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Introduction 

The focus of this research is on algebraic structures in 
a descriptive EF-proximity space and exactness of 
proximal group homomorphisms which is an outgrowth of 
recent research [1, 2]. A descriptive proximity space [3, 4] 
is an extension of an Efremovič proximity space [5]. This 
extension is made possible by the introduction of feature 
vectors that describe each point in a proximity space. Sets 
𝐴,𝐵 in a proximity space 𝑋 are near, provided there is at 
least one pair of points 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵 with matching 
descriptions. The basic approach is to define binary 
operations on subsets in a space endowed with a 
proximity relation. By considering the features of points in 
a proximity space, it is then possible to define a descriptive 
proximity relation as well as descriptive binary operations. 
This leads to a study of groupoids in proximity spaces as 
well as other algebraic structures in proximity spaces such 
as semigroups and groups. In homological algebra, exact 
sequences play an important role. Exactness is a part of 
the fundamental concepts and is used, in particular, in the 
definition of some functors [6]. There is a strong 
relationship between sets (groups) and set (group) 
descriptions. 

 

Preliminaries  
 

     Let 𝑋 be a nonempty set of non-abstract points and let 
Φ = {𝜙1, 𝜙2 ,⋯ ,𝜙𝑛} be a set of probe functions that 
represent features of each 𝑥 ∈ 𝑋. In a discrete space, a 
non-abstract point has a location and features that can be 
measured [7].  This leads to a proximal view of sets of 
picture points in digital images [8]. A probe function 
Φ:𝑋 ⟶ ℝ represents a feature of a sample point in a 
picture. Let Φ(𝑥) = (𝜙1, 𝜙2 ,⋯ ,𝜙𝑛) denote a feature 
vector for 𝑥, which provides a description of each 𝑥 ∈ 𝑋. 
To obtain a descriptive proximity relation (denoted by 

𝛿{Φ}), one first chooses a set of probe functions.  Let 

𝐴,𝐵 ∈ 𝒫(𝑋) and let 𝒬(𝐴) and 𝒬(𝐵) denote sets of 
descriptions of points in 𝐴 and 𝐵, respectively (e.g., 
𝒬(𝐴) = {Φ(𝑎)|𝑎 ∈ 𝐴}).  
     The expression 𝐴𝛿Φ𝐵 reads 𝐴 is descriptively near 𝐵. 
Similarly, 𝐴𝛿Φ𝐵 reads 𝐴 is descriptively far from 𝐵. In an 

ordinary metric closure space 𝑋, the closure of 𝐴 ⊂ 𝑋 is 
defined by 𝑐𝑙(𝐴) = {𝑥 ∈ 𝑋|𝑑(𝑥, 𝐴) = 0} [9].   For a set 𝑋 
endowed with a descriptive proximity 𝛿Φ, the descriptive 
closure of 𝐴 ⊂ 𝑋 is defined by 𝑐𝑙Φ(𝐴) =
{𝑥 ∈ 𝑋|Φ(𝑥) ∈ 𝒬(𝑐𝑙(𝐴))}. The descriptive proximity of 𝐴 
and 𝐵 is defined by 𝐴𝛿Φ𝐵⟺ 𝒬(𝑐𝑙(𝐴)) ∩ 𝒬(𝑐𝑙(𝐵)) ≠ ∅.  

The descriptive intersection  
∩
Φ

 of 𝐴 and 𝐵 is defined by 

𝐴
∩
Φ
𝐵 = {𝑥 ∈ 𝐴 ∪ 𝐵|Φ(𝑥) ∈ 𝒬(𝐴) , Φ(𝑥) ∈ 𝒬(𝐵)}. That 

is, 𝑥 ∈ 𝐴 ∪ 𝐵 is in 𝐴
∩
Φ
𝐵, provided Φ(𝑥) = Φ(𝑎) = Φ(𝑏) 

for some 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵. Observe that 𝐴 and 𝐵 can be 

disjoint and yet 𝐴
∩
Φ
𝐵 can be nonempty.  

