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Introduction 

Lorentz-Minkowski geometry is created by taking the 
Lorentz distance function instead of the Euclidean 
distance function. The basic notions, inner product, metric 
and vector classification in Lorentz space are given in [1, 
3, 5, 6]. 

Lorentz-Minkowski plane (𝐿2) is the vector space ℝ2 
provided with Lorentz inner product        

 
〈𝑥, 𝑦〉𝐿 = 𝑥1𝑦1 − 𝑥2𝑦2 

 
where 𝑥 = (𝑥1, 𝑥2) ∈ ℝ2, 𝑦 = (𝑦1, 𝑦2) ∈ ℝ2. The 
arbitrary vector 𝑥 = (𝑥1, 𝑥2) ∈ 𝐿2  is classified according 
to the sign of 〈𝑥, 𝑥〉𝐿 as follows: 

 
(i) 𝑥 is timelike vector if 〈𝑥, 𝑥〉𝐿 < 0,   
(ii) 𝑥 is spacelike vector if 〈𝑥, 𝑥〉𝐿 > 0 and  𝑥 = 0, 
(iii) 𝑥 is lightlike vector if 〈𝑥, 𝑥〉𝐿 = 0 ve 𝑥 ≠ 0. 

 
Let 𝑒 = (0,1). A timelike vector 𝑥 = (𝑥1, 𝑥2) is future-

pointing (past-pointing) if 〈𝑥, 𝑒〉𝐿 < 0 (〈𝑥, 𝑒〉𝐿 > 0). The 
norm ‖. ‖ of any  𝑥 = (𝑥1, 𝑥2) ∈ 𝐿2  is defined by ‖𝑥‖𝐿 =

√|〈𝑥, 𝑥〉|  [1]. Then the distance function between two 
points is defined by 

 

𝑑𝐿(𝑥, 𝑦) = ‖𝑥 − 𝑦‖𝐿 = √|(𝑥1 − 𝑦1)2 − (𝑥2 − 𝑦2)2| 
 

where 𝑥 = (𝑥1, 𝑥2) ∈ 𝐿2, 𝑦 = (𝑦1, 𝑦2) ∈ 𝐿2. 
 
The Lorentz-Minkowski plane is almost the same as 

the Euclidean plane since the points and the lines are the 
same. The angles are measured in the same way. But, the 
distance function is different. Since the distance function 

is different, the properties in the Euclidean plane can be 
reproduced faithfully in 𝐿2. A few such topics have been 
studied by some authors [1, 2, 4, 7, 8] in this plane. So, in 
this study we show that the relationship between 
Euclidean and Lorentz distances is given depending on the 
slope of the line segment. Following, we investigate 
Lorentz analogues of Thales’ theorem, Angle Bisector 
theorems, Menelaus’ theorem and Ceva’s theorem 

 

Materials and Methods 

In this section, we mention the basic concepts that 
would be the basis of our study. 

Proposition 2.1 Let 𝑑𝐸  denote the Euclidean distance 
function and 𝑃 = (𝑥1, 𝑥2) and 𝑄 = (𝑦1, 𝑦2) be two points 

in the analytical plane and the slope of the line 𝑃𝑄 ⃡     be 𝑚. 
Then 

 

i) 𝑑𝐸(𝑃, 𝑄) = √
1+𝑚2

|1−𝑚2|
. 𝑑𝐿(𝑃, 𝑄),      if |𝑚| ≠ 1 and 

𝑚 ∈ ℝ, 
ii) 𝑑𝐸(𝑃, 𝑄) = 𝑑𝐿(𝑃, 𝑄),           if  𝑚 = 0 or 𝑚 → ∞. 

 
Proof: 
i) Let 𝑃 = (𝑥1, 𝑥2) and 𝑄 = (𝑦1, 𝑦2) be two points 

in the analytical plane and the slope of the line 

𝑃𝑄 ⃡     be 𝑚, (|𝑚| ≠ 1). We will show that 
 
𝑑𝐸(𝑃, 𝑄) = 𝑝(𝑚). 𝑑𝐿(𝑃, 𝑄)         
 

where  𝑝(𝑚) = √
1+𝑚2

|1−𝑚2|
 . We can write 
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𝑑𝐸(𝑃, 𝑄) = |𝑥1 − 𝑦1|√1 + 𝑚2 
and 

 

𝑑𝐿(𝑃, 𝑄) = |𝑥1 − 𝑦1|√|1 − 𝑚2|. 
 
