ν3 + d2

(
νd3

(
ν2d3 − 3ν′

)
− 2ν2d3

′ − ν′′
)
− 2ν′

(
d1

′ + d2
′)− ν

(
d1

′′ + d2
′′) ) ,

ϵ2 =
1√
2

(
νd1

2
(
ν2d3 − 3ν′

)
− νd1

(
3ν′d2 + ν

(
3d1

′ + 2d2
′))+ d2

2ν3d3
−ν
(
d1

′d2ν − ν2d3
3 + 3d3

2ν′ + d3
′′)− d3

(
−3ν2d3

′ + ν′′
)
− 2ν′d3

′

)
,

ϵ3 =
1√
2

(
−d12ν3d3 − νd1

(
3ν′d2 + d2

′ν
)
− νd2

2
(
ν2d3 + 3ν′

)
−ν2d2

(
2d1

′ + 3d2
′)− νd3

2
(
ν2d3 + 3ν′

)
− d3

(
3ν2d3

′ − ν′′
)
+ 2ν′d3

′ + νd3
′′

)
.

Therefore, the Frenet curvatures κ and τ of β3 can be expressed as

κβ3 =
2
√
2
√
υ12 + υ22 + υ32

ν3
(
2d3

2 + (d1 + d2)
2
) 3

2

, τβ3 =
υ1ϵ1 + υ2ϵ2 + υ3ϵ3
υ12 + υ22 + υ32

.
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By using again (6), the Flc apparatus of β3 can be given by means of the Flc components

of β as

Tβ3 =

√
2

δ

(
− (d1 + d2)T + d3D2 + d3D1

)
,

D2β3
=

1

δυ

 (νcosθ3 (d3 (υ2 + υ3)) + δsinθ3υ1)T
− (νcosθ3 (υ1d3 + υ3(d1 + d2))− δsinθ3υ2)D2

+(νcosθ3 (υ1d3 − υ2(d1 + d2)) + δsinθ3υ3)D1

 ,

D1β3
=

1

δυ

 − (νsinθ3 (d3 (υ2 + υ3))− δcosθ3υ1)T
+(νsinθ3 (υ1d3 + υ3(d1 + d2)) + δcosθ3υ2)D2

+(νsinθ3 (υ1d3 − υ2(d1 + d2)) + δcosθ3υ3)D1

 ,

where δ =

√
4d3

2 + 2 (d1 + d2)
2
, υ =

√
υ12 + υ22 + υ32 , θ3 = ^

(
Nβ3 , D2β3

)
and

d1β3
=

 2
√
2
√
υ12 + υ22 + υ32

ν3
(
2d3

2 + (d1 + d2)
2
) 3

2

 cosθ3,

d2β3
= −

 2
√
2
√
υ12 + υ22 + υ32

ν3
(
2d3

2 + (d1 + d2)
2
) 3

2

 sinθ3,

d3β3
= −

d2
′
β3
d1β3

− d2β3
d1

′
β3

ν
(
d1

2
β3

+ d2
2
β3

) +
υ1ϵ1 + υ2ϵ2 + υ3ϵ3
υ12 + υ22 + υ32

.

3.4. TD2D1 Smarandache Curve

Definition 3.4 The curve β4 defined by the linear combination of the vectors T , D2 and D1 of

Flc frame is called the TD2D1 Smarandache curve and is defined as;

β4(s) =
1√
3
(T +D2 +D1) . (12)

We examine the Flc frame invariants of the D2D1 Smarandache curve β4 by means of the

main curve β . By differentiating (12) with respect to s , first and referring the relations given at

(8) to get

β′
4 =

ν√
3
(−(d1 + d2)T + (d1 − d3)D2 + (d2 + d3)D1) .

By taking the norm of above and considering the equations (1), we obtain the tangent vector

Tβ2 as;

Tβ3
=

−(d1 + d2)T + (d1 − d3)D2 + (d2 + d3)D1√
(d1 + d2)2 + (d1 − d3)2 + (d2 + d3)2

.
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On the other hand, by recalling (8) again, the second order derivative of (12) with respect

to s is given as

β′′
4 = γ1T + γ2D2 + γ3D1,

where

 γ1
γ2
γ3

 =
1√
3

 −ν2
(
d1

2 − d1d3 + d2
2 + d2d3

)
− ν′ (d1 + d2)− ν

(
d1

′ + d2
′)

−ν2
(
d1

2 + d1d2 + d2d3 + d3
2
)
+ ν

(
d1

′ − d3
′)+ ν′ (d1 − d3)

