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1. INTRODUCTION

Linear positive operators take an important place in approximation theory. These operators are monotonous
operators since they convert positive functions to positive functions. This property allows to proving
inequalities for positive operators (Hacisalihoglu & Haciyev, 1995).

Forn e N = {1,2,..}and f € C(0, ), Widder (1941) examined the Post-Widder operators is defined by

R0 =2(2)" [ e o, .

X

where x € (0, ), and these operators protect only fixed functions. After Widder (1941), Rathore and Sing
(1980) defined the operators in the following way

1 n+p+1 _nt
R0 =m=(2) [ e fodt, @)
where p be a fixed integer. They created the simultaneous approximation property of the operators (2) and
obtained an asymptotic formula. In the case of p = 0, the operators (2) reduce to the operators (1). In addition
for the p = —1 case, the operators (2) was handled by May (1976).

Rempulska and Skorupka (2009) introduced the Post-Widder and Stancu operators preserving test function x?

in polynomial weighted space. They showed that these operators had better approximation properties than
classical Post-Widder and Stancu operators.

*Corresponding Author, e-mail: gtorun@kastamonu.edu.tr



mailto:gtorun@kastamonu.edu.tr
https://doi.org/10.54287/gujsa.1113567
http://dergipark.org.tr/gujsa
https://orcid.org/0000-0002-1897-0174

Giilten TORUN

174 GU J Sci, Part A, 9(2): 173-186 (2022)

In recent years, the Post-Widder operators preserving test functions x” for r € N have been appropriately
modified to get a better approximation. The approximation properties of the modified form of the Post-Widder
operators have been studied by Gupta and Agrawal (2019), Gupta and Tachev (2022). In addition, the several
linear operators preserving the functions constantly and e?®* for fixed a > 0, such as Szasz-Mirakyan,
Baskakov, Baskakov-Schurer-Szasz, Baskakov-Szasz-Stancu, Baskakov-Schurer-Szasz-Stancu, Post-Widder
and Stancu type Szasz-Mirakyan-Durrmeyer operators were studied by Acar et al. (2017), Giirel-Yilmaz et al.
(2017; 2018), Bodur et al. (2018), Aral et al. (2019), Sofyalioglu and Kanat (2019; 2020), Gupta and
Maheshwari (2019), Kanat & Sofyalioglu (2021), and they examined the approximation properties of these
operators. Gupta and Maheshwari (2019) considered a modification of Post-Widder operators preserving the
exponential functions. They made a direct estimate and proved the quantitative asymptotic formula for these
modified operators. The case p = —1 of Post-Widder operators (2) preserving constant and e ~2%* for fixed
a > 0 has been handled by Sofyalioglu and Kanat (2020). They investigated the convergence behavior of
modified Post-Widder operators and the convergence ratio using different module types. Finally, they
compared their newly established operators with the Post-Widder operators which preserve x” for r € N.

In this article, the approximation properties of the Stancu type Post-Widder operators that preserve the
functions constant and e2%* for fixed a > 0 are examined and the Voronovskaja type approximation theorem
is given for the asymptotic behavior of these operators.

Several studies were conducted on Voronovskaja type approximation for some operators by Dinlemez Kantar
and Ergelen (2019), Cai et al. (2020; 2021a, 2021b), Sofyalioglu et al. (2021), Dinlemez Kantar and Yiiksel
(2022), Torun et al. (2022).

Let be defined the Stancu type Post-Widder operators for n € N and x € [0, ) as

aB roon_ 1 n \"PH o n+p % nt+a
Pne(i0) = s (Gh) ot ™o f () dt, ©

where the real-valued function f is a bounded function over the interval [0, ), a and 8 positive real numbers
satisfying 0 < a < 8, and p is a constant integer such that p <n . For a > 0, assume that operators (3)
preserve the function e?%*. It can be easily seen that the conditions

Prféfw(eZat;x) = p20ax

are satisfied. In this case, it would be

+p+1 __nt nt+a
ap 2at. _ y2ax _ _ 1 n \" ®  n+ a
Fupw(€™i2) =™ =00 (Wn(x)) Jy P e Ynenrdt
2aa
B n+p+1 _ (+p)—2a¥n(x)
=€ n [Z P T Rl T dt
(n+p)! \Wy(x) 0