From above equations, we obtain that 
 

𝑑𝐸(𝑃, 𝑄)

𝑑𝐿(𝑃, 𝑄)
=

|𝑥1 − 𝑦1|√1 + 𝑚2

|𝑥1 − 𝑦1|√|1 − 𝑚2|
 

𝑑𝐸(𝑃, 𝑄) = √
1 + 𝑚2

|1 − 𝑚2|
. 𝑑𝐿(𝑃, 𝑄) 

𝑑𝐸(𝑃, 𝑄) = 𝑝(𝑚). 𝑑𝐿(𝑃, 𝑄). 
 
ii)  If  𝑚 = 0 or 𝑚 → ∞, it is clear that 

 𝑑𝐸(𝑃, 𝑄) = 𝑑𝐿(𝑃, 𝑄). 
 

Corollary 2.1 Let 𝑃, 𝑄 and 𝑋 be three collinear points 
in analytical plane. Then, 𝑑𝐸(𝑃, 𝑋) = 𝑑𝐸(𝑄, 𝑋) if and only 
if 𝑑𝐿(𝑃, 𝑋) = 𝑑𝐿(𝑄, 𝑋). 

Definition 2.1 Let 𝑑𝐿[𝐴𝐵] denote the Lorentz directed 
distance from 𝐴 to 𝐵 along the line 𝑙 in 𝐿2. We define 
Lorentz directed distance of the segment [𝐴𝐵] as follows: 

 
𝑑𝐿[𝐴𝐵]

= {
𝑑𝐿(𝐴, 𝐵),           𝑖𝑓 AB and 𝑙 have same direction,

−𝑑𝐿(𝐴, 𝐵),          𝑖𝑓 AB and 𝑙 have opposite direction.
 

 
If 𝐾, 𝐿, 𝑀 are points on the same directed line and 𝑀 

is between points 𝐾 and 𝐿, they are denoted 𝐾𝑀𝐿. If 𝐾𝑀𝐿 
then the point 𝑀 divides the line segment [𝐾𝐿] internally 
and becomes  𝑑𝐿[𝐾𝑀] 𝑑𝐿[𝑀𝐿]⁄ = 𝜌 > 0. If 𝐾𝐿𝑀 and 
𝑀𝐾𝐿 then the point 𝑀 divides the line segment [𝐾𝐿] 
externally and becomes 𝑑𝐿[𝐾𝑀] 𝑑𝐿[𝑀𝐿]⁄ = 𝜌 < 0 [9].  

 
             𝑑𝐿[𝐾𝑀] 𝑑𝐿[𝑀𝐿]⁄ = 𝜌 < 0  

 
𝑑𝐿[𝐾𝑀] 𝑑𝐿[𝑀𝐿]⁄ = 𝜌 > 0

 
Theorem 2.1 Let 𝐾 = (𝑘1, 𝑘2) and  L = (𝑙1, 𝑙2) be any two different points in the analytical plane. If 𝑀 = (𝑥, 𝑦) is a 

point on the line passing through 𝐾 and 𝐿, then we can write 
 

𝑑𝐸(𝐾, 𝑀)

𝑑𝐸(𝑀, 𝐿)
=

𝑑𝐿(𝐾, 𝑀)

𝑑𝐿(𝑀, 𝐿)
. 

 
That is, the ratios of the Euclidean and Lorentz directed lengths are the same [9]. 

 
Proof: 
 

 
 

If 𝐾 = 𝑀 then both ratios are equal to 0. Therefore without loss of generality, let 𝐾 ≠ 𝑀 ≠ 𝐿. It is enough to show that 
 

|(𝑘1 − 𝑥)2 − (𝑘2 − 𝑦)2|

|(𝑥 − 𝑙1)2 − (𝑦 − 𝑙2)2|
=

(𝑘1 − 𝑥)2 + (𝑘2 − 𝑦)2

(𝑥 − 𝑙1)2 + (𝑦 − 𝑙2)2
. 

 

Let examine the cases of the line 𝐾𝐿 ⃡     be spacelike, timelike and lightlike separately. 

Case 1:  If the line 𝐾𝐿 ⃡     is spacelike, since |𝑘1 − 𝑥| > |𝑘2 − 𝑦| and |𝑥 − 𝑙1| > |𝑦 − 𝑙2|, we obtain 
 

(𝑘1 − 𝑥)2 − (𝑘2 − 𝑦)2

(𝑥 − 𝑙1)2 − (𝑦 − 𝑙2)2
=

(𝑘1 − 𝑥)2 + (𝑘2 − 𝑦)2

(𝑥 − 𝑙1)2 + (𝑦 − 𝑙2)2
 

⇒ (𝑘1 − 𝑥)2(𝑥 − 𝑙1)2 + (𝑘1 − 𝑥)2(𝑦 − 𝑙2)2 − (𝑘2 − 𝑦)2(𝑥 − 𝑙1)2 − (𝑘2 − 𝑦)2(𝑦 − 𝑙2)2 