     A binary operation on a set 𝑆 is a mapping of 𝑆 × 𝑆 into 
𝑆, where 𝑆 × 𝑆 is the set of all ordered pairs of elements 
of 𝑆. A groupoid is a system 𝑆(∗) consisting of a nonempty 
set 𝑆 together with a binary operation " ∗ " on 𝑆. 
     Let 𝑆(∗) and 𝑆′(⋅) be groupoids. A mapping ℎ of 𝑆 into 
𝑆′ is called a  homomorphism if ℎ(𝑎 ∗ 𝑏) = ℎ(𝑎) ⋅ ℎ(𝑏) for 
all 𝑎, 𝑏 ∈ 𝑆. A one-to-one homomorphism ℎ of 𝑆 onto 𝑆′ is 
called an isomorphism of 𝑆 to 𝑆′ [5]. 
     Let we consider the groupoids 𝒬(𝐴)(∗ ₁), 𝒬(𝐵)(∗ ₂), 
where 𝐴 ⊆ 𝑋, 𝐵 ⊆ 𝑌. A mapping ℎΦ: 𝒬(𝐵) → 𝒬(𝐴) is 
called a descriptive homomorphism if it provides 
ℎΦ(Φ𝐵(𝑏1) ∗ ₂Φ𝐵(𝑏2)) = ℎΦ(Φ𝐵(𝑏1)) ∗ ₁ℎΦ(Φ𝐵(𝑏2)) 
for all Φ𝐵(𝑏1), Φ𝐵(𝑏2) ∈ 𝒬(𝐵). A one-to-one descriptive 
homomorphism ℎΦ is called a descriptive monomorphism, 
a descriptive homomorphism ℎΦ of 𝒬(𝐵) onto 𝒬(𝐴) is 
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called a descriptive epimorphism and one-to-one 
descriptive homomorphism ℎΦ of 𝒬(𝐵) onto 𝒬(𝐴) is 
called a descriptive isomorphism [1].   
     Let 𝐴(∙1), 𝐵(∙2) be groupoids, ℎ: 𝐵 → 𝐴 be a 
homomorphism and Φ𝐴: 𝐴 → 𝒬(𝐴), 𝑎 ↦ Φ(𝑎) be an 
object description. The object description  Φ𝐴 of 𝐴 into 

𝒬(𝐴) is an object description homomorphism if  

Φ𝐴(𝑎1 ∙1 𝑎2) =  Φ𝐴(𝑎1) ∗1 Φ𝐴(𝑎2)) for all 𝑎1, 𝑎2 ∈ 𝐴. Let 

we consider the descriptive homomorphism ℎΦ: 𝒬(𝐵) →
𝒬(𝐴) such that ℎΦ(Φ𝐵(𝑏) = Φ𝐴(ℎ(𝑏) [1]. 

 

𝐵Φ
       ℎ′      
→     𝐴Φ 

                                                                                              ↓  Φ𝐵         ↓  Φ𝐴                                                                                   (1) 

 𝒬(𝐵)
     ℎΦ   
→     𝒬(𝐴) 

 
     Lemma 2.1: ([1])  ℎΦ ∘ Φ𝐵 = Φ𝐴 ∘ ℎ

′ . 
 
     Theorem 2.2: ([1])  Let (𝑋, 𝛿Φ), (𝑌, 𝛿Φ) be descriptive EF-proximity spaces, 𝐴(∙1), 𝐵(∙2), 𝒬(𝐵)(∘2) and 𝒬(𝐴)(∘1) be 
groupoids and ℎ be a homomorphism from 𝐵(∙2) to 𝐴(∙1). If there are a  descriptive monomorphism ℎΦ of 𝒬(𝐵) to 
𝒬(𝐴) and an object description homomorphism Φ𝐴 of 𝐴 into 𝒬(𝐴), then there is an object description homomorphism 
Φ𝐵 of 𝐵 into 𝒬(𝐵). 
     Let 𝐴Φ(∗), 𝐵Φ(∗), 𝐶Φ(∗) be ordinary descriptive monoids, ℎ: 𝐵Φ⟶ 𝐴Φ, and ℎ′: 𝐶Φ⟶𝐵Φ be ordinary descriptive 
homomorphisms.  