= erzz?r_o[i’ ( n+p )Tl+p+1
- n+p-2a¥,(x)

where ‘;”(i) > 2a. With a simple calculation, the function ¥,, (x) is obtained as follows:
G+ B\ mip,
2a(x(n+p)—a)\ n+p+1
v, () =L 1 - <e nif ) . (4)

And it can be easily shown that lim ¥,,(x) = x.
n—-oo

If the function W,,(x) given in (4) is replaced in (3), the Stancu type Post-Widder operators take the form
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PEE(f; %)= Pl (f: %)

—2ant

n+p+1 —2a(x(n+,8)—a)>

(n+p)

1 2an © a4 (

- (n+p)! —2a(x(n+p)-a) fO t"*Pe
(n+ﬁ)(1—e n+p)(n+p+1) )

1—e M+B)(n+p+1)

(nt+a) dt. (5)

n+p

2. SOME PRELIMINARY RESULTS

In this section, several lemmas and their results necessary to prove the main theorem are given.

Lemma 2.1 Let ¥,,(x) be function given in (4). The Stancu type Post-Widder operators (3) give the following
equations:

—(n+p+1)

fpa
nP‘P(e x):e”’rﬁ(l— n+p

Proof: Let f (t) = e®t, ¢ € R. From the operators (3), the following equation is given by

t t
( n )n+p+1 __n nt+a

© n+ ¢
np‘y(e x) = (n+p)' W (x) fo t""Pe YnWe n+bdt

1 n \ntprl e o n+p , = (—1 —L)nt
= n n@) n
(n+p)! (‘{—’n(x)) enth fO t e 7 dt.
By substituting the variable ( — i) nt = u in the above integral and then using the gamma function,
Wn(x) n+p
fa n+p+1
enB [ n (mf-¢Wa(x) \7! © nip ,-u
P (€?5%) =y (wnm ( W, (O(+B) ) ) Jo wttP e du
da
_ e (map-gpw )\ (MHPED _ e W) (PHD
- (n+p)!( n+p ) r (n tp+ 1) =enh (1 n+p )
is obtained.

Lemma 2.2 Let e;(t) = t/, j =0,1,2,3,4. The moments of the Stancu type Post-Widder operators (3) are
obtained as follows:

) Pfule®sx) =1,

@) Pypw(er(®);x) = S22 W, 00 + 255

(n+p+2)(n+p+1) (1,2 2a(n+p+1)
(iid) Py (e(0); %) = EZEETIDWE (o) + TR, (x) +

(n+B)2 ’

. a,f (n+p+3)(n+p+2)(n+p+1) \(,3 3a(n+p+2)(n+p+1) 2
(lv) Pnp‘}’(e3 (t) X) - (n+p)3 llJn (X) + (n+p)3 b (X)

3a?(n+p+1)

+ (n+p)3

Pn(x) + (n+ﬁ)3'

(n+p+4)(n+p+3)(n+p+2)(n+p+1) 4a(n+p+3)(n+p+2)(n+p+1)
(17) Pnapﬁlp(ezl.(t);x) _ (ntp n P(n+37;4p n+p ‘P{f(x) + a(n+p (rzl-l_ﬁp)4 n+p q_;3(x)
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6a?(n+p+2)(n+p+1) ;52
+ B Wi(x) +

4a3(n+p+1)

(n+p)* Fn(x) +

(n +B)4

Proof: (i) Taking e;(t) = t/, j = 0 in operators npq,(e](t) x) , the following equation can be obtained by

n n+p+1 n4 __nt
Piw(@®n = s (g)  f e o
Substitutin
n Tl+p+1 l["n(x) Tl+p+1 0 n+p —u _ 1
nply(eO(t) x) (n+p)' (LPn(x)) ( n ) fO u € du = (n+p)!
(ii) The operators npq,(e] (£); x) for j = 1 are yielded as follows:
ap T T2 T 1 T . o
Pabe(er:0) = —=(355) L tre @ (R de
n n \MPH o it gt @ n_ \MPHL e - Tt
= e n+p e
(n+p)!(n+p) (L}’n(x)) fO t e ¥n®dt+ (n+p)!(n+p) (‘I—'n(x)) fo t e ¥n®dt.

