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1. INTRODUCTION  

Linear positive operators take an important place in approximation theory. These operators are monotonous 

operators since they convert positive functions to positive functions. This property allows to proving 

inequalities for positive operators (Hacısalihoğlu & Hacıyev, 1995).  

For 𝑛 ∈ ℕ = {1,2, … } and 𝑓 ∈ 𝐶(0, ∞), Widder (1941) examined the Post-Widder operators is defined by 

      𝑃𝑛(𝑓; 𝑥) ≔
1

𝑛!
(

𝑛

𝑥
 )

𝑛+1

∫ 𝑡𝑛𝑒− 
𝑛𝑡

𝑥 𝑓(𝑡)𝑑𝑡,
∞

0
                                                                                                            (1) 

where 𝑥 ∈ (0, ∞), and these operators protect only fixed functions. After Widder (1941), Rathore and Sing 

(1980) defined the operators in the following way 

     𝑃𝑛
𝑝(𝑓; 𝑥) ≔

1

(𝑛+𝑝)!
( 

𝑛

𝑥
 )

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝𝑒− 
𝑛𝑡

𝑥 𝑓(𝑡)𝑑𝑡,
∞

0
                                                                                             (2) 

where 𝑝 be a fixed integer. They created the simultaneous approximation property of the operators (2) and 

obtained an asymptotic formula. In the case of 𝑝 = 0, the operators (2) reduce to the operators (1). In addition 

for the 𝑝 = −1 case, the operators (2) was handled by May (1976). 

Rempulska and Skorupka (2009) introduced the Post-Widder and Stancu operators preserving test function x² 

in polynomial weighted space. They showed that these operators had better approximation properties than 

classical Post-Widder and Stancu operators. 
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In recent years, the Post-Widder operators preserving test functions 𝑥𝑟 for 𝑟 ∈ ℕ have been appropriately 

modified to get a better approximation. The approximation properties of the modified form of the Post-Widder 

operators have been studied by Gupta and Agrawal (2019), Gupta and Tachev (2022). In addition, the several 

linear operators preserving the functions constantly and 𝑒2𝑎𝑥 for fixed 𝑎 > 0, such as Szász-Mirakyan, 

Baskakov, Baskakov-Schurer-Szász, Baskakov-Szász-Stancu, Baskakov-Schurer-Szász-Stancu, Post-Widder 

and Stancu type Szász-Mirakyan-Durrmeyer operators were studied by Acar et al. (2017), Gürel-Yılmaz et al. 

(2017; 2018), Bodur et al. (2018), Aral et al. (2019), Sofyalıoğlu and Kanat (2019; 2020), Gupta and 

Maheshwari (2019), Kanat & Sofyalıoğlu (2021), and they examined the approximation properties of these 

operators. Gupta and Maheshwari (2019) considered a modification of Post-Widder operators preserving the 

exponential functions. They made a direct estimate and proved the quantitative asymptotic formula for these 

modified operators. The case 𝑝 = −1 of Post-Widder operators (2) preserving constant and 𝑒−2𝑎𝑥 for fixed 

𝑎 > 0 has been handled by Sofyalıoğlu and Kanat (2020). They investigated the convergence behavior of 

modified Post-Widder operators and the convergence ratio using different module types. Finally, they 

compared their newly established operators with the Post-Widder operators which preserve 𝑥𝑟 for 𝑟 ∈ ℕ. 

In this article, the approximation properties of the Stancu type Post-Widder operators that preserve the 

functions constant and 𝑒2𝑎𝑥 for fixed 𝑎 > 0 are examined and the Voronovskaja type approximation theorem 

is given for the asymptotic behavior of these operators.  

Several studies were conducted on Voronovskaja type approximation for some operators by Dinlemez Kantar 

and Ergelen (2019), Cai et al. (2020; 2021a, 2021b), Sofyalıoğlu et al. (2021), Dinlemez Kantar and Yüksel 

(2022), Torun et al. (2022). 