=  (𝑘1 − 𝑥)2(𝑥 − 𝑙1)2 − (𝑘1 − 𝑥)2(𝑦 − 𝑙2)2 + (𝑘2 − 𝑦)2(𝑥 − 𝑙1)2 − (𝑘2 − 𝑦)2(𝑦 − 𝑙2)2 

⇒ (𝑘1 − 𝑥)(𝑦 − 𝑙2) = (𝑘2 − 𝑦)(𝑥 − 𝑙1) 

⇒ (𝑘1 − 𝑥)(𝑦 − 𝑙2) − (𝑘2 − 𝑦)(𝑥 − 𝑙1) = 0                           (1)            

⇒ 𝑘1𝑦 − 𝑘1𝑙2 − 𝑥𝑦 + 𝑥𝑙2 − 𝑘2𝑥 + 𝑘2𝑙1 + 𝑦𝑥 − 𝑦𝑙1 = 0 

⇒ (𝑘1 − 𝑙1)𝑦 = (𝑘2 − 𝑙2)𝑥 + 𝑘1𝑙2 − 𝑘2𝑙1 

𝑦 =
𝑘2 − 𝑙2
𝑘1 − 𝑙1

𝑥 +
𝑘1𝑙2 − 𝑘2𝑙1

𝑘1 − 𝑙1
.                                                                                                                                                              (2) 

 

Thus, from equation (2), the point 𝑀 is on the line 𝐾𝐿 ⃡    . Using  this value of 𝑦 in the equation (1) we get 
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(𝑘1 − 𝑥) (
𝑘2𝑥 − 𝑙2𝑥 + 𝑘1𝑙2 − 𝑘2𝑙1

𝑘1 − 𝑙1
− 𝑙2) − (𝑘2 −

𝑘2𝑥 − 𝑙2𝑥 + 𝑘1𝑙2 − 𝑘2𝑙1
𝑘1 − 𝑙1

) (𝑥 − 𝑙1) = 0 

(𝑘1 − 𝑥) [
𝑘2𝑥 − 𝑙2𝑥 + 𝑘1𝑙2 − 𝑘2𝑙1 − 𝑙2𝑘1 + 𝑙2𝑙1

𝑘1 − 𝑙1
] − [

𝑘2𝑘1 − 𝑘2𝑙1 − 𝑘2𝑥 + 𝑙2𝑥 − 𝑘1𝑙2 + 𝑘2𝑙1
𝑘1 − 𝑙1

] (𝑥 − 𝑙1) = 0 

(𝑘1 − 𝑥) [
𝑥(𝑘2 − 𝑙2) − 𝑙1(𝑘2 − 𝑙2)

𝑘1 − 𝑙1
] − (𝑥 − 𝑙1) [

𝑘1(𝑘2 − 𝑙2) − 𝑥(𝑘2 − 𝑙2)

𝑘1 − 𝑙1
] = 0 

1

𝑘1 − 𝑙1
[(𝑘1 − 𝑥)(𝑥 − 𝑙1)(𝑘2 − 𝑙2) − (𝑥 − 𝑙1)(𝑘1 − 𝑥)(𝑘2 − 𝑙2)] = 0. 

 
Thus, the equation (1) is satisfied.  

 

Case 2:  If the line 𝐾𝐿 ⃡     is timelike, since |𝑘1 − 𝑥| < |𝑘2 − 𝑦| and |𝑥 − 𝑙1| < |𝑦 − 𝑙2|, we obtain 
 

(𝑘2 − 𝑦)2 − (𝑘1 − 𝑥)2

(𝑦 − 𝑙2)2 − (𝑥 − 𝑙1)2
=

(𝑘1 − 𝑥)2 + (𝑘2 − 𝑦)2

(𝑥 − 𝑙1)2 + (𝑦 − 𝑙2)2
 

⇒ (𝑘2 − 𝑦)2(𝑥 − 𝑙1)2 + (𝑘2 − 𝑦)2(𝑦 − 𝑙2)2 − (𝑘1 − 𝑥)2(𝑥 − 𝑙1)2 − (𝑘1 − 𝑥)2(𝑦 − 𝑙2)2 

= (𝑘1 − 𝑥)2(𝑦 − 𝑙2)2 − (𝑘1 − 𝑥)2(𝑥 − 𝑙1)2 + (𝑘2 − 𝑦)2(𝑦 − 𝑙2)2 − (𝑘2 − 𝑦)2(𝑥 − 𝑙1)2 

⇒ (𝑘2 − 𝑦)(𝑥 − 𝑙1) = (𝑘1 − 𝑥)(𝑦 − 𝑙2) 

