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1. INTRODUCTION

In recent years, many researchers have been interested in the discontinuous boundary value problems for their
application in physics as regards theoretical investigations. The discontinuity of the coefficients of the equations in
the boundary value problems relates to the fact that the nonhomogeneous media consists of two or more different
materials. On the other hand, transmission boundary value problems together with additional transmission conditions
appear frequently in various fields such as in electrostatics, magnetostatics and in solid mechanic for discontinuous
problems (in these regard see, [8,28]). Solvability and some spectral properties of nonlocal Sturm-Liouville problems
have been investigated by many authors, see for example, [5,6, 18,20]. Various generalizations of classical boundary
value problems for ordinary linear differential equations have attracted a lot of attention in recent years because of
the appearance of new important applications in physical sciences and applied mathematics. An important special
case of the generalized boundary value problems are so-called multipoint boundary value problems. Such problems
have been extensively studied by many authors, see for example, [7, 16, 18]. Some of the mathematical problems
encountered in the study of boundary value transmission problems or nonclassical problems cannot be treated with
the usual techniques within the standard framework of boundary value problems. In classical theory, boundary-value
problems for ordinary differential equations are usually considered for equations with continuous coefficients and for
boundary conditions which contain only endpoints of the considered interval. However, this paper deals with one
nonclassical boundary-value problem for a second order ordinary differential equation with discontinuous coefficients
at two points and boundary conditions including not only endpoints of the considered interval, but also two point of
discontinuity and finite number of internal points.

In this paper, we consider boundary value transmission problem for Sturm-Liouville equation given by
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L(Du = t(x)u’” (x) + (k(x) — 2)u(x) = f(x), x € [-1,d)) U (dy,d») U (da, 1], (1.1)
with many point boundary conditions on intervals [-1,d}), (d}, d>) and (d>, 1] given by
Liu = ayu™(=1) + By (dy = 0) + Y y1,u™ (x1) = hy, (1.2)
s=1
ny
Lou := apu™(dy + 0) + o™ (1) + Z Va5t (x25) = ha, (1.3)

s=1

respectively, and additional transmission conditions at the interior points of interaction d;, d, given by

nj
L = =au™(d—0)+pu™ (d+0)+ Z U™ (xj) = hy,
s=1

k = lforj=3,4andk=2for j=35,6, (1.4)

where -1 <d, <0 <d, < 1,a;,B},vjs hj are given complex numbers; f(x) is given real-valued function; |a;| + 8] #
0, lai| + |Bikl # 0; t(x) = t; for x € [-1,d}), H(x) = 1, for x € (d1,d>) ,H(x) = 13 for x € (d, 1], xj; € [-1,d1) U (d,dr) U
(d,, 1] are internal points; k(x) is integrable function on [-1,d}) U (d}, d>) U (da, 1].
Such type nonstandard discontinuous boundary-value problems arise with the implementation of the method of sep-
aration of variables to the varied assortment of physical problems, namely, in heat and mass transfer problems (see,
for example, [8, 18, 19,24]), in diffraction problems (for example, [14]), in vibrating string problems, when the string
loaded additionally with point masses (see, [20, 21]) and etc. Also, some discontinuous problems with manypoint
and transmission conditions which arise in mechanics in the sense of thermal condition problem for a thin laminated
plate were studied in (see, [18, 19,24]). Spectral properties, coercive and solvability of boundary value problems in
Sobolev spaces can be found in some works of Sadybekov, Agranovich, Imanbaev, Shakhmurov and Aliyev (for ex-
ample, [1,3,9,10,13,17,22,23,26,28]). Some boundary-value problems for differential equations with discontinuous
coefficients were investigated by Rasulov in monographs (see, [21]). Various spectral properties of some transmission
problems and its applications were investigated by authors Mukhtarov, Ya. Yakubov, Kandemir, Aydemir and some
others (for example, [2,4, 10-14,19,22,27]).

From ( [25], p. 186, Th. 2 formula 16) we consider in the following spaces:

Let 59 and s; be non-negative integers 0 < sg, 5] < 00, 59 # 51, | < p < 00,1 < g < o0, zlﬂ + ‘1] =1,0<0<1,
s = (1 —6)so + 6s; and Q C R". Then the following interpolation of Sobolev space is called Besov space.