                                                                                   𝐶Φ
      ℎ′    
→    𝐵Φ

     ℎ      
→    𝐴Φ                                                                                    (2) 

A pair of ordinary descriptive homomorphisms (the diagram (2)) is said to be exact at 𝐵Φ, provided 𝐼𝑚ℎ′ = 𝐾𝑒𝑟ℎ.  

                                              ⋯
     𝒉𝒏−𝟏      
→      (𝐴Φ)𝑛−1

     𝒉𝒏      
→     (𝐴Φ)𝑛

     𝒉𝒏+𝟏      
→      (𝐴Φ)𝑛+1

     𝒉𝒏+𝟐      
→      ⋯                                                (3) 

In general, a sequence of ordinary descriptive homomorphisms (the diagram (3)) is exact, provided each sequential pair  
ℎ𝑛 , ℎ𝑛+1 are exact at each (𝐴Φ)𝑛 for 𝑛 ∈ ℕ [10]. 

𝐶Φ
             ℎ′          
→         𝐵Φ

            ℎ             
→         𝐴Φ 

                                                                               ↓ Φ𝐶               ↓ Φ𝐵             ↓ Φ𝐴                                                                         (4) 

𝒬(𝐶)
        ℎ′Φ        
→        𝒬(𝐵)

       ℎΦ       
→       𝒬(𝐴) 

     Lemma 2.3: ([10]) Let ℎ: 𝐵Φ⟶𝐴Φ be an ordinary descriptive homomorphism, Φ𝐴, Φ𝐵  be object descriptive 
homomorphisms and ℎ:𝒬(𝐵) ⟶ 𝒬(𝐴) be a meta-descriptive homomorphism represented in the diagram (4). If ℎ and 
Φ𝐴 are descriptive monomorphisms, then so is Φ𝐵. 

     Theorem 2.4: ([10]) Let 𝐴Φ(∗), 𝐵Φ(∗), 𝐶Φ(∗) be ordinary descriptive monoids, 𝐴Φ(∗Φ), 𝐵Φ(∗Φ), 𝐶Φ(∗Φ) be meta-

descriptive monoids, and   𝐶Φ
        ℎ′         
→      𝐵Φ

        ℎ        
→     𝐴Φ be exact, represented in the diagram (4). If Φ𝐴, Φ𝐵  are object 

descriptive monomorphisms, then 𝒬(𝐶)
      ℎ′Φ      
→       𝒬(𝐵)

     ℎΦ       
→      𝒬(𝐴) is exact. 

     Theorem 2.5: ([10]) In the diagram (4), let 𝐴Φ(∗), 𝐵Φ(∗), 𝐶Φ(∗) be ordinary descriptive monoids, 𝐴Φ(∗Φ), 𝐵Φ(∗Φ) 
and 𝐶Φ(∗Φ) be meta-descriptive monoids. Then 

     𝒊) If Φ𝐴, Φ𝐶  are object descriptive monomorphisms, ℎ′Φ  is a meta-descriptive monomorphism, and 𝐶Φ
       ℎ′        
→      𝐵Φ

       ℎ         
→     𝐴Φ is exact, then Φ𝐵 is an object descriptive monomorphism. 

     𝒊𝒊)  If Φ𝐵 is an object descriptive epimorphism, Φ𝐴 is an object descriptive monomorphism and ℎ′Φ  is a meta- 
descriptive monomorphism, then Φ𝐶 is an object descriptive epimorphism. 