⇒ (𝑘2 − 𝑦)(𝑥 − 𝑙1) − (𝑘1 − 𝑥)(𝑦 − 𝑙2) = 0                        (3)                                   

⇒ 𝑘2𝑥 − 𝑘2𝑙1 − 𝑦𝑥 + 𝑦𝑙1 − 𝑘1𝑦 + 𝑘1𝑙2 + 𝑥𝑦 − 𝑥𝑙2 = 0 

⇒ 𝑦(𝑙1 − 𝑘1) = 𝑥(𝑙2 − 𝑘2) + 𝑘2𝑙1 − 𝑘1𝑙2 

⇒ 𝑦 =
𝑙2 − 𝑘2

𝑙1 − 𝑘1

𝑥 +
𝑘2𝑙1 − 𝑘1𝑙2

𝑙1 − 𝑘1

                                                                                                                                                       (4) 

 

Thus, from equation (4), the point 𝑀 is on the line 𝐾𝐿 ⃡    . Using this value of 𝑦 in the equation (3) we get 
 

(𝑥 − 𝑙1) (𝑘2 −
𝑙2𝑥 − 𝑘2𝑥 + 𝑘2𝑙1 − 𝑘1𝑙2

𝑙1 − 𝑘1

) − (𝑘1 − 𝑥) (
𝑙2𝑥 − 𝑘2𝑥 + 𝑘2𝑙1 − 𝑘1𝑙2

𝑙1 − 𝑘1

− 𝑙2) = 0 

(𝑥 − 𝑙1) [
𝑘2𝑙1 − 𝑘2𝑘1 − 𝑙2𝑥 + 𝑘2𝑥 − 𝑘2𝑙1 + 𝑘1𝑙2

𝑙1 − 𝑘1

] − (𝑘1 − 𝑥) [
𝑙2𝑥 − 𝑘2𝑥 + 𝑘2𝑙1 − 𝑘1𝑙2 − 𝑙1𝑙2 + 𝑘1𝑙2

𝑙1 − 𝑘1

] = 0 

(𝑥 − 𝑙1) [
𝑘1(𝑙2 − 𝑘2) − 𝑥(𝑙2 − 𝑘2)

𝑙1 − 𝑘1

] − (𝑘1 − 𝑥) [
𝑥(𝑙2 − 𝑘2) − 𝑙1(𝑙2 − 𝑘2)

𝑙1 − 𝑘1

] = 0 

1

𝑙1 − 𝑘1

[(𝑥 − 𝑙1)(𝑘1 − 𝑥)(𝑙2 − 𝑘2) − (𝑘1 − 𝑥)(𝑥 − 𝑙1)(𝑙2 − 𝑘2)] = 0 

 
Thus, the equation (3) is satisfied.  

Case 3:  If the  line 𝐾𝐿 ⃡     is lightlike, then |𝑘1 − 𝑥| = |𝑘2 − 𝑦| and |𝑥 − 𝑙1| = |𝑦 − 𝑙2|. Thus, it is obvious.  
 
If the point 𝑀 divides the line segment [𝐾𝐿] externally, the proof is similar. 

 
 

Conclusion and Discussion 

In this section, we give Lorentz versions of some Euclidean theorems. 
Theorem 3.1 (Thales’ Theorem) In the Lorentz-Minkowski plane, if we have three or more parallel lines, and they cut 
the other two lines, then they produce proportional segments. 
Proof: 
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Figure 1. The parallel lines and two other lines intersecting these lines. 

 
Let the lines 𝑙1, 𝑙2, 𝑙3 are parallel and the lines 𝑘1, 𝑘2 cut of them like in the above figure. Since the lines 𝑙1, 𝑙2, 𝑙3 are 

parallel, the slopes of this lines are same. Thus, let the slopes of the lines 𝑙1, 𝑙2, 𝑙3 be 𝑚1 and the slope of the lines 𝑘1, 𝑘2 
be 𝑚2, 𝑚3, respectively. Then, from Proposition 2.1, we can write that 

𝑑𝐸(𝐴, 𝐵)

𝑑𝐸(𝐴, 𝐶)
=

√
1 + 𝑚2

2

|1 − 𝑚2
2|

. 𝑑𝐿(𝐴, 𝐵)

√
1 + 𝑚2

2

|1 − 𝑚2
2|

. 𝑑𝐿(𝐴, 𝐶)

=
𝑑𝐿(𝐴, 𝐵)

𝑑𝐿(𝐴, 𝐶)
, 

𝑑𝐸(𝐴, 𝐷)

𝑑𝐸(𝐴, 𝐸)
=

√
1 + 𝑚3

2

|1 − 𝑚3
2|

. 𝑑𝐿(𝐴, 𝐷)