By, () = (W (Q), W, ())eq-

These spaces are Besov spaces with the definition by interpolation of Sobolev spaces ( [25], p. 186, Th. 2 and [28]).
The Sobolev space W(€2) is Banach space that consists of u € L,(€2) for which the following norm

;
— @, 11P
lllwpey = | D 1Dl o] -

la|<m

Naturally W;,)(Q) = L,(Q).
Let 0 < 59, 51 are integers, so # s1, |l < p < 00,0 <0< 1,5 =(1-0)sg + sy, then by virtue of from ( [25], p. 186,
Th. 2, formula 16)

B3(Q) = W(Q) = (W2 (), W5 (Q))
and 1 < pg, p1 < oo,

Lp() = (Lp,(Q), Ly, (£1))e.p-
From ( [25], p. 186, Remark 5). Where 1 < pg, p; < o
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) 1-6 2 S0 S1
llullps o) < C(IIMIIB;O(Q) IIMIIB;I @ 4EB/Q)N B,

and ([28],p. 20 Lemma 2.4])for0 < s<[,1 < p<oand1eC

I~ !
A7 Nullwy@y < Cllully ) + 141l o -

2. SorvaBiLITY AND COERCIVENESS OF HOMOGENEOUS EquartioN wiTH NONHOMOGENEOUS TRANSMISSION CONDITIONS

First, we will consider the following boundary value problem which consist of the homogeneous differential equation

Lo(Du := 1(x)u’’ (x) — 2u(x) = 0 2.1
and nonhomogeneous boundary-transmission conditions
Liou = ayu™(=1) + S1u"™(d; - 0) = hy, (22)
Loou := aou™(dy + 0) + Bou™ (1) = hy, (2.3)
Lijou : = aju("’f)(dk -0 +Bju(’"f)(dk +0) = hj,
k = lforj=3,4andk=2forj=35,6. 2.4)

We will consider the boundary value problem (2.1)-(2.4) with nonhomogeneous transmission conditions.

The notations and definitions which we consider throughout the paper are as following:
Ok = (—1)"%, j=1,2,3, k= 1,2;£ := min {argt;, arg tp, arg 13}, ¢ := max {argt,argt,, arg 3} ;

o)l Biels 0 0 0 0

0 0 0 0 a] By
0= 0 gy B3y 0 0 0

0 asgly fagy O 0 0 |

0 0 0 asgy, Bsgyy O

0 0 0 asdyy Bowyr O

D(&, ) ::{A€C|ﬂ+¢<arg/l<37r+£—g},

Below, the direct sum of Sobolev spaces Wf]‘(—l, d1)+W,';(d1,d2)+W,’;(d2, 1) (for an integer k > 0 and real ¢ > 1) is
defined as Banach space of complex-valued functions u = u(x) defined on [-1,d}) U (d}, d») U (d>, 1] which belong to
Wg(—l, d)), W[’;(dl, d») and W(’I‘(dz, 1) on intervals (=1, d,), (d;,d,) and (da, 1) ,respectively, with the norm

llellws 1,1y = llull + [lul + [lul

wh(-1dp) Wh(dy.dy) Whidy.1)

Here, as usual, W(’;(a, b) is the Sobolev space, i.e. the Banach space consisting of all measurable functions u(x) that
have generalized derivatives up to k-th order inclusive on the interval (a, b) with the infinite norm

k b . é
lleellyt 0. = Z (f | ()| dx) ,k>0andg> 1.
i=0 a

Theorem 2.1. If 0 # O then, for any € > 0 there exists r. > 0 such that for all A € D(g, A) for which |1 > r,,
the problem (2.1)- (2.4) has a unique solution u(x, A) that belongs to W;‘(—l,dl)-i-W;‘(dl,dz)-F W,’;(dz, 1) for arbitrary
n > max{2, max {m, my, m3, my, ms, mg} + 1} and for these A the coercive estimate

n 6
Z Mln—k “uHWL/I‘(*I’l) < C(e) Z |/l|”—le_$ |h]|
k=0 J=1

is valid.
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Proof. We shall define six basic solutions u j = uj(x, A) of the equation (2.1) as
e?i =8 for x € | fi
ik = 0 forxgl

where &1 = =1, & = &1 =dy, En =&1 =dy, =111 = [-1,d1), I, = (di,d3), I3 = (d, 1]. Then, the general
solution of the equation (2.1) can be written in the form

