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Research Article ABSTRACT

This research introduces groups in proximity spaces which endowed with a proximity relation. Two penultimate
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choices for such relations are the Efremovic (EF) proximity relation and its extension, namely, the descriptive EF-
proximity relation. There is a strong relationship between sets (groups) and set (group) descriptions. Therefore,
in this paper we consider this relationship via exactness of descriptive homomorphisms between ordinary

descriptive groups and meta-descriptive groups. The definition of a short exact sequence of descriptive
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Introduction

The focus of this research is on algebraic structures in
a descriptive EF-proximity space and exactness of
proximal group homomorphisms which is an outgrowth of
recent research [1, 2]. A descriptive proximity space [3, 4]
is an extension of an Efremovi¢ proximity space [5]. This
extension is made possible by the introduction of feature
vectors that describe each point in a proximity space. Sets
A, B in a proximity space X are near, provided there is at
least one pair of points a € A,b € B with matching
descriptions. The basic approach is to define binary
operations on subsets in a space endowed with a
proximity relation. By considering the features of pointsin
a proximity space, it is then possible to define a descriptive
proximity relation as well as descriptive binary operations.
This leads to a study of groupoids in proximity spaces as
well as other algebraic structures in proximity spaces such
as semigroups and groups. In homological algebra, exact
sequences play an important role. Exactness is a part of
the fundamental concepts and is used, in particular, in the
definition of some functors [6]. There is a strong
relationship between sets (groups) and set (group)
descriptions.

Preliminaries

Let X be a nonempty set of non-abstract points and let
O = {¢p, P, -, P} be a set of probe functions that
represent features of each x € X. In a discrete space, a
non-abstract point has a location and features that can be
measured [7]. This leads to a proximal view of sets of
picture points in digital images [8]. A probe function
®: X — R represents a feature of a sample point in a
picture. Let ®(x) = (¢, ¢P,, -+, P,) denote a feature
vector for x, which provides a description of each x € X.
To obtain a descriptive proximity relation (denoted by

homomorphisms is given. Then, results were obtained giving the relationships between the two short exact
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8ay), one first chooses a set of probe functions. Let
A,BeP(X) and let Q(A) and Q(B) denote sets of
descriptions of points in A and B, respectively (e.g.,
Q(A) ={®(a)la € 4}).

The expression A8 B reads A is descriptively near B.
Similarly, A84,B reads A is descriptively far from B. In an
ordinary metric closure space X, the closure of A € X is
defined by cl(A) = {x € X|d(x,A) = 0} [9]. ForasetX
endowed with a descriptive proximity 84, the descriptive
closure of AcX is defined by clyp(A) =
{x € X|®(x) € Q(cl(A))}. The descriptive proximity of A
and B is defined by A84,B < Q(cl(A)) N Q(cl(B)) # 0.

The descriptive intersection g of A and B is defined by
ADB ={x € AUBID(x) € Q(4), b(x) € Q(B)}. That
is,x EAUB isin AgB, provided ®(x) = ®(a) = ®(b)
for some a € 4, b € B. Observe that A and B can be
disjoint and yet AQ)B can be nonempty.

A binary operation on a set S is a mapping of S X S into
S, where § X S is the set of all ordered pairs of elements
of S. A groupoid is a system S(*) consisting of a nonempty
set S together with a binary operation " * " on S.

Let S(*) and S'(+) be groupoids. A mapping h of S into
S'iscalleda homomorphismif h(a * b) = h(a) - h(b) for
alla,b € S. A one-to-one homomorphism h of S onto S’ is
called an isomorphism of S to S’ [5].

Let we consider the groupoids Q(A)(* 1), Q(B)(*2),
where AC X,BCY. A mapping he:Q(B) = Q(4) is
called a descriptive homomorphism if it provides
ho (@ (by) * 2Pp(D2)) = he(Pp (b)) * 1he,(Pp (D))
for all @5 (b;), ®z(b,) € Q(B). A one-to-one descriptive
homomorphism hg, is called a descriptive monomorphism,
a descriptive homomorphism hg of Q(B) onto Q(A4) is
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called a descriptive epimorphism and one-to-one  Q(A) is an object description homomorphism if

descriptive homomorphism hg of Q(B) onto Q(4) is  @,(a, *; a;) = ®4(a;) * Pa(ay)) forallay, a, € A. Let

called a descriptive isomorphism [1]. we consider the descriptive homomorphism hg: Q(B) =
Let A(4), B(-;) be groupoids, h:B—>A be a Q(A)suchthat hey(®yz(h) = ®,(h(b) [1].

homomorphism and ®,:4 - Q(A),a~ ®(a) be an

object description. The object description &, of A into

BQ)—)AQ)

| &y l o, @)
ho
9(B)— 2(4)

Lemma 2.1: ([1]) hgp o Py =D, o0 h'.