From (i), the value of the second sum on the right side of the above equation is % . In the first integral on

the right side of the above equation, the variable t = u is changed. And then using the gamma function,

n
Wi (x)
the following equation is obtained:

P (e1(D;20) = =22 W 00 + 155

(iii) For j = 2, the operators P,f‘pﬁq,(ej (£); x) are written as follows:

n )Tl+p+1

nt 2
© nip , Twoo (M
PP (es () %) = —(nw (Wn(x) NG sunu( ) dt

n+f

n? n \"PHl o . L 2na n \"PH1 o -
= p+2 v, (x) ( ) n+p+1 W, ()
(n+p)!(n+p)? (‘Pn(x)) fO t e dt+(n+p)!(n+,8)2 W, (x) fo t e ¥ndt

nt

a? n APl o ntp -
n(x)
(n+p)!(n+p)>? (‘Pn(x)) fo t" e ¥ dt).

In the first integral on the right side of the above equation, the variable t = u is changed and then the

n
Wi(x)
gamma function is used. From (i) and (ii),

(n+p+2)(n+p+1) (1,2 2a(n+p+1)
g )+ g (n+p)? Fn(3) +

npq:(ez (t);x) = (n+ﬁ)2 ’
Similarly, the equations (iv) and (v) are proved.

Corollary 2.3 Let (p,{ (t) = (t —x)’,j = 0,1,2,4. The central moments of Stancu type Post-Widder operators
(3) are bellowed

np\p((px(t) x)=1,
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8 (n+p+1)¥, () +a
Pno,[p,\p@% () x) = T aip©
(n+p+2)(n+p+1) W2 () +2a(n+p+1) W, (x)+a? m+p+1D)¥, () +a 2
P (@2 (0); %) = i B2 maT—— T
(n+p+4)(n+p+3)(n+p+2) (n+p+1) Wi () +4a(n+p+3)(n+p+2) (n+p+1) W3 (x)
nply((px (t) ) (n+ﬁ)4

6a?(n+p+2)(n+p+1)W3(x)+4a3(n+p+1) W, (x)+a*

+ (n+p)*

_4 ((n+p+3)(n+p+2)(n+p+1)'-l’% (x)+3a(n+p+2)(n+p+1)W3(x)+3a? (n+p+1)‘~I-’n(x)+oc3)
g e p)?

2 2
m+p+2)(n+p+1)¥; () +2a(n+p+1D)¥ () +a ) _ 4x3 ((n+p+1)‘l’n(x)+a) n x4.

2
+6x ( (n+p)? n+pg

In addition, considering the equation W¥,,(x) defined in (4), the following limits are obtained:

) 11m nPnp w (t —x;x) = —ax? (7)
(i) llm nP pq, ((t —x)?%x) = x? €))
(@) lim n?Pry (¢ —0)%x) = 3x* 9)

3. THE UNIFORM CONVERGENCE OF THE OPERATORS P::gq,

Boyanov and Veselinov (1970) showed uniform convergence of the sequence of linear positive operators. In
the following theorem, the uniform convergence of the Stancu type Post-Widder operators (3) for the function
f on [0, ) is investigated. Let the subspace of all continuous and real-valued functions on [0, ) be denoted
by C*[0, o) with the property that 9}1};} f (x) exists and finite, given with the uniform norm.

Theorem 3.1 If the sequence of the Stancu type Post-Widder operators (3) satisfy

lim Pnpw (eVEx)=eV*, v=10,1,2 (10)

n—oo

uniformly in [0, ), then for each f € C*[0, )

hm Pnpﬁq, (f;x) = f(x) (11)

uniformly in [0, ).

Proof: For v = 0, it becomes that hm P (1 x) = 1from (i) of Lemma 2.2. Now the equation (6), and
Y, (x) defined with (4) will be used to prove the images of f(t) = e~V for v = 1,2 respectively,

(12)

—(n+p+1)
—2a(x(n+p)—-a)
npw(e_t x)=e n+/3 1+— (1 — e +p)(n+p+1) )

and
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2a —2a(x(n+p)—-a) (nt+p+1)
np\p(e‘Zt x)=e ™B(1+= (1 —e (n+ﬁ)(n+p+1)) . (13)

Using the software Maple to calculate the right side of the equation (12), the following equation is obtained:

—t. —x , a+1)e”*x?