√
1 + 𝑚3

2

|1 − 𝑚3
2|

. 𝑑𝐿(𝐴, 𝐸)

=
𝑑𝐿(𝐴, 𝐷)

𝑑𝐿(𝐴, 𝐸)
, 

𝑑𝐸(𝐵, 𝐷)

𝑑𝐸(𝐶, 𝐸)
=

√
1 + 𝑚1

2

|1 − 𝑚1
2|

. 𝑑𝐿(𝐵, 𝐷)

√
1 + 𝑚1

2

|1 − 𝑚1
2|

. 𝑑𝐿(𝐶, 𝐸)

=
𝑑𝐿(𝐵, 𝐷)

𝑑𝐿(𝐶, 𝐸)
. 

 
Since 

 
𝑑𝐸(𝐴, 𝐵)

𝑑𝐸(𝐴, 𝐶)
=

𝑑𝐸(𝐴, 𝐷)

𝑑𝐸(𝐴, 𝐸)
=

𝑑𝐸(𝐵, 𝐷)

𝑑𝐸(𝐶, 𝐸)
, 

 
we can obtain as follows 

 
𝑑𝐿(𝐴, 𝐵)

𝑑𝐿(𝐴, 𝐶)
=

𝑑𝐿(𝐴, 𝐷)

𝑑𝐿(𝐴, 𝐸)
=

𝑑𝐿(𝐵, 𝐷)

𝑑𝐿(𝐶, 𝐸)
. 

 
Theorem 3.2 (Interior Angle Bisector Theorem) Let interior angle bisector of vertex 𝐴 of the triangle ∆𝐴𝐵𝐶 

intersects side [𝐵𝐶] at point 𝐷, 𝑎𝐿 = 𝑑𝐿(𝐵, 𝐶), 𝑏𝐿 = 𝑑𝐿(𝐶, 𝐴), 𝑐𝐿 = 𝑑𝐿(𝐴, 𝐵), 𝑝𝐿 = 𝑑𝐿(𝐵, 𝐷),  𝑞𝐿 = 𝑑𝐿(𝐷, 𝐶)  and 
slopes of sides [𝐴𝐵], [𝐵𝐶], [𝐴𝐶] be 𝑚𝑐, 𝑚𝑎 , 𝑚𝑏, respectively, in the Lorentz-Minkowski plane. Then we can write as 
follows: 
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i) 
𝑝𝐿

𝑞𝐿
=

𝑐𝐿

𝑏𝐿
. [

1+𝑚𝑐
2

|1−𝑚𝑐
2|

.
|1−𝑚𝑏

2|

1+𝑚𝑏
2 ], 

ii) 
𝑝𝐿

𝑞𝐿
=

𝑐𝐿

𝑏𝐿
. [

1+𝑚𝑐
2

|1−𝑚𝑐
2|

], if 𝑚𝑏 = 0 or 𝑚𝑏 → ∞, 

iii) 
𝑝𝐿

𝑞𝐿
=

𝑐𝐿

𝑏𝐿
.[ 

|1−𝑚𝑏
2|

1+𝑚𝑏
2 ], if 𝑚𝑐 = 0 or 𝑚𝑐 → ∞, 

 
where 𝑚𝑐, 𝑚𝑎, 𝑚𝑏 ≠ ±1. Here, sides of the triangle ∆𝐴𝐵𝐶 must be same kinds. That is, three sides of the triangle 

∆𝐴𝐵𝐶 are either spacelike lines or timelike lines. 
Proof. 
 

 
 

Figure 2. 𝐴𝐷 is the internal bisector of the angle ∠BAC which 
meets 𝐵𝐶 at point 𝐷, for the triangle ∆𝐴𝐵𝐶 

 
i) Let slopes of sides [𝐴𝐵], [𝐵𝐶], [𝐴𝐶] be 𝑚𝑐, 𝑚𝑎, 𝑚𝑏, respectively. It is clear that, 

 
𝑑𝐸(𝐴, 𝐵)

𝑑𝐸(𝐴, 𝐶)
=

𝑑𝐸(𝐵, 𝐷)

𝑑𝐸(𝐷, 𝐶)
                                                                                                                                                                          (5) 

 
is satisfied in the Euclidean plane. According to Proposition 2.1, we obtain that, 
 

𝑑𝐸(𝐴, 𝐵) = √
1 + 𝑚𝑐

2

|1 − 𝑚𝑐
2|

. 𝑐𝐿 ,   𝑑𝐸(𝐴, 𝐶) = √
1 + 𝑚𝑏

2

|1 − 𝑚𝑏
2|

. 𝑏𝐿 , 

    

𝑑𝐸(𝐵, 𝐷) = √
1 + 𝑚𝑎

2

|1 − 𝑚𝑎
2|

. 𝑝𝐿 ,   𝑑𝐸(𝐷, 𝐶) = √
1 + 𝑚𝑎

2

|1 − 𝑚𝑎
2|

. 𝑞𝐿 . 