Let be defined the Stancu type Post-Widder operators for 𝑛 ∈ ℕ and 𝑥 ∈ [0, ∞) as 

       𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑓; 𝑥) =

1

(𝑛+𝑝)!
(

𝑛

Ψ𝑛(𝑥)
)

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝∞

0
𝑒

−𝑛𝑡

Ψ𝑛(𝑥)𝑓 (
𝑛𝑡+𝛼

𝑛+𝛽
) 𝑑𝑡,                                                                     (3) 

where the real-valued function 𝑓 is a bounded function over the interval [0, ∞), 𝛼 and 𝛽 positive real numbers 

satisfying 0 ≤ 𝛼 ≤ 𝛽, and 𝑝 is a constant integer such that 𝑝 < 𝑛 . For 𝑎 > 0, assume that operators (3) 

preserve the function 𝑒2𝑎𝑥. It can be easily seen that the conditions 

       𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒2𝑎𝑡; 𝑥) = 𝑒2𝑎𝑥  

are satisfied. In this case, it would be 

      𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒2𝑎𝑡; 𝑥) = 𝑒2𝑎𝑥 =

1

(𝑛+𝑝)!
(

𝑛

Ψ𝑛(𝑥)
)

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝∞

0
𝑒 

− 
𝑛𝑡

Ψ𝑛(𝑥)𝑒
2𝑎

𝑛𝑡+𝛼

𝑛+𝛽 𝑑𝑡  

                                            = 
𝑒

2𝑎𝛼
𝑛+𝛽

(𝑛+𝑝)!
(

𝑛

Ψ𝑛(𝑥)
)

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝∞

0
𝑒

− 
(𝑛+𝛽)−2𝑎Ψ𝑛(𝑥)

(𝑛+𝛽)Ψ𝑛(𝑥)
𝑛𝑡

𝑑𝑡 

                                            = 𝑒
2𝑎𝛼

𝑛+𝛽 (
𝑛+𝛽

𝑛+𝛽−2𝑎Ψ𝑛(𝑥)
)

𝑛+𝑝+1
, 

where 
𝑛+𝛽

Ψ𝑛(𝑥)
> 2𝑎. With a simple calculation, the function Ψ𝑛(𝑥) is obtained as follows: 

      Ψ𝑛(𝑥) =
𝑛+𝛽

2𝑎
(1 − (𝑒

2𝑎(𝑥(𝑛+𝛽)−𝛼)

𝑛+𝛽 )

−1

𝑛+𝑝+1

) .                                                                                                        (4) 

And it can be easily shown that lim
𝑛→∞

Ψ𝑛(𝑥) = 𝑥. 

If the function Ψ𝑛(𝑥) given in (4) is replaced in (3), the Stancu type Post-Widder operators take the form 
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      𝑃𝑛,𝑝
𝛼,𝛽(𝑓; 𝑥): = 𝑃𝑛,𝑝,Ψ

𝛼,𝛽 (𝑓; 𝑥)  

                        =
1

(𝑛+𝑝)!
(

2𝑎𝑛

(𝑛+𝛽)(1−𝑒
−2𝑎(𝑥(𝑛+𝛽)−𝛼)
(𝑛+𝛽)(𝑛+𝑝+1) )

)

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝∞

0
𝑒

−2𝑎𝑛𝑡

(𝑛+𝛽)(1−𝑒

−2𝑎(𝑥(𝑛+𝛽)−𝛼)
(𝑛+𝛽)(𝑛+𝑝+1) )

𝑓 (
𝑛𝑡+𝛼

𝑛+𝛽
) 𝑑𝑡.         (5) 

2. SOME PRELIMINARY RESULTS 

In this section, several lemmas and their results necessary to prove the main theorem are given. 