2n
(2a+1)(3(2a+1)e"‘x -8(a+1)e” *x3-12(p+1)e” *x2-24ae™ *x) 1
e +0(%). s
Similarly, again using Maple to calculate the right side of the equation (13),
—2X,.2
nply(e_Zt ) _ e_2x + 2(a+1): X
—2 X4 _ —2X..3_ —2X..2_ —2x
n (a+1)(6(a+1)e 2 *x 4(a+2)e3n2x 6(p+1)e” 2*x2—-12ae~ #¥x) 10 (i) (15)

is found. Thus, hm Pn pﬁq, (e™Vt;x) = e V¥, v = 0,1,2 in the interval [0; o). That is,

hm Pnpq,(f x)=f

for any f € C*[0; o). This indicates that the sequence {P,fffwf} uniformly converges in the interval [0, o)
forany f € C*[0, ).

After Boyanov and Veselinov (1970), Holhos (2010) studied the uniform convergence of a sequence of linear
positive operators and obtained the following theorem.

Theorem 3.2 If {B,} is a sequence of linear positive operators from C*[0, ©), to C*[0, =), then for each
f € C*[0, ), the following inequality is satisfied:
1Pa(f3 %) = FOfo.0) < Nfllfoeoyn + (2 + an)ew* (f,y/an + 2bn + c3),
where a,, b,, and c,, are defined as follows:
1P (1; %) = 1l jo,00) = @n,
IP.(e™ %) — e |l [0,00) = bn,
1P (6725 x) — e™**Il[0,e0) = Cn
and they approach zero as n goes to infinity. In addition, the modulus of continuity is expressed by
0" (f,¥) = SUPjo-t_er|zy; xez0 1F (D) = F(O)] (16)

and this modulus has to property:
FO-f@I< (145" —e™?)w’(f,y), ¥>0 (17)

The main result of the uniform convergence of a sequence of linear positive operators is given by the following
theorem.
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Theorem 3.3 Let{ npq,f} be a sequence of linear positive operators P%",: C*[0,00) — C*[0, o). For every

np‘l—'
function f € C*[0; o0), the following inequality is satisfied:
[P i = F| < 20 (7200 + ), (18)

where the modulus of continuity w* which is defined in (16) and

—-X

Q, —t. —
”Pn'p'q,(e (X)) —e o)

[P0 e || =

Here o,, and u,, tend to zero as n goes to infinity and the sequence { o, l{,f} uniformly converges to f.
Proof: From (i) of Lemma 2.2,

n = ”Prf{pﬁw(lix)—l =0

lioer

is obtained. To calculate a,, and u,,, the equalities (14) and (15) are taken respectively

Op = ||P (e—t x)—e x”[o'oo) = SUPxe[0;00) |Pn0f1f\p(€_t;x) — e—x|

(2a+1)e™ *x (2a+1) 3(2a+1)e”*x*-8(a+1)e” *x3-12(p+1)e” *x%—24ae~ *x 1
= SUPxe[0;00) hieia ( ) +0 ( )

2n 24n?

< 2(a+1) | 2a+1 (32(2a+1) _9(a+l)  p+1 g) 40 (i)
- 3

ne? n2 e* e3 e?

n = [[Pime 50 e = subsepoen [Prpwle 5 x) — e

[0,00)

2(a+1)e 2 %x2 n (a+1)(6(a+1)e 2 *x*—4(a+2)e” 2*x3-6(p+1)e” **x?—12ae~ **x) 10 ( 1 )
n 3n2

= SUPxe[0;00) |

— ne? n2 et e3 e? e n3

L 2@ | ait <32(a+1) B 2(a+2) 2+ 2_a> +0 (L)
As a consequence, g, and p,, tend to zero as n goes to infinity. Thus, the Theorem is proved.
4. APPROXIMATION PROPERTIES OF THE OPERATORS Pzgq,
In this section, firstly, the convergence rate is examined with the help of the continuity module.
Let C[0, o) be the class of all bounded and uniform continuous functions f on [0, ) with the norm
Ifllcy = Subxefo;) | f (x)|. For e > 0, the Peetre K-functional is defined as
K (f,8):= infgeczioo [II f = gll + €llg”ll ],
where CZ[0,00): = { g € Cp[0,): g, 9" € C5[0,0)}.

The first-order modulus of continuity of f € Cg[0, o) is defined as follows:
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(U( f: 5): = SUPp<h=e Supx,x+he[0,oo)| f (x + h) - f (x)l
The second-order modulus of continuity of f € Cg[0, ) is given by
Wz ( fiVe): = supgpeys SUPxx+hx+zhefom)] £ (X +2h) = 2f (x + h) + f ().