−ν2
(
d2

2 + d1d2 − d1d3 + d3
2
)
+ ν

(
d2

′ + d3
′)+ ν′ (d2 + d3)

 .
The cross product of first and second order derivatives is given

β′
4 ∧ β′′

4 = ψ1T + ψ2D2 + ψ3D1,

where  ψ1

ψ2

ψ3

 =
ν√
3

 γ3 (d1 − d3)− γ2 (d2 + d3)
γ3 (d1 + d2) + γ1 (d2 + d3)
γ1 (d3 − d1)− γ2 (d1 + d2)

 .
Hence, we express the principal normal and the binormal vector field of β4 as in the following;

Nβ4 =
ν√
3

(ψ2 (d2 + d3)− ψ3 (d1 − d3))T − (ψ1 (d2 + d3) + ψ3 (d1 + d2))D2

+(ψ1 (d1 − d3) + ψ2 (d1 + d2))D1(√
(d1 + d2)2 + (d1 − d3)2 + (d2 + d3)2

)(√
ψ1

2 + ψ2
2 + ψ3

2
) ,

Bβ4 =
ψ1T + ψ2D2 + ψ3D1√

ψ1
2 + ψ2

2 + ψ3
2
.

Moreover, the third derivative of β4 Smarandache curve is

β′′′
4 = ι1T + ι2D2 + ι3D1,

where

ι1 =
1√
3

 d1
3ν3 + νd1

2
(
ν2d2 − 3ν′

)
+ d1

(
ν3
(
d2

2 + d3
2
)
+ 3ν′νd3 − ν′′ − ν2

(
3d1

′ − 2d3
′))

νd2
2
(
ν2d2 − 3ν′

)
+ d2

(
νd3

(
ν2d3 − 3ν′

)
− ν′′ − ν2

(
3d2

′ + 2d3
′))

ν2d3
(
d1

′ − d2
′)− 2ν′

(
d1

′ + d2
′)− ν

(
d1

′′ + d2
′′)

 ,

ι2 =
1√
3

 −d13ν3 + νd1
2
(
ν2d3 − 3ν′

)
− d1

(
ν3
(
d2

2 + d3
2
)
+ 3d2ν

′ν − ν′′ + ν2
(
3d1

′ + 2d2
′))

+ν3d2
2d3 − νd2

(
3ν′d3 + ν

(
d1

′ + d3
′))+ νd3

2
(
ν2d3 − 3ν′

)
−d3

(
ν′′ + ν2

(
3d3

′ + 2d2
′))+ 2ν′

(
d1

′ − d3
′)+ ν

(
d1

′′ − d3
′′)

 ,

ι3 =
1√
3

 −ν3d12 (d3 + d2)− d1
(
3νν′ (d2 + d3)− ν2

(
d3

′ − d2
′))− ν3d2

3

+d2
(
ν′′ − ν3d3

2 − ν2
(
2d1

′ + 3d2
′))− (νd22+νd32) (ν2d3 + 3ν′

)
+
(
ν′′ − ν2

(
3d3

′ − 2d1
′)) d3 + 2ν′

(
d3

′ + d2
′)+ (d2′′ + d3

′′) ν
 .
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Therefore, the Frenet curvatures κ and τ of β4 can be expressed as

κβ4 =
3
√
3
√
ψ1

2 + ψ2
2 + ψ3

2

ν3((d1 + d2)2 + (d1 − d3)2 + (d2 + d3)2)
3
2

, τβ4 =
ψ1ι1 + ψ2ι2 + ψ3ι3

ψ1
2 + ψ2

2 + ψ3
2 .

By using again (6), the Flc apparatus of β4 can be given by means of the Flc components

of β as

Tβ4 =

√
3

∆

(
− (d1 + d2)T + d3D2 + d3D1

)
,

D2β4
=

1

∆ψ

 (νcosθ4 (ψ2 (d2 + d3)− ψ3 (d1 − d3)) + ∆sinθ4ψ1)T
− (νcosθ4 (ψ1 (d2 + d3) + ψ3 (d1 + d2))−∆sinθ4ψ2)D2

+(νcosθ4 (ψ1 (d1 − d3) + ψ2 (d1 + d2)) + ∆sinθ4ψ3)D1

 ,

D1β4
=

1

∆ψ

 − (νsinθ4 (ψ2 (d2 + d3)− ψ3 (d1 − d3))−∆cosθ4ψ1)T
+(νsinθ4 (ψ1 (d2 + d3) + ψ3 (d1 + d2)) + ∆cosθ4ψ2)D2