Lemma 2.1 Let Ψ𝑛(𝑥) be function given in (4). The Stancu type Post-Widder operators (3) give the following 

equations: 

      𝑃𝑛,𝑝,Ψ
𝛼,𝛽

(𝑒𝜙𝑡; 𝑥) = e
𝜙𝛼

𝑛+𝛽 (1 −
𝜙Ψ𝑛(𝑥)

𝑛+𝛽
)

−(𝑛+𝑝+1)

,   𝜙 ∈ ℝ.                                                                                     (6)  

Proof: Let 𝑓 (𝑡) = 𝑒𝜙𝑡, 𝜙 ∈ ℝ. From the operators (3), the following equation is given by 

       𝑃𝑛,𝑝,Ψ
𝛼,𝛽

(𝑒𝜙𝑡; 𝑥) =
1

(𝑛+𝑝)!
(

𝑛

Ψ𝑛(𝑥)
)

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝∞

0
𝑒 

− 
𝑛𝑡

Ψ𝑛(𝑥)𝑒
𝜙

𝑛𝑡+𝛼

𝑛+𝛽 𝑑𝑡 

                               =
1

(𝑛+𝑝)!
(

𝑛

Ψ𝑛(𝑥)
)

𝑛+𝑝+1
𝑒

𝜙𝛼

𝑛+𝛽 ∫ 𝑡𝑛+𝑝∞

0
𝑒 

− (
1

Ψ𝑛(𝑥)
 − 

𝜙

𝑛+𝛽
)𝑛𝑡

𝑑𝑡. 

By substituting the variable  (
1

Ψ𝑛(𝑥)
−

𝜙

𝑛+𝛽
) 𝑛𝑡 = 𝑢 in the above integral and then using the gamma function, 

     𝑃𝑛,𝑝,Ψ
𝛼,𝛽

(𝑒𝜙𝑡; 𝑥) =
𝑒

𝜙𝛼
𝑛+𝛽

(𝑛+𝑝)!
(

𝑛

Ψ𝑛(𝑥)
(

𝑛+𝛽−𝜙Ψ𝑛(𝑥)

Ψ𝑛(𝑥)(𝑛+𝛽)
𝑛)

−1
)

𝑛+𝑝+1

∫ 𝑢𝑛+𝑝∞

0
𝑒 – 𝑢𝑑𝑢 

                             =
𝑒

𝜙𝛼
𝑛+𝛽

(𝑛+𝑝)!
(

𝑛+𝛽−𝜙Ψ𝑛(𝑥)

𝑛+𝛽
)

−(𝑛+𝑝+1)

Γ (𝑛 + 𝑝 + 1) = 𝑒
𝜙𝛼

𝑛+𝛽 (1 −
𝜙Ψ𝑛(𝑥)

𝑛+𝛽
)

−(𝑛+𝑝+1)

  

is obtained.  

Lemma 2.2 Let 𝑒𝑗(𝑡) = 𝑡𝑗  , 𝑗 = 0,1,2,3,4. The moments of the Stancu type Post-Widder operators (3) are 

obtained as follows:   

(𝒊)     𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒0(𝑡); 𝑥) = 1,  

(𝒊𝒊)   𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒1(𝑡); 𝑥) =

𝑛+𝑝+1

𝑛+𝛽
Ψ𝑛(𝑥) +

𝛼

𝑛+𝛽
 ,  

(𝒊𝒊𝒊)  𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒2(𝑡); 𝑥) =

(𝑛+𝑝+2)(𝑛+𝑝+1)

(𝑛+𝛽)2 Ψ𝑛
2(𝑥) +

2𝛼(𝑛+𝑝+1)

(𝑛+𝛽)2 Ψ𝑛(𝑥) +
𝛼2

(𝑛+𝛽)2 ,  

(𝒊𝒗)  𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒3(𝑡); 𝑥) =

(𝑛+𝑝+3)(𝑛+𝑝+2)(𝑛+𝑝+1)