     Corollary 2.6: ([10]) In the diagram (4), let 𝐴Φ(∗), 𝐵Φ(∗), 𝐶Φ(∗) be ordinary descriptive monoids, 𝐴Φ(∗Φ), 𝐵Φ(∗Φ) 
and 𝐶Φ(∗Φ) be meta-descriptive monoids. Then 

     𝒊) If Φ𝐴, Φ𝐶  are object descriptive monomorphisms, ℎ′Φ  is a meta-descriptive monomorphism, and   𝐶Φ
       ℎ′        
→      𝐵Φ

       ℎ         
→     𝐴Φ is exact, then  𝒬(𝐶)

     ℎ′Φ     
→      𝒬(𝐵)

    ℎΦ      
→     𝒬(𝐴) is exact. 
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     𝒊𝒊) If Φ𝐴, Φ𝐶 are object descriptive monomorphisms, 𝑒 ⟶ 𝐶Φ
     ℎ′      
→    𝐵Φ

     ℎ        
→    𝐴Φ⟶𝑒 is short exact sequence, then  

𝑒Φ⟶𝒬(𝐶)
     ℎ′Φ     
→      𝒬(𝐵)

    ℎΦ      
→     𝒬(𝐴) ⟶ 𝑒Φ is a short exact sequence. 

 

Exactness of Descriptive Group Homomorphisms 

     Theorem 3.1: Let ℎ: 𝐵Φ⟶ 𝐴Φ be an ordinary descriptive homomorphism, Φ𝐴, Φ𝐵 be object descriptive 
homomorphisms, and ℎΦ: 𝒬(𝐵) ⟶ 𝒬(𝐴) be a meta-descriptive homomorphism in the diagram (1). If Φ𝐵 is an object 
descriptive epimorphism and Φ𝐴 is an object descriptive monomorphism, then 𝐼𝑚ℎ = Φ𝐴

−1(𝐼𝑚ℎΦ) and 𝐾𝑒𝑟ℎΦ =
Φ𝐵(𝐾𝑒𝑟ℎ). 

     Proof: Since Φ𝐴 is an object descriptive homomorphism, we get that 𝐼𝑚ℎ = Φ𝐴
−1(Φ𝐴(𝐼𝑚ℎ)). Therefore, from Lemma 

2.1,  

                                                  𝐼𝑚ℎ = Φ𝐴
−1(𝐼𝑚(Φ𝐴ℎ)) = Φ𝐴

−1(𝐼𝑚(ℎΦΦ𝐵)) = Φ𝐴
−1(𝐼𝑚ℎΦ)                                                (5) 

where Φ𝐵 is an object descriptive epimorphism. Moreover, we obtain 𝐾𝑒𝑟ℎΦ = ℎ(ℎ
−1(𝐾𝑒𝑟ℎΦ). Thus 𝐾𝑒𝑟ℎΦ =

ℎ(𝐾𝑒𝑟(ℎΦℎ)), and so we have that 𝐾𝑒𝑟ℎΦ = Φ𝐵(𝐾𝑒𝑟(Φ𝐴ℎ)) by Lemma 2.1. Since Φ𝐴 is an object descriptive 
monomorphism, we obtain 𝐾𝑒𝑟ℎΦ = Φ𝐵(𝐾𝑒𝑟ℎ). 

     Definition 3.2:  Let ℎ: 𝐵Φ⟶ 𝐴Φ and ℎ′: 𝐶Φ⟶𝐵Φ be ordinary descriptive homomorphisms. 

                                                      𝑒Φ⟶𝐶Φ
             ℎ′          
→         𝐵Φ

             ℎ              
→         𝐴Φ⟶𝑒Φ                                                                     (6) 

The diagram (6) is said to be a short exact sequence if ℎ′ is a monomorphism and  ℎ is an epimorphism. 

     Theorem 3.3: In the diagram (4), let 𝐴Φ, 𝐵Φ, and  𝐶Φ be ordinary descriptive groups and, 𝒬(𝐴), 𝒬(𝐵), and 𝒬(𝐶) be 
meta-descriptive groups. Then 

     𝒊) If Φ𝐴, Φ𝐶  are object descriptive epimorphisms, ℎ is an ordinary descriptive epimorphism, and  

𝒬(𝐶)
     ℎ′Φ     
→      𝒬(𝐵)

    ℎΦ      
→     𝒬(𝐴) is exact, then Φ𝐵 is an object descriptive epimorphism. 