j=1,23,k=1,2,

3

u(e ) = ) (Ciup(xd) + Cpup(x, A) (2.5)
j=1

Substituting (2.5) into boundary-transmission conditions (2.2)-(2.4) yields a system of linear homogeneous equations

with respect to variables C;, Ci2, C21, Cr2, C31, C3; as

Cn (Cll +,31€¢”ﬂ(d'+1)> (i)™ + Ci2 (Qle‘m}(_l_d‘) +ﬂ1) (@2 )™ = hy

+C31 (@2 + Boe” 7)) (031 )™ + Cxa (2“7 4 B3) (32 )™ = Iy

Criaze® D (o1 )™ + Cpoas (@)™ + Caifs(@n )™

+C22ﬂ3etﬂzz/1(d1*dz)((pzz/l)mz S

Criaze? D (@ Y™ + Croaa(@ind)™ + Coifa(a )™

+C22ﬁ4e4’22/1(d1—dz)((pzz/l)m =hy

Carase? M) (05 1Y + Conars(9aad)™ + C3185(p31 )™

+C32ﬁ5€¢32}(d271)((p32/1)m5 =hs

Corape? M=) (031 )™ + Corar(92 )™ + C31B6(0311)™

+C3Bse? V(032 1)™ = hg (2.6)
From A € D(g, ), let

3
g+8<arg/lgojk<§—e, =123, k=1,

—g +e<argdpj < g —e j=1,23k=2.
Consequently, for these A and for £ > 0, we have
(D' Redpj < 1Al gl sine, j=1,2,3, k=1,2.

Letwi; :=di + 1,w = -1 —-di,wr :=dy —di,wr :=di —dr, w31 :=1—dy, w3 := d, — 1. Hence, the determinant
of the system (2.6) has the form

v pigly, 0 0 0 0
ms m:
‘. g o ﬁomz 8 02(9;3312 ﬁzgsé
—_ A @3¢, P3Py
AW = 0 awi Bgli 0 0 0
0 0 0 as¢)s Bsgy; 0
0 0 0 as@yy  Bobsy 0
Biel] ey 0 0 0 0
. 0 0 0 0 agiy Bagy;
+ /gl g‘l Apikeoie 0,390’1”13 0 0 '8 390121123 0 0
¢ ady 0 0 By 00
m: m:
0 05(10'211]S 0 0 ,8590%125
0 0 ey, 0 0 ,86¢p32”

= A"+ o)),
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6
where m = ), m;. Itis easy to see that o-(1) — 0 if 1 € D(g, 1) and || — oo, since p wjx < Oforeach j=1,2,3, k =

J=1

1,2. Because of the fact that 8 # 0, there exists r, > 0 such that for all complex numbers A satisfying 4 € D(e, A1) and

[4] > re, we have A(12) # 0. So, the system (2.6) has a unique solution

Ci(d) = )ZA,]k(A)h,, j=1,23 k=12,

A

where the determinants A; x(4) have the representation given by

6

v

2 my=mi
Aije(D) = (O + (D) A=, j=1,2,3, k=1,2,

where 6; ;. are complex numbers and o3 — 0 as || — oo in the angle D(g, A). Then, we have

- Ok + oij (D) . _
Jk(x)_ZA ot e, j=1,2,3, k=1,2.

Thus, the solution of the problem (2.1)-(2.4) has the form

32
u(x,d) = Z Z Cix(Duji(x, )
=1 k=1
32 6
_ Z Z Z e m; ljk + O-ljk(/l) lek(x’ /l)
j=1 k=1 i= 0+ (/l)
In that case, for each integer n > 0 and 2% + & < arg A < 3"%2 — &, |4 — oo, we have the estimate
6 3 2
AL (R 9ol YT
i=1 Jj=1 k=1
or
6
D 3 (i WRVISY Ce WV
p=
+ ”e‘ﬂzlﬁ(x—dl)“Lq(dhdz) + ||e¢722/1(x—d2) Ly(drds)
o T e
Further,

d) 1
q _ RepA(x+1 —g|A sin £(x+1
||u11(.,/l)||,‘1/(_1’d1) = f R A+ gy < fd e~ lenlsin 3+ 7
-1 -1

71 e
(—6] 4] l11] sin g) (e_ql’l“‘p”lsm Fd+D _ 1)

Cle)lr,

1 1 e
s DI gy = f QRepdtid) g < f g Mlalsin §x-d) g
-1 -1

—1 .
(~allgnlsin ) (1 - ententsniat-an)