 
If the above values are substituted in the equation (5), we get 
 

√
1 + 𝑚𝑐

2

|1 − 𝑚𝑐
2|

. 𝑐𝐿

√
1 + 𝑚𝑏

2

|1 − 𝑚𝑏
2|

. 𝑏𝐿 ,

=

√
1 + 𝑚𝑎

2

|1 − 𝑚𝑎
2|

. 𝑝𝐿

√
1 + 𝑚𝑎

2

|1 − 𝑚𝑎
2|

. 𝑞𝐿

, 

 
𝑝𝐿

𝑞𝐿

=
𝑐𝐿

𝑏𝐿

. [
1 + 𝑚𝑐

2

|1 − 𝑚𝑐
2|

.
|1 − 𝑚𝑏

2|

1 + 𝑚𝑏
2

] .                                                                                                                                                  (6) 

 
ii) It is clear that, for 𝑚𝑏 = 0 or 𝑚𝑏 → ∞, the equation (6) is obtained that 
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𝑝𝐿

𝑞𝐿
=

𝑐𝐿

𝑏𝐿
. [

1+𝑚𝑐
2

|1−𝑚𝑐
2|

]. 

 
iii) It is clear that, for 𝑚𝑐 = 0 or 𝑚𝑐 → ∞, the equation (6) is obtained that 

 
𝑝𝐿

𝑞𝐿
=

𝑐𝐿

𝑏𝐿
.[ 

|1−𝑚𝑏
2|

1+𝑚𝑏
2 ]. 

 
Theorem 3.3 (Exterior Angle Bisector Theorem) Let exterior angle bisector of vertex 𝐴 of the triangle ∆𝐴𝐵𝐶 

intersects side 𝐵𝐶 ⃡     at point 𝐷, 𝑎𝐿 = 𝑑𝐿(𝐵, 𝐶), 𝑏𝐿 = 𝑑𝐿(𝐶, 𝐴), 𝑐𝐿 = 𝑑𝐿(𝐴, 𝐵), 𝑝𝐿 = 𝑑𝐿(𝐵, 𝐷),  𝑞𝐿 = 𝑑𝐿(𝐷, 𝐶)  and 
slopes of sides [𝐴𝐵], [𝐵𝐶], [𝐴𝐶] be 𝑚𝑐, 𝑚𝑎 , 𝑚𝑏, respectively, in the Lorentz-Minkowski plane. Then we can write as 
follows: 

 

i) 
𝑝𝐿

𝑞𝐿
=

𝑐𝐿

𝑏𝐿
. [

1+𝑚𝑐
2

|1−𝑚𝑐
2|

.
|1−𝑚𝑏

2|

1+𝑚𝑏
2 ], 

ii) 
𝑝𝐿

𝑞𝐿
=

𝑐𝐿

𝑏𝐿
. [

1+𝑚𝑐
2

|1−𝑚𝑐
2|

], if 𝑚𝑏 = 0 or 𝑚𝑏 → ∞, 

iii) 
𝑝𝐿

𝑞𝐿
=

𝑐𝐿

𝑏𝐿
.[ 

|1−𝑚𝑏
2|

1+𝑚𝑏
2 ], if 𝑚𝑐 = 0 or 𝑚𝑐 → ∞, 

 
where 𝑚𝑐, 𝑚𝑎 , 𝑚𝑏 ≠ ±1. Here, sides of the triangle ∆𝐴𝐵𝐶 must be same kinds. That is, three sides of the triangle ∆𝐴𝐵𝐶 
are either spacelike lines or timelike lines. 

Proof: 
 

 

Figure 3. 𝐴𝐷 is the external bisector of the angle ∠BAC which meets 

𝐵𝐶 at point 𝐷, for the triangle ∆𝐴𝐵𝐶 

 
i) Let slopes of the sides [𝐴𝐵], [𝐵𝐶], [𝐴𝐶] be 𝑚𝑐, 𝑚𝑎, 𝑚𝑏, respectively. It is clear that, 

 
𝑑𝐸(𝐴, 𝐵)

𝑑𝐸(𝐴, 𝐶)
=

𝑑𝐸(𝐵, 𝐷)

𝑑𝐸(𝐶, 𝐷)
                                                                                                                                                                           (7) 

 
is satisfied in the Euclidean plane. According to Proposition 2.1, we obtain that, 
 

𝑑𝐸(𝐴, 𝐵) = √
1 + 𝑚𝑐

2

|1 − 𝑚𝑐
2|

. 𝑐𝐿 ,   𝑑𝐸(𝐴, 𝐶) = √
1 + 𝑚𝑏

2

|1 − 𝑚𝑏
2|

. 𝑏𝐿 , 

    

. 
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𝑑𝐸(𝐵, 𝐷) = √
1 + 𝑚𝑎

2

|1 − 𝑚𝑎
2|

. 𝑝𝐿 ,   𝑑𝐸(𝐶, 𝐷) = √
1 + 𝑚𝑎

2

|1 − 𝑚𝑎
2|

. 𝑞𝐿 . 