In Theorem 2.4 given by DeVore and Lorentz (1993) is proved that there exists an absolute constant C > 0
such that

Ky (f,€) < Cwy(f,Ve). (19)
Lemma 4.1 For f € Cg[0, ), the following inequality is obtained:

P& C(f 50| < 1. (20)
Proof:

[Pl (fim)] = Pl f i)

—-2ant
—2a(x(n+p)-a)
1—e M+B)(n+p+1)

n+p+1

(n+pB)
1 2an J-oo (D o <
—2a(x(n+p)—a) 0

— (n+p)! (n+B)<1—e (n+3)(n+p+1)>

2

n+p

<l £ I PSPy (120) = Il £1I.

Theorem 4.2 For f € Cg[0, ), there exists a positive constant L, such that

gxb

Pt (Fi0) = F@)| < Lan | £, 222 )+ a(f,

8

—-2a(x(n+p)-a)
&*1 (1 — e m+P)(n+p+1) ) + e _ X |)
2a

where
af _ (m+p+1)(2n+2p+3) (42 a(n+p+1)  x(n+p+1) _ 4xa
fn'p"*' B (n+p)? W () + 4( (n+p)? n+p )lp () + (n+[f)2 n+p +2x
Proof: Let the auxiliary operators P npq, from Cz[0,0) to Cg[0, ) be defined as
< +p+1 —2a(x(ntf)-a)
Prf‘pﬁw(g,x) = npq,(g x)+glx)—g (n P (1 — e A M+p+D ) + %) (21)

Using the equalities (i) and (ii) of Lemma 2.2 and the linearity of the operators P ", LI,(g, X),
npq,(t xx)=0 (22)
is obtained. Using Taylor expansion for g € C3[0, o), it can be written as

g = g(0) +g' )t —x) + [t —wg" Wdu. (23)

Applying the auxiliary operators (21) to both sides of equation (23) and using (22), it is obtained
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Bit(g:) = g() + By ([ (6 —wg" wdu; x).

Brfu(gix) — g)| < [Pby (fi(t —wg" du;x)| +

S, P @ x)( nptp(e1:x) — u) g"(u)du‘

—2a(x(n+p)-a) 2
|| ”|| a, ||g I n+p+1 —2alxntf)-a) a
— n+p)(n+p+1) -
P lI,((t x)%;x) + = 7a 1—e +n+/3’ X

n 2 "
< ng " (( npxp((t—x)z x)) ( nptp(t_x x)) ): el E np¥’ (24)

where

2
f(x,ﬁ _ (n+p+1)(2n+2p+3) ,%(x) _|_4(a(n+p+1)_x(n+70+1))lp (x) + 4xa

np¥ ~ (n+p)? (n+p)? n+p (n+ﬁ)2 Trp T2

Taking the norm of the auxiliary operators (21) and using Lemma (4.1), the following inequality is obtained:
|Bbu (Fi) || < 31 £IL £ € Calo,00). (25)
Using the operators (21) and the inequalities (24) and (25), for every g € C3[0, ), it can be written as

[Pl (30 = F@)| < [P (F = 9320 = (f = 9) ()|

ot —2a(x(n+p)-a)
+|f(%(1_eim+mw) M) f(x)| |Bt(g; ) — 9()|

—2a(x(n+B)—a))

+p+1
<4|f- g”+||g ||€nplp_|_|f(%<1_e(n+6)(n+p+1) +%B>—f(X)|- (26)

If the infimum on the right side of (26) over all the function g € C3[0, ) is taken, then

—2a(x(n+p)-a)
ntptl (1 — e A +p+D) ) + & xD
2a n+p

[P (f:2) = f(x)|<4Kz< f’055‘")+w(f,

apB

$n
< Lw,| f, %’w +w<f,

—2a(x(n+p)—a)

ntp+il (1 — ¢ A m+p+D) ) + -2 x|)
2a

n+p
where L is a positive constant. Thus, the Theorem is proved.

—2a(x(n+p)—a)
Remark 4.3 Since lim g’ =0 and lim (%’:1(1 — e P m+p+D) ) +-2 x) =0, these limits

n—oco n—co n+p

guarantees a rate of pothlse convergence of the operators P, ", l},(f x) to f (x).

Finally, the Voronovskaja-type theorem is given to examine the asymptotic behavior of the Stancu type Post-
Widder operators (3).