Cle)lar,

IA

IA

Q2.7)
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/) 5]
q _ Rewy A(x—d —q|A sin £ (x—d.
““2'(~7/D”Lq(—1,d1) = fd R A=dv) gy < fd e~ dMllexlsin 3 (r=d1) g
d[ dl

eg\! e
(~alrtgalsin 2] (et )

C@E A,
as || — oo in the angle A € D(g, 4). In a similar way, we have

i DI, ) < C@WMT L j=2.3k=1.2

as || — oo in the angle A € D(g, ). Substituting these inequalities in 2.7), we have

IA

6
L
[l = @ Y i,
i=1
which, in turn, gives us the needed estimation (2.7). The proof is complete. O

3. FreEDpHOLM PROPERTY OF THE MAIN PROBLEM

Let X and Y be Banach spaces and Y* be the adjoint of Y. The linear operator A : X — Y is called a Fredholm operator
if the following conditions are satisfied:
1) The range R(A) = {Au|lu € D(A)} is closed in Y,
2)kerA = {u|lu € D(A) and Au = 0} and
cokerA = {u*|u" € Y*and u*(Au) = Oforall u € D(A)} are finite dimensional subspaces in X and Y™, respectively,
3) dimker A = dimcoker A.

Suppose that n > max {2, max {mj j=12,.., 6} + 1} and define a linear operator £ from W:;(—l, d1)+Wg(d1, d>)
+W;(d2, 1) into Wy(=1,d\)+W;(d1, dr) +Wy(da, 1) + C® by action law

Lu = (L(Du, Lyu, Lou, Lyu, Lyu, Lsu, Lgu).

Theorem 3.1. Let the following conditions be satisfied:

1)t(x) =t on[-1,dy), t(x) =thon(di,d), t(x) =tz atx € (dr,1],t; #0, 1, #0,13 # 0 ;m > 0; 0 # 0.

2) k(x) is measurable function on [-1,d;) U (dy,d>) U (d, 1].

Then, the linear operator

L:u— Lu:=t(x)u" (x) + k(x)u, Lyu, Lyu, Lyu, Lyu, Lsu, Leu )
Jrom Wg(=1,d1)+Wy(d1, d>) +Wy(da, 1) onto Wg‘z(—l, dl)J'rW{’;‘z(dl, dz)-'kW(’;‘Z(dz, 1)4+C® is bounded and Fredholm.
Proof. The operator L can be rewritten in the form £ = £, + £;, where
Liu = ()" (x),u(=1),u'(=1), u(~=dy) — u(+dy), u'(=dy) — ' (+dy),
() - u(+do), ' (~do) — ' (+db)).

Lou = (k(x), Ly —u(=1), Lou — u'(=1), Lyu — u(=dy) + u(+d;) ,
Lyu — M’(—dl) + I/t,(+d1), Lsu — I/t(—dz) + bt(+d2), Leu — M’(—dz) + bt'(-i—dz)) .
Let f € Ly(=1,1). Then, from condition (1) and %+L17 = 1, it follows that the function ¢! (x) f(x) € Li(~1, DNL,(-1,1).

Indeed, because of Schwartz inequality, we have

1 1 H 1 :
f [ fo)|dx < ( f x‘P(x)f(x)dx) ( f x1(x) | f ()l dx)
dy d, d

1 1 1 é
C xF_l|d ( f () |f ()l dx)
b ds
C ”fHLq(dz,l) . 3.1

IA

IA

Consequently, a solution of the problem
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1)u” (x) = f(x), x € (=1,d1) U (d1,d2) U (o, 1),

u(=1)
u(—dy) — u(+d,)
u(—ds) — u(+d)

g1, u'(=1) = g,
g3, u'(=dy) —u'(+d)) = ga,
gs, U (=dr) —u'(+d>) = g,

has the form

w = [ :(x IOy + g1+ (x4 Dga, x € (—1,dy),
w = | f(x D )y + C: (= @)y + 81 + 82— g5
+ (ﬁ ' OF)y + g2 - g4) (x=d), x€(di,d),
u(x) = fd ;<x - )y + :2<x - Oy + f (x = OOy + g1+ g2 — €3

+ (ﬁ ') fo)dy + g2 — g4) (dr —dyi) — g5

+ (f ') fo)dy +2 fj o)y + g2 — g4 — 86) (x—d»), x€(d, 1) . (3.2)