 
If the above values are substituted in the equation (7), we get 
 

√
1 + 𝑚𝑐

2

|1 − 𝑚𝑐
2|

. 𝑐𝐿

√
1 + 𝑚𝑏

2

|1 − 𝑚𝑏
2|

. 𝑏𝐿 ,

=

√
1 + 𝑚𝑎

2

|1 − 𝑚𝑎
2|

. 𝑝𝐿

√
1 + 𝑚𝑎

2

|1 − 𝑚𝑎
2|

. 𝑞𝐿

, 

𝑝𝐿

𝑞𝐿

=
𝑐𝐿

𝑏𝐿

. [
1 + 𝑚𝑐

2

|1 − 𝑚𝑐
2|

.
|1 − 𝑚𝑏

2|

1 + 𝑚𝑏
2

] .                                                                                                                                                (8) 

 
ii) It is clear that, for 𝑚𝑏 = 0 or 𝑚𝑏 → ∞, the equation (8) is obtained that 

 
𝑝𝐿

𝑞𝐿
=

𝑐𝐿

𝑏𝐿
. [

1+𝑚𝑐
2

|1−𝑚𝑐
2|

]. 

 
iii) It is clear that, for 𝑚𝑐 = 0 or 𝑚𝑐 → ∞, the equation (8) is obtained that 

 
𝑝𝐿

𝑞𝐿
=

𝑐𝐿

𝑏𝐿
.[ 

|1−𝑚𝑏
2|

1+𝑚𝑏
2 ]. 

 
Theorem 3.4 (Menelaus’ Theorem) Let  ∆𝐴𝐵𝐶  be a triangle and 𝑃1,  𝑃2,  𝑃3 be on the lines that contain the sides  
𝐵𝐶, 𝐶𝐴, 𝐴𝐵, respectively, in the Lorentz-Minkowski plane. If 𝑃1,  𝑃2,  𝑃3 are collinear, then 
 

𝑑𝐿[𝐵𝑃1]

𝑑𝐿[𝑃1𝐶]
.
𝑑𝐿[𝐶𝑃2]

𝑑𝐿[𝑃2𝐴]
.
𝑑𝐿[𝐴𝑃3]

𝑑𝐿[𝑃3𝐵]
= −1 

 
where none of 𝑃1,  𝑃2,  𝑃3 coincide with any of 𝐴, 𝐵, 𝐶. Here, the points 𝑃1,  𝑃2,  𝑃3, 𝐴, 𝐵, 𝐶 must be same kinds. That is, 
all of them are either spacelike or timelike. 

Proof:  
 

 

Figure 4. Collinear points 𝑃1,  𝑃2,  𝑃3 on the sides 𝐵𝐶, 𝐶𝐴, 𝐴𝐵, 
respectively. 

 
  . 

Let slopes of the lines  𝐴𝐵, ⃡     𝐵𝐶, ⃡     𝐶𝐴 ⃡      be 𝑚1, 𝑚2, 𝑚3, respectively and 𝑚1, 𝑚2, 𝑚3 ≠ ±1 . It is clear that  
 

𝑑𝐸[𝐵𝑃1]

𝑑𝐸[𝑃1𝐶]
.
𝑑𝐸[𝐶𝑃2]

𝑑𝐸[𝑃2𝐴]
.
𝑑𝐸[𝐴𝑃3]

𝑑𝐸[𝑃3𝐵]
= −1                                                                                                                                                     (9) 

 
is satisfied in the Euclidean plane. According to Proposition 2.1, we obtain that 
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𝑑𝐸(𝐵, 𝑃1) = √
1 + 𝑚2

2

|1 − 𝑚2
2|

. 𝑑𝐿(𝐵, 𝑃1),                    𝑑𝐸(𝑃1 , 𝐶) = √
1 + 𝑚2

2

|1 − 𝑚2
2|

. 𝑑𝐿(𝑃1, 𝐶)   

𝑑𝐸(𝐶, 𝑃2) = √
1+𝑚3

2

|1−𝑚3
2|

. 𝑑𝐿(𝐶, 𝑃2),                         𝑑𝐸(𝑃2, 𝐴) = √
1+𝑚3

2

|1−𝑚3
2|

. 𝑑𝐿(𝑃2, 𝐴)                                      

 𝑑𝐸(𝐴, 𝑃3) = √
1+𝑚1

2

|1−𝑚1
2|

. 𝑑𝐿(𝐴, 𝑃3),                   𝑑𝐸(𝑃3, 𝐵) = √
1+𝑚1

2

|1−𝑚1
2|

. 𝑑𝐿(𝑃3, 𝐵).       