Theorem 4.4 For each f € C*[0,0) and x € [0, ), the following inequality holds:

n(PEfu(F0) = £ @) +a® £/00) =% £ @) < lunGOI £/ GOl + 5 lwa@] £ G0
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1
+2(1, () + %2 + wy (x) ) ( " n” E) ,
where f ', f "' exists in C*[0, ), and
u,(x) =n nplp(t x;x) + ax?,

V() = nPelL (6 — 0% %) — 2,

1
wn(0) = (W2 By (e — e, x)) (B =040
Proof: By Taylor's formula for a function f, the following equation can be written:

F@© =@+ @& -0+ T2 -2 + 0@ - 02, @7)
where Peano form of the remainder (¢, x) is defined by

" @-f" )

, x <1<t
2

r(t,x): =

and the limit value of the remainder term r(t,x) is 0 as t approaches x. By applying the operators
Py L},(f x) on both sides of the equation in (27), the following equality is obtained:

(x)

PEPL(f:0) = F(0) = f1OPEE (¢ — xx) + L2 BEPL((E = 0% 20) + ol (r(£, ) (t — )% %),

Taking into account the Corollary (2.3), the following inequality can be written:
n(BEu(F0) = F @) +ax® £/00) - % 7| < |nBffy € — 120 + ax?| | /()]
+ %|nP“B ((t—x)%x) — x2| | £ ()| + |nP“B (r(t, x)(t — x)z;x)|.

np,¥ np,¥

Let u,(x) = nprBq,(t —x;x) + ax?, and v, (x) = nP,f‘pBlp((t —x)?;x) — x2. Then

0 (BELu(Fi0) = £ @) +ax® £/ =% £ (o)

< [un GO £ /GOl + 2w | f 7]+ nPEE (6, 01 = 0% ). (28)

From (7) and (8), u, (x) and v,,(x) approach zero, as n goes to infinity at any point x € [0, o). To calculate
the term |r(t, x)| in the inequality (28), from (17),

re 0l < (1+ D) wr ), v >0
can be written and here the modulus of continuity w*(f,y) is defined in (16). Moreover,

Za)*(f” y) , |e—t_e—x| S)/
2T (), Jet—e X >y

|r(t,x)| <
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and thus | (6, )| < 2 (1 + %) w0 (F",7).

The Cauchy Schwartz inequality is applied to the last term of the sum on the right side of (28) and

y%2 = n~1is chosen.

np\]J(IT(t x)|(t —x)% %)

< 2nar (773) (B (e = 3070 + B (et — Y2~ 0% )

1

<2w* ( n z) <nP,f‘pr((t —x)%x) + ( (G e"‘)‘*;x)) ( 2PEb (¢ = )% x)f)
< 2(vp (X)) + x% + wy (%) )0 ( "n" %)

1
where w, () = (n?Btfe (7 — e™)*; x)) (B = %0
Thus, the Voronovskaja type asymptotic formula is obtained.
Remark 4.5 Using the software Maple, the following equation is obtained:
lim n? P (6™t —e™)% x) = 3e ™Mt
A result of Theorem 4.4, from the equation (9) and Remark 4.5 can be given as follows :

Corollary 4.6 Let f,f " € C*[0, o). Thus
B . _ — 2 ! x_z "
llm n(Pnpq,(f,x) f(x)) =—ax"f')+5 f7(%)
holds for any x € [0, ).

5. SOME GRAPHICAL ANALYSIS

In this section, the graphs below show the convergence of the Stancu type Post-Widder operators to the
considered function f(x) = x3 e~3* for different values of n, p, a, « and B (Figure 1).
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---------- function

Figure 1. Convergence of Pn"f;fq, (f; x) for different values of n, p, a, @ and B

The graph below shows the convergence of the Post-Widder Operators Py 4(f; x) and the Stancu type Post-
Widder Operators peF (f; x) to the function f(x) = x3 e™3* for n = 50, a = 4, and different values of p,

n,p,¥
a and B (Figure 2).
1% n=50, p=9, a=4, 0 n=50, p=9, a=4, (1 n=50, p=24, a=4,
alpha=11, beta=12 alpha=99, beta=100 alpha=99, beta=100
1" o |
i
" / 0. |
| i
| m
) ot _“
0 8 1 i 3 8 fl aERErEEan
Piolfix) ————— Pilue(fi%)
Figure 2. Convergence of P, o (f; x) and Pn"ffq,(f; x)to f(x)forn=50anda = 4
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