If f e Wé_z(—l,dl)-i-W(lI_z(dl,dz)'i‘W(l[_z(dg, 1), then (3.2) implies u”’(x) = ') f(x), u?*2D(x) = 1(xX)fP(x),
0 < p <[ - 2. Thus, from condition 1, the inequality (3.1) and Theorem 2.1, we obtain that the operator £; from
W;’(—l,dl)—FW;'(dl, d») +W;’(d2, 1) onto W;"z(—l,dl)—FW;"Z(d], d2)+Wg‘2(d2, 1)+CO is isomorphism. Also, it is easy
to see that the linear operator £, acts compactly from Wy(—1,d1)+W;(d1, d2) +W;(d, 1) onto

Wi=2(=1,d\)+ W) 2(dy, dy) + W} ~*(da, 1)+CP. Consequently, we can apply the theorem of Fredholm operator perturba-
tion [15] to the operator £ = L + L, from which it follows that the operator £ is Fredholm. Moreover, it is obvious
that the operator £ is bounded. Thus the proof is completed. O

4. IsomorPHISM AND COERCIVENESS OF THE PRINCIPAL PART OF THE PROBLEM

Consider the problem (1.1)-(1.4) without internal points, namely,

Lo(Du := 1(x)u” (x) — Zu(x) = f(x), x € [-1,d,) U (d,d) U (da, 1], (4.1)

Loy := au™(=1) + g™ (d) - 0) = h, 4.2)

Loou = aru™(ds + 0) + Bou™ (1) = ha, (4.3)

Loju = au™(dy — 0) + B;u"™(dy +0) = hj, k=1for j=3,4andk =2 for j=5,6. (4.4)

The operator corresponding to this problem is
Lou = (Lo(ut, Loy (A, Lop, Loz, Loas Los, Log) -

Theorem 4.1. Let the following conditions be satisfied:

1ty 20,6, #0, 13 #0;m; > 0;0 £ 0,

2) n > max{2, max {m, my, mz, my, ms, meg} + 1}.

Then, for each € > 0, there exists p; > 0 such that for all complex numbers A satisfying A € D(¢, ), |4 > pg
the operator Lo(2) from Wy(=1,d\)+W;(di,d2) +Wg(d2, 1) onto W,’;‘z(—l,d1)+Wg‘2(d1,d2)+W;“2(d2, 1)+C® is an
isomorphism and for these A the following coercive estimate holds for the solution of the problem (4.1)-(4.4),

n 6
DAl < C@| Il + 12 1A, + D 18" || 4.5)
k=0 j=1
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Proof. 1tis obvious that, the linear operator ZO(/l) is continuous from Wy (-1, d1)+W;(d, d») +W;(d, 1) to W;"z(—l, dy)
-i-W(’}‘z(dl,dg)-i-W;H(dz, 1)+CO. Let (f(x), h1, ha, h3, ha, hs, he) € Wg‘z(—l,d1)+W:1"2(d1,dz)-i-W;“z(dz, 1)+C® be any
elements. We shall look for the solution u(x, 1) of problem (15)-(18) in the type of the sum u(x, 1) = u;(x, 1) +us(x, )+
uz(x, ) where u;(x, ) = uy(x, ) + uip(x, ); up(x, ) = up1(x, ) + uxp(x, ); uz(x, ) = uzi(x, ) + uzp(x, ).

By fj(x) (j = 1,2,3), we shall denote the restriction of f(x) on the interval I; (j = 1,2,3). Let E(x) € W(’]‘Z(R) be

an extension of f;(x) € W~2(I;) such that the extension operator T;f; := f; from W/=2(}) to W~(R) is bounded for
j=1,2,3([23], Lemma 1.7.6), where as usual R = (—c0, c0). First, consider the equations

10u” (x) = 2u(x) = fi(x),x €R

for j = 1,2,3. Applying the ( [23], Theorem 3.2.1), it is seen that, this equation has a unique solution u;; = u;;(x, A) €
WZ(R) and for u;; (x, 2) (i.e. the restriction of u; (x, 1) on interval /;) the estimate

n

DA [l 6 Dl < €@ (U2t + 1A 1 Ny) (4.6)
k=0

for j = 1,2,3, is valid for all complex numbers satisfying 1 € D(g, 1). Consequently, the function

ull('x’ /1)9 X € (_ladl)

upp(x,A) 1= wun(x, ), x € (d,da)
M31()C, /l)’ X € (dZ’ l)

satisfies the equation(4.1). In terms of this solution, we construct the boundary-value problem

Lo(Du = 10 (x) = Pu(x) = f(x), x € [=1,d1) U (d1,d2) U (da, 1],

Loju=h;—Lju, j=1,2,3,4,5,6.