     𝒊𝒊) If Φ𝐵 is an object descriptive monomorphism, ℎ is an ordinary descriptive epimorphism and ℎΦ is a meta-
descriptive monomorphism, then Φ𝐴 is an object descriptive monomorphism. 

     Proof: 𝒊) Let Φ𝐵 ∈ 𝒬(𝐵), 𝑏 ∈ 𝐵Φ. In this case ℎΦ(Φ𝐵(𝑏)) ∈ 𝒬(𝐴), and since Φ𝐴 is an object descriptive epimorphism, 

ℎΦ(Φ𝐵(𝑏)) = Φ𝐴(𝑎) for some 𝑎 ∈ AΦ. Since ℎ is an ordinary descriptive epimorphism, we get 𝑎 = ℎ(𝑏′) for some 𝑏′ ∈

𝐵Φ. From Lemma 2.1,    ℎΦ(Φ𝐵(𝑏
′)) = Φ𝐴(ℎ(𝑏

′)) = Φ𝐴(𝑎) = ℎΦ(Φ𝐵(𝑏)). Thus,  ℎΦ ((Φ𝐵(𝑏
′))

−1
Φ𝐵(𝑏)) = 𝑒𝒬(𝐴) 

and then (Φ𝐵(𝑏
′))

−1
Φ𝐵(𝑏) ∈ 𝐾𝑒𝑟ℎΦ = 𝐼𝑚ℎΦ

′  by exactness. Hence, we obtain (Φ𝐵(𝑏
′))

−1
Φ𝐵(𝑏) = ℎΦ

′ (Φ𝐶(𝑐)), 𝑐 ∈

𝐶Φ since Φ𝐶 is an object descriptive epimorphism. Because of ℎ′(𝑐) ∈ 𝐵Φ and 𝑏′ ∈ 𝐵Φ, we have that 𝑏′ℎ′(𝑐) ∈ 𝐵Φ and 

from Lemma 2.2, Φ𝐵(𝑏
′ℎ′(𝑐)) = Φ𝐵(𝑏

′)Φ𝐵(ℎ
′(𝑐)) = Φ𝐵(𝑏

′)ℎΦ
′ (Φ𝐶(𝑐)) = Φ𝐵(𝑏

′)(Φ𝐵(𝑏
′))

−1
Φ𝐵(𝑏) = Φ𝐵(𝑏). 

Therefore, Φ𝐵 is an object descriptive epimorphism.  

     𝒊𝒊) Let 𝑎 ∈ 𝐾𝑒𝑟Φ𝐴. Since ℎ is an ordinary descriptive epimorphism, there exists 𝑏 ∈ 𝐵 such that ℎ(𝑏) = 𝑎. From 

Lemma 2.1, ℎΦ(Φ𝐵(𝑏)) = Φ𝐴(ℎ(𝑏)) = Φ𝐴(𝑎) = 𝑒𝒬(𝐴), and so Φ𝐵(𝑏) = 𝑒𝒬(𝐵) by ℎΦ is a meta-descriptive 

monomorphism. Therefore, we get 𝑏 = 𝑒𝒬(𝐵), since Φ𝐵 is an object descriptive monomorphism. Consequently 𝑎 =

ℎ(𝑏) = ℎ(𝑒𝐵Φ) = 𝑒𝐴Φ. Thus 𝐾𝑒𝑟Φ𝐴 = {𝑒𝐴Φ}. 