− (νsinθ4 (ψ1 (d1 − d3) + ψ2 (d1 + d2))−∆cosθ4ψ3)D1

 ,

where ∆ =
√
3 ((d1 + d2)2 + (d1 − d3)2 + (d2 + d3)2), ψ =

√
ψ1

2 + ψ2
2 + ψ3

2 , θ4 = ^
(
Nβ4 , D2β4

)
and

d1β4
=

(
3
√
3
√
ψ1

2 + ψ2
2 + ψ3

2

ν3((d1 + d2)2 + (d1 − d3)2 + (d2 + d3)2)
3
2

)
cosθ4,

d2β4
= −

(
3
√
3
√
ψ1

2 + ψ2
2 + ψ3

2

ν3((d1 + d2)2 + (d1 − d3)2 + (d2 + d3)2)
3
2

)
sinθ4,

d3β4
= −

d2
′
β4
d1β4

− d2β4
d1

′
β4

ν
(
d1

2
β4

+ d2
2
β4

) +
ψ1ι1 + ψ2ι2 + ψ3ι3

ψ1
2 + ψ2

2 + ψ3
2 .

Example 3.5 Let us consider α = α(t) be a 4th order polynomial curve parametrized by

α(t) =

(
t2,

2t3

3
,
t4

4

)
.

The corresponding Frenet apparatus of this curve are given as

T (t) =
(

2t
|t|(t2+2) ,

2|t|
t2+2 ,

|t|t
t2+2

)
, N(t) =

(
− 2|t|

t2+2 ,−
|t|t−2sign(t)

t2+2 , 2|t|
t2+2

)
,

B(t) =
(

t2

t2+2 ,−
2t

t2+2 ,
2t(|t|t+sign(t))

|t|(t2+2)

)
, κ = 2

|t|(t2+2)2
, τ = 2

t(t2+2)2
.
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On the other hand, as ∥α′∥ = |t| (t2 + 2) , the corresponding FLC apparatus of α are

T (t) =
(

2t
|t|(t2+2) ,

2|t|
t2+2 ,

|t|t
t2+2

)
,

D2(t) =
(
− t|t|

(t2+2)
√
t2+1

,− |t|3

(t2+2)
√
t2+1

, 2(t|t|+sign(t))

(t2+2)
√
t2+1

)
,

D1(t) =
(

t√
t2+1

,− 1√
t2+1

, 0
)
, d1 = t√

t2+1
, d2 = − sign(t)√

t2+1
, d3 = t|t|

2(t2+1) .

To compare the two frames namely the Frenet frame and the Frenet like frame, let us denote

α1 and β1 as the TN -Smarandache curve and TD2 -Smarandache curve, and define these as

α1(t) =
T (t) +N(t)√

2
, β1(t) =

T (t) +D2(t)√
2

.

The graph of these curves are given in Figure 1.

(a) α1 alone (b) β1 alone (c) α1 and β1 together

Figure 1: TN− vs TD2− Smarandache curves for t ∈ (−1, 1)

Next let us denote this time α2 and β2 as the TB and TD1 -Smarandache curves, respec-

tively, and define these as

α2(t) =
T (t) +B(t)√

2
, β2(t) =

T (t) +D1(t)√
2

.

The corresponding pictures for these curves are provided in Figure 2.
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(a) α2 alone (b) β2 alone (c) α2 and β2 together

Figure 2: TB− vs TD1− Smarandache curves for t ∈ (−1, 1)

If we define α3 and β3 as the NB− and D2D1− Smarandache curves, respectively, then

we have

α3(t) =
N(t) +B(t)√

2
, β3(t) =

D2(t) +D1(t)√
2

,

where these curves are presented in Figure 3.

(a) α3 alone (b) β3 alone (c) α3 and β3 together

Figure 3: NB− vs D2D1− Smarandache curves for t ∈ (−1, 1)

Finally, if we take α4 and β4 as the TNB− and TD2D1− Smarandache curves, respectively,

then we write

α4(t) =
T (t) +N(t) +B(t)√

3
, β4(t) =

T (t) +D2(t) +D1(t)√
3

.

The Figure 4 shows these curves.
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(a) α4 alone (b) β4 alone (c) α4 and β4 together

Figure 4: TNB− vs TD2D1− Smarandache curves for t ∈ (−1, 1)
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[9] Ekici C., Göksel M.B., Dede M., Smarandache curves according to q-frame in Minkowski 3-Space,

Conference Proceedings of Science and Technology, 2(2), 110-118, 2019.

[10] Oneill, B., Semi Riemann Geometry, Academic Press, 1983.
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