By Theorem 1, this problem has a unique solution uo(x, 1) =: uj2(x, A)+un(x, A)+us;(x, A) that belongs to Wj;(—l, dl)Jng(d] ,do)+ Wg’ (d:
for all complex numbers A sufficiently large in modulus satisfying A € D(g, 1), and for these A the estimate

n 6
DI fluag e, Dl < C&) 1A (| + |Lojno]) @7
k=0 Jj=1

holds. By applying Theorem 1 and taking into account ( [23], Theorem 1.7.7/2), we have that for all 1 € D(g, 1) and
n > max{2, max {m, my, mz, maq, ms, mg} + 1} the following estimates hold.

L L
|4 |L0J~u10| < ClA"T™ e ||M10||C'”.f[_1,d,]+Cmf[d1,dz]+c’”f[d2,1]
< (1 urolly0 + lroll,.)
-2
< C(flg + 2111l 0). “8)

From (4.7) and (4.8), we have the following inequality

n 6

1
> I o (. Dl < C@) | Ifllgs + 1AMl + D A7 iy . (4.9)
k=0 Jj=1

It is easy to see that the function u(x, 1) defined as u(x,1) = wujo(x, ) + upp(x, 1) = % 22: u;j(x,A) is the solu-
i=1 j=1

tion of the considered problem (4.1)-(4.4). Taking into account the estimates (4.6) and (éjl.9), it is seen that the

required estimation (4.5) is valid for this solution . Furthermore, from estimate (4.5), the uniqueness of the solu-

tion is obvious. Meanwhile by Theorem 2, the operator £ is Fredholm from Wj]’(—l, d1)+Wg(d1,d2) J}Wg(dg, 1) to

Wg‘z(—l, dl)-FW;"z(dl , d2)+W3‘2(d2, 1)+C5. The fact that the operator is an isomorphism is obvious, since the opera-

tor is a Fredholm. Thus, we completed the proof. O
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5. IsomorpPHISM AND COERCIVENESS OF THE MAIN PROBLEM

We shall study the main problem(1.1)-(1.4) now.

Theorem 5.1. Let
1 61 20,0 #0,t3 #0,m; > 0and 0 # 0
2. n > max{2, max {m, my, mz, my, ms, mg} + 1}.
Then, for any &€ > 0 there exists r. > 0 such that for all complex numbers A € D(e, A) for which |A| > r the operator

Lu = (L(Du, Li(Du, Ly, L3, L4, Ls, L)

is an isomorphism from Wg(—l,d1)+Wg(d1,d2) -i-W;‘(dz, 1) onto Wg‘z(—l,dl)-i-Wg‘z(dl,dg)-i-W;"Z(dz, 1)4+C® and for
these A, the following coercive estimate holds for the solution of main problem (1.1)-(1.4)

n 6

n—-mj—1
D, Dl < € |z + 12 g+ 37 174 [ 5.1
k=0 =

where C(g) is a constant which depend on only &.

Proof. Let (f(x),h1,hy, h3,ha, hs, he) be any element of Wi=2(~1,d)+ W *(dy,dr)+W} *(d, 1)+C°. Assume that
there exists a solution u(x, 1) of problem (1.1)-(1.4) corresponding to this element. Then, this solution satisfies the
following equalities
Lo(Du = L(Du — k(x)u
L()jbt = ijt —Aju, j= 1,2,3,4,5,6,

where Aju = ZJ] a j&u('"f)(xjs). By applying Theorem 3 to the problem (4.1)- (4.4), we have that for this solution the
s=1

following a pri(_)ry estimate holds

n

DA e Dl < Cle) (LD = kOl + 1A LU = k(x)ullyg
k=0

6
AT L - Al
=1

C@) (1l + 1A 11l 0 + el o + 1A KGOl 0

6 6
£y AP || + > AP |Aul (5.2)
j=1 j=1

IA

Let u be any real number satisfying
= mi i -1+ x,dy — xijp, min {d) + xij,dr — x;jp, min {dr + x5, 1 — x;j1 .
U mln{x,-,-gl—l}?d]){ X;j, d x,,} Xi,'gldlf,ldz){ 1+ Xij,dy xu} x,f!%b?l){ )+ X xu}}
By applying the same approach as in [19], it is easy to construct a function ,(x) € C’[-1, 1] such that