Theorem 2.2: ([1]) Let (X, 84), (Y, 84) be descriptive EF-proximity spaces, A(;), B(-;), Q(B)(e,) and Q(A)(e,) be
groupoids and h be a homomorphism from B(-,) to A(+;). If there are a descriptive monomorphism hg, of Q(B) to
Q(A) and an object description homomorphism @, of A into Q(A), then there is an object description homomorphism
@5 of Binto Q(B).

Let Ay (*), By (%), Co (%) be ordinary descriptive monoids, h: B, — Ag, and h': Cq, — By, be ordinary descriptive
homomorphisms.

n' h
Cy — B — Ay 2

A pair of ordinary descriptive homomorphisms (the diagram (2)) is said to be exact at By, provided Imh’ = Kerh.

hp_1 hy hnt1 hn2
(Ap)n-1— (Ao)n ———(Ao)ps1 — = 3)

In general, a sequence of ordinary descriptive homomorphisms (the diagram (3)) is exact, provided each sequential pair
h,, h,., are exact at each (A4), forn € N[10].

Co By Ay
1@, ld, Lo, 4)
higp ho
9(C) — 9(B)— 9(4)

Lemma 2.3: ([10]) Let h: By — Ay be an ordinary descriptive homomorphism, ®,, ®; be object descriptive
homomorphisms and h: Q(B) — Q(A) be a meta-descriptive homomorphism represented in the diagram (4). If h and
@, are descriptive monomorphisms, then so is ®j.

Theorem 2.4: ([10]) Let Ay (*), B (*), Co(*) be ordinary descriptive monoids, Ag (*¢), By (*4), Cop(*¢) be meta-
n' h
descriptive monoids, and Cg By Ay be exact, represented in the diagram (4). If &4, @, are object
higp ho

Q(B) Q(A) is exact.

descriptive monomorphisms, then Q(C)

Theorem 2.5: ([10]) In the diagram (4), let A (%), By (%), Co (*) be ordinary descriptive monoids, Ag (*¢), Bo (*¢)
and Cy (*¢) be meta-descriptive monoids. Then

!

i) If ®,,d, are object descriptive monomorphisms, h'y, is a meta-descriptive monomorphism, and C,;, ——— By,

— Ay is exact, then @y is an object descriptive monomorphism.

ii) If @5 is an object descriptive epimorphism, ®, is an object descriptive monomorphism and h'y, is a meta-
descriptive monomorphism, then @ is an object descriptive epimorphism.

Corollary 2.6: ([10]) In the diagram (4), let Ag (%), By (*), Co (*) be ordinary descriptive monoids, Ag (*4), B (*¢)
and Cy (*¢) be meta-descriptive monoids. Then

I

i) If ®,, D are object descriptive monomorphisms, h'y, is a meta-descriptive monomorphism, and Cq ——— By,
h Y h
— Ay is exact, then Q(C) —2, 9(B) -2, Q(4) is exact.
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n' h
ii) If &4, @ are object descriptive monomorphisms, e — Cy — By, —— Agp— e is short exact sequence, then

hr h.
e — Q(0) ° Q9(B) ° Q(A) — ey is a short exact sequence.

Exactness of Descriptive Group Homomorphisms

Theorem 3.1: Let h:Bgy — Ag be an ordinary descriptive homomorphism, ®,, ®; be object descriptive
homomorphisms, and hg: Q(B) — Q(A) be a meta-descriptive homomorphism in the diagram (1). If @ is an object
descriptive epimorphism and ®, is an object descriptive monomorphism, then Imh = ®;*(Imhy,) and Kerhg =
Oy (Kerh).

Proof: Since @, is an object descriptive homomorphism, we get that Imh = ®;*(®,(Imh)). Therefore, from Lemma
2.1,

Imh = @71 (Im(d4h)) = &7 (Im(hedy)) = @71 (Imhy,) (5)
where @5 is an object descriptive epimorphism. Moreover, we obtain Kerhy, = h(h™!(Kerhgy). Thus Kerhg =
h(Ker(hgh)), and so we have that Kerhg = ®z(Ker(®,h)) by Lemma 2.1. Since &, is an object descriptive

monomorphism, we obtain Kerhg = ®gz(Kerh).