   𝑒Φ⟶ 𝐶Φ
             ℎ′          
→         𝐵Φ

             ℎ              
→         𝐴Φ⟶ 𝑒Φ 

                                                                         Φ𝐶 ↓↑ Φ𝐶
−1     Φ𝐵 ↓↑ Φ𝐵

−1     Φ𝐴 ↓↑ Φ𝐴
−1                                                                 (7) 

    𝑒𝒬(𝐶) ⟶  𝒬(𝐶)
        ℎ′Φ        
→        𝒬(𝐵)

         ℎΦ         
→        𝒬(𝐴) ⟶ 𝑒𝒬(𝐴) 

     Corollary 3.4: Let 𝐴Φ,𝐵Φ, and  𝐶Φ be ordinary descriptive groups, 𝒬(𝐴), 𝒬(𝐵), and 𝒬(𝐶) be meta-descriptive groups, 
and in the diagram (7), each row be exact sequence. 
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     𝒊) If Φ𝐴 and Φ𝐶   are object descriptive monomorphisms, then Φ𝐵 is an object descriptive monomorphism. 

     𝒊𝒊) If Φ𝐴 and Φ𝐶 are object descriptive epimorphisms, then Φ𝐵 is an object descriptive epimorphism. 

     𝒊𝒊𝒊) If Φ𝐴 and Φ𝐶 are object descriptive isomorphisms, then Φ𝐵 is an object descriptive isomorphism. 

     Two (short) exact sequences are called an isomorphic if there is a diagram of ordinary descriptive and meta-
descriptive homomorphisms such that 𝐴Φ, 𝐵Φ, and  𝐶Φ are object descriptive isomorphisms. In this case, it is easy to 
verify the diagram (7) with Φ𝐴

−1,Φ𝐵
−1 and Φ𝐶

−1, is commutative. 

     In the diagram (7), exact sequence pairs are called ordinary-meta-descriptive homomorphism sequence or shortly 
called om-descriptive homomorphism sequence. 

     Proposition 3.5: Let 𝐴Φ be ordinary descriptive group.  

                                               𝑒Φ⟶ (𝐾𝑒𝑟ℎ)Φ
         𝑖          
→      𝐴Φ

          𝜋            
→        (𝐴 𝐾𝑒𝑟ℎ⁄ )Φ⟶ 𝑒Φ                                                         (8) 

Then, the diagram (8) is a short exact sequence. 

     Example 3.6: If  ℎ: 𝐵Φ⟶ 𝐴Φ is an ordinary descriptive homomorphism, Φ𝐾𝑒𝑟ℎ: (𝐾𝑒𝑟ℎ)Φ⟶𝒬(𝐾𝑒𝑟ℎ) and 
Φ𝐵 : (𝐵)Φ⟶𝒬(𝐵)  are object descriptive monomorphisms, then from Proposition 3.5 and Corollary 2.6. (𝑖𝑖), we have 

                                     𝑒𝒬(𝐾𝑒𝑟ℎ) ⟶  𝒬(𝐾𝑒𝑟ℎ) ⟶  𝒬(𝐵) ⟶  𝒬(𝐵 𝐾𝑒𝑟ℎ⁄ ) ⟶ 𝑒𝒬(𝐵 𝐾𝑒𝑟ℎ⁄ ).                                                      (9) 

The diagram (8) is a short exact sequence. Therefore, we have that the diagram (10). 

   𝑒Φ⟶ (𝐾𝑒𝑟ℎ)Φ
         𝑖         
→      𝐵Φ

          𝜋            
→        (𝐵 𝐾𝑒𝑟ℎ⁄ )Φ  ⟶ 𝑒Φ        

                                                                    ↓ Φ𝐾𝑒𝑟ℎ                 ↓ Φ𝐵                         ↓  Φ𝐵 𝐾𝑒𝑟ℎ⁄                                                      (10) 

𝑒𝒬(𝐾𝑒𝑟ℎ) ⟶  𝒬(𝐾𝑒𝑟ℎ)
         𝑖          
→       𝒬(𝐵)

         ℎΦ           
→         𝒬(𝐵 𝐾𝑒𝑟ℎ⁄ ) ⟶ 𝑒𝒬(𝐵 𝐾𝑒𝑟ℎ⁄ ) 
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