Gu(x) =1forx e [-1+pd —plUld +p,dp —p] U ldy + p, 1 — pl,

Bropn-£1,

Lu(x) =0 forx e [-1,-1 +§]u [d, —g,dl +g] U[dz—g,d2+ : :

and 0 < £, (x) < 1 forall x € [-1, 1]. It is obvious that,

(m;)
lAu| < € H(gﬂu) ”C[_m . (5.3)
By ([21], Theorem 3.10.4]), for u € Wg(-1,d1)+W;(d1,d2) +W;(da, 1) the following estimate holds,
ﬂ*ﬂl'*l m; n
ar = w2y < C (lallgn + 11 lllg) - (5.4)

By Theorem 3, from (5.3)-(5.4) it follows that for all A € D(g, A) sufficiently large in modulus the following estimate
holds,
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n—m;j—— n—mj—- (m;)
[ :];|Aju| < ClIA ;”(gﬂu)m i
< (g, +1r gl o)
< Ce) (“Lo(/l)({,lu)”w_z + 112 ||Lo(/1)(§uu)||q,o)
< 0@ (ollgn2 + 14" ILo(Dllg
n—1
()l + 1A el + D 1A el
k=0
< C©) (Ifllynos + 1A 11 fll0
n—1
(Ol + 11" el + D 1A ] (5.5)
k=0

By ( [4], 2014, Theorem 1.3.3) there is a positive constant C such that for all « in the set W;’(—l,dl)-i-W;’(dl,dz)
+W;(d2, 1) and for each k = 0, 1, ...,n — 1 the following inequality is valid

k_ 1
Ml < )7 1l 5 - (5.6)

Applying the well-known Young inequality

1 1(b)?
ab < —(ra)’ + - (—) ,
p q\r

& 1
wherea >0, >0, r>0, 1 < p,g < oo, % + é = 1 to the right hand-side of (5.6) for a = ||u||;*kl , b= ||u||;*(; , p=

&l it yields
ke U ey
lleelly e < 1 lleellg 1 + 1 leelly0 ), fork=0,1,...,n-1.
We denote
M) = cX 8 koo 1
r) = max k+1r ,k=0,1,...,n ,
1
N(r) = —r®D gk =0,1,...,n-1].
(r) max(Ck+1r s ,1,...,n

Then, from inequality (5.5), we have

A A < C@) (I llgna + 1211710
n—1
+C@) DA (M) g1 + N Ll )
k=0
< (CEOME)+Ta 1) > 1A il (5.7)

k=0

where T (r, €) is a constant which depends on only of r and €. In view of ( [28], Theorem 1.7.7/2), for any 7 > 0 we
obtain

llullgie < 7 llullg s + C(@) llullg o -
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From (5.7), we have

6
_ —mi—L
el + 11" el + > 1A% |A
J=1

< C@ (Ifllz + 12 1N 0) + 7 (il er + 1412 Nl
n 6
+C@IA ullyo + (CEM) + T )W) Y 1Al + € D 1A
k=0 j=1
n—2 -1 C n—k
< C© (Ifllgma + 1" fllg0) + (C(e)M(r) +T(r,8) | q)Z A ol (5.8)
k=0

Substituting (5.8) into (5.2), we obtain

n 6
.1
DA e, Dllgse < C@|IMllynmz + A2 Wfllyo + D117 i)
k=0 j=1
AR e
+(CEM@) + T AT ) D AP il

k=0

For a fixed € > 0 we can choose r > 0 so small, and |1] so large that C(e)M(r) + T'(r, &) I/ll_% < 1. Thus, for 2 € D(g, 2)
sufficiently large in modulus, we acquire a priori estimate (5.1). From this estimate, the uniqueness property of the
solution of problem (1.1)- (1.4) is obtained, i.e. the operator L is one-to-one. Moreover, by Theorem 2 the operator £
from W7 (=1,d\)+ W} (dy, dp) +W}(dy, 1) onto W) (=1,d\)+ W, ~2(dy, dy)+W}(da, 1)+C° is Fredholm. Consequently,
the existence of a solution results in its uniqueness. This completes the proof. O
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