(𝑛+𝛽)3 Ψ𝑛
3(𝑥) +

3𝛼(𝑛+𝑝+2)(𝑛+𝑝+1)

(𝑛+𝛽)3 Ψ𝑛
2(𝑥)  

                                                                                                           +
3𝛼2(𝑛+𝑝+1)

(𝑛+𝛽)3 Ψ𝑛(𝑥) +
𝛼3

(𝑛+𝛽)3 ,  

 (𝒗)   𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒4(𝑡); 𝑥) =

(𝑛+𝑝+4)(𝑛+𝑝+3)(𝑛+𝑝+2)(𝑛+𝑝+1)

(𝑛+𝛽)4 Ψ𝑛
4(𝑥) +

4𝛼(𝑛+𝑝+3)(𝑛+𝑝+2)(𝑛+𝑝+1)

(𝑛+𝛽)4 Ψ𝑛
3(𝑥)  
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                                                          +
6𝛼2(𝑛+𝑝+2)(𝑛+𝑝+1)

(𝑛+𝛽)4 Ψ𝑛
2(𝑥) +

4𝛼3(𝑛+𝑝+1)

(𝑛+𝛽)4 Ψ𝑛(𝑥) +
𝛼4

(𝑛+𝛽)4 .   

Proof: (𝒊) Taking 𝑒𝑗(𝑡) = 𝑡𝑗 , 𝑗 = 0 in operators 𝑃𝑛,𝑝,Ψ
𝛼,𝛽

(𝑒𝑗(𝑡); 𝑥) , the following equation can be obtained by  

        𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒0(𝑡); 𝑥) =  

1

(𝑛+𝑝)!
(

𝑛

Ψ𝑛(𝑥)
)

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝∞

0
𝑒 

− 
𝑛𝑡

Ψ𝑛(𝑥) 𝑑𝑡.  

Substituting 
𝑛

Ψ𝑛(𝑥)
𝑡 = 𝑢 and then from the gamma function, it is easily found that 

      𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒0(𝑡); 𝑥) =  

1

(𝑛+𝑝)!
(

𝑛

Ψ𝑛(𝑥)
)

𝑛+𝑝+1
(

Ψ𝑛(𝑥)

𝑛
)

𝑛+𝑝+1

∫ 𝑢𝑛+𝑝∞

0
𝑒 − 𝑢 𝑑𝑢 =  

1

(𝑛+𝑝)!
Γ (n + p + 1) = 1  

(𝒊𝒊) The operators 𝑃𝑛,𝑝,Ψ
𝛼,𝛽

(𝑒𝑗(𝑡); 𝑥) for 𝑗 = 1 are yielded as follows: 

      𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒1(𝑡); 𝑥) =  

1

(𝑛+𝑝)!
(

𝑛

Ψ𝑛(𝑥)
)

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝∞

0
𝑒 

− 
𝑛𝑡

Ψ𝑛(𝑥) (
𝑛𝑡+𝛼

𝑛+𝛽
) 𝑑𝑡  

                = 
𝑛

(𝑛+𝑝)!(𝑛+𝛽)
(

𝑛

Ψ𝑛(𝑥)
)

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝+1∞

0
𝑒 

− 
𝑛𝑡

Ψ𝑛(𝑥) 𝑑𝑡 +
𝛼

(𝑛+𝑝)!(𝑛+𝛽)
(

𝑛

Ψ𝑛(𝑥)
)

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝∞

0
𝑒 

− 
𝑛𝑡

Ψ𝑛(𝑥)𝑑𝑡. 

From (𝑖), the value of the second sum on the right side of the above equation is 
𝛼

𝑛+𝛽
 . In the first integral on 

the right side of the above equation, the variable 
𝑛

Ψ𝑛(𝑥)
𝑡 = 𝑢 is changed. And then using the gamma function, 

the following equation is obtained: 

      𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒1(𝑡); 𝑥) =

𝑛+𝑝+1

𝑛+𝛽
Ψ𝑛(𝑥) +

𝛼

𝑛+𝛽
 .  