 
From Definition 2.1, |𝐵𝑃1| and |𝑃1𝐶| have opposite direction. If the above values are substituted in the equation (9), we 
get 

 

𝑑𝐸[𝐵𝑃1]

𝑑𝐸[𝑃1𝐶]
.
𝑑𝐸[𝐶𝑃2]

𝑑𝐸[𝑃2𝐴]
.
𝑑𝐸[𝐴𝑃3]

𝑑𝐸[𝑃3𝐵]
= −

√
1 + 𝑚2

2

|1 − 𝑚2
2|

. 𝑑𝐿[𝐵𝑃1]

√
1 + 𝑚2

2

|1 − 𝑚2
2|

. 𝑑𝐿[𝑃1𝐶]

.

√
1 + 𝑚3

2

|1 − 𝑚3
2|

. 𝑑𝐿[𝐶𝑃2]

√
1 + 𝑚3

2

|1 − 𝑚3
2|

. 𝑑𝐿[𝑃2𝐴]

.

√
1 + 𝑚1

2

|1 − 𝑚1
2|

. 𝑑𝐿[𝐴𝑃3]

√
1 + 𝑚1

2

|1 − 𝑚1
2|

. 𝑑𝐿[𝑃3𝐵]

= −1. 

 
Theorem 3.5 (Ceva’s Theorem) Let ∆𝐴𝐵𝐶 be a triangle and lines 𝑙1, 𝑙2, 𝑙3 pass through the vertices 𝐴, 𝐵, 𝐶, 

respectively and intersect lines containing the opposite sides at points 𝑃1,  𝑃2,  𝑃3, in the Lorentz-Minkowski plane. Then 
the lines 𝑙1, 𝑙2, 𝑙3 are concurrent if and only if 

 
𝑑𝐿[𝐵𝑃1]

𝑑𝐿[𝑃1𝐶]
.
𝑑𝐿[𝐶𝑃2]

𝑑𝐿[𝑃2𝐴]
.
𝑑𝐿[𝐴𝑃3]

𝑑𝐿[𝑃3𝐵]
= 1 . 

 
Here, none of 𝑃1,  𝑃2,  𝑃3 are of 𝐴, 𝐵, 𝐶. The points 𝑃1 ,  𝑃2,  𝑃3, 𝐴, 𝐵, 𝐶 must be same kinds. That is, all of them are either 
spacelike or timelike. 

 

Conflict of interests 

The authors state that did not have conflict of 
interests. 

 

References      

[1] Birman G.S., Nomizu K., Trigonometry in lorentzian 
geometry, The American Mathematical Monthly, 91 (9) 
(1984) 543–549. 

[2]  Catoni F., Boccaletti D., Cannata R., Catoni V., Nichelatti E., 
Zampetti P., The Mathematics of Minkowski Space-Time, 
With an Introduction to Commutative Hypercomplex 
Numbers. Berlin, (2008) 27-57. 

[3] Duggal, K.L., Bejancu, A., Lightlike Submanifolds of Semi-
Riemannian Manifolds and Applications. Amsterdam, 
(1996) 1-5. 

[4] Nešovi´c E., Petrovi´c-Torgašev M., Some trigonometric 
relations in the lorentzian plane, Kragujevac Journal of 
Mathematics, 33 (25) (2003) 219– 225. 

[5] O’Neill B., Semi-Riemannian Geometry, with applications 
to relativity. London, (1983) 126-185.  

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

[6] Ratchlife J.G., Foundations of hyperbolic manifolds. 2nd ed. 
New York, (2006) 54-98. 

[7] Shonoda, E.N., Classification of conics and Cassini curves in 
Minkowski space-time plane, Journal of Egyptian 
Mathematical Society, 24 (2016) 270-278. 

[8] Yaglom, I.M., A Simple Non-Euclidean Geometry and Its 
Physical Basis. New York, (1979) 174-201. 

[9] Ozcan M., Kaya R., On the Ratio of Directed Lengths in the 
Taxicab plane and Related Properties, Missouri J. of Math. 
Sci., 14 (2)  (2002) 107-117. 