Definition 3.2: Let h: By, — Ag and h': Cqy, — By, be ordinary descriptive homomorphisms.

n' h
ep — Cop By Ap— eg (6)

The diagram (6) is said to be a short exact sequence if A’ is a monomorphism and h is an epimorphism.

Theorem 3.3: In the diagram (4), let Ay, By, and Cy be ordinary descriptive groups and, Q(4), 9(B), and Q(C) be
meta-descriptive groups. Then

i) If &, ®, are object descriptive epimorphisms, h is an ordinary descriptive epimorphism, and

hr h
Q(0) ° Q(B) ° Q(A) is exact, then @ is an object descriptive epimorphism.

ii) If ®p is an object descriptive monomorphism, h is an ordinary descriptive epimorphism and hg, is a meta-
descriptive monomorphism, then @, is an object descriptive monomorphism.

Proof: i) Let ®; € Q(B), b € By. Inthis case hg, (P (b)) € Q(A), and since @ is an object descriptive epimorphism,
he (CI)B (b)) = @, (a) forsome a € Ag. Since his an ordinary descriptive epimorphism, we geta = h(b") for some b’ €

-1
Bo. From Lemma 2.1, hy(@5(5) = @4(h(6)) = @4(@) = ho (@5 (1). Thus, hy ((@5(67) " @4(5)) = e
and then (CDB (b’))_chB (b) € Kerhg, = Imhyg, by exactness. Hence, we obtain (CDB(b’))_lCDB(b) = hy(P:(0),c €
Cy since @ is an object descriptive epimorphism. Because of h'(c) € By, and b’ € By, we have that b'h'(c) € By and

-1
from Lemma 2.2, CDB(b’h’(c)) = CIDB(b’)CDB(h’(c)) = CIDB(b’)hLD(d)C(c)) = dDB(b’)(CDB(b’)) Dy(b) = Dg(b).
Therefore, @ is an object descriptive epimorphism.

ii) Let a € Ker®d,. Since h is an ordinary descriptive epimorphism, there exists b € B such that h(b) = a. From
Lemma 2.1, hq)(CDB(b)) = CDA(h(b)) = ®,(a) = egay, and so Pp(b) =eyp) by he is a meta-descriptive
monomorphism. Therefore, we get b = eyp), since @y is an object descriptive monomorphism. Consequently a =
h(b) = h(qu)) = ey, Thus Ker®, = {e, }.

n' h
ep — Cop By Ap— ey
O AT DT Dy LT Dt D, T DT (7)
higp ho
egicy — Q(0) ——— 9(B) ——— Q(4) — eyy)

Corollary 3.4: Let Ay, By, and Cy, be ordinary descriptive groups, Q(4), Q(B), and Q(C) be meta-descriptive groups,
and in the diagram (7), each row be exact sequence.

654



Oztiirk / Cumhuriyet Sci. J., 43(4) (2022) 652-655

i) If &, and @, are object descriptive monomorphisms, then @ is an object descriptive monomorphism.

ii) If &, and @ are object descriptive epimorphisms, then @ is an object descriptive epimorphism.

iii) If &, and @ are object descriptive isomorphisms, then @ is an object descriptive isomorphism.

Two (short) exact sequences are called an isomorphic if there is a diagram of ordinary descriptive and meta-
descriptive homomorphisms such that A4, Bg, and Cy are object descriptive isomorphisms. In this case, it is easy to

verify the diagram (7) with ®;*, @3 and @', is commutative.

In the diagram (7), exact sequence pairs are called ordinary-meta-descriptive homomorphism sequence or shortly
called om-descriptive homomorphism sequence.

Proposition 3.5: Let A4 be ordinary descriptive group.

e — (Kerh)y —— Ag ——— (A/Kerh)o— eq (8)
Then, the diagram (8) is a short exact sequence.

Example 3.6: If h:Bg — Ag is an ordinary descriptive homomorphism, ®,,,: (Kerh)qy — Q(Kerh) and
@y:(B)gp — Q(B) are object descriptive monomorphisms, then from Proposition 3.5 and Corollary 2.6. (ii), we have

egerny — Q(Kerh) — Q(B) — Q(B/Kerh) — eg(g/kern)- €)

The diagram (8) is a short exact sequence. Therefore, we have that the diagram (10).

eq) d (Kerh)q) : Bq;. i (B/Kerh)q;, — ecp
1 cbl(erh 1 CDB ‘L cI)B/Kerh (10)
i h
egkerny — Q(Kerh) 9(B) = Q(B/Kerh) — €9(B/Kerh)
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