(𝒊𝒊𝒊) For 𝑗 = 2, the operators 𝑃𝑛,𝑝,Ψ
𝛼,𝛽

(𝑒𝑗(𝑡); 𝑥) are written as follows: 

      𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒2(𝑡); 𝑥) =  

1

(𝑛+𝑝)!
(

𝑛

Ψ𝑛(𝑥)
)

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝∞

0
𝑒 

− 
𝑛𝑡

Ψ𝑛(𝑥) (
𝑛𝑡+𝛼

𝑛+𝛽
)

2
𝑑𝑡  

       = 
𝑛2

 (𝑛+𝑝)!(𝑛+𝛽)2 (
𝑛

Ψ𝑛(𝑥)
)

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝+2∞

0
𝑒 

− 
𝑛𝑡

Ψ𝑛(𝑥) 𝑑𝑡 +
2𝑛𝛼

(𝑛+𝑝)!(𝑛+𝛽)2 (
𝑛

Ψ𝑛(𝑥)
)

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝+1∞

0
𝑒 

− 
𝑛𝑡

Ψ𝑛(𝑥)𝑑𝑡 

                                                                                         +
𝛼2

(𝑛+𝑝)!(𝑛+𝛽)2 (
𝑛

Ψ𝑛(𝑥)
)

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝∞

0
𝑒 

− 
𝑛𝑡

Ψ𝑛(𝑥) 𝑑𝑡). 

In the first integral on the right side of the above equation, the variable 
𝑛

Ψ𝑛(𝑥)
𝑡 = 𝑢 is changed and then the 

gamma function is used. From (𝑖) and (𝑖𝑖),  

       𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒2(𝑡); 𝑥) =

(𝑛+𝑝+2)(𝑛+𝑝+1)

(𝑛+𝛽)2 Ψ𝑛
2(𝑥) +

2𝛼(𝑛+𝑝+1)

(𝑛+𝛽)2 Ψ𝑛(𝑥) +
𝛼2

(𝑛+𝛽)2 . 

Similarly, the equations (𝑖𝑣) and (𝑣) are proved. 

Corollary 2.3 Let 𝜑𝑥
𝑗(𝑡) = (𝑡 − 𝑥)𝑗 , 𝑗 = 0,1,2,4. The central moments of Stancu type Post-Widder operators 

(3) are bellowed 

      𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝜑𝑥

0(𝑡); 𝑥) = 1,  
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      𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝜑𝑥

1(𝑡); 𝑥) =
(𝑛+𝑝+1)Ψ𝑛(𝑥)+𝛼

𝑛+𝛽
− 𝑥,  

      𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝜑𝑥

2(𝑡); 𝑥) =
(𝑛+𝑝+2)(𝑛+𝑝+1)Ψ𝑛

2 (𝑥)+2𝛼(𝑛+𝑝+1)Ψ𝑛(𝑥)+𝛼2

(𝑛+𝛽)2  − 2𝑥
(𝑛+𝑝+1)Ψ𝑛(𝑥)+𝛼

𝑛+𝛽
+ 𝑥2,  

       𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝜑𝑥

4(𝑡); 𝑥) =
(𝑛+𝑝+4)(𝑛+𝑝+3)(𝑛+𝑝+2)(𝑛+𝑝+1)Ψ𝑛

4 (𝑥)+4𝛼(𝑛+𝑝+3)(𝑛+𝑝+2)(𝑛+𝑝+1)Ψ𝑛
3 (𝑥)

(𝑛+𝛽)4        

                                    +
6𝛼2(𝑛+𝑝+2)(𝑛+𝑝+1)Ψ𝑛

2 (𝑥)+4𝛼3(𝑛+𝑝+1)Ψ𝑛(𝑥)+𝛼4

(𝑛+𝛽)4  

                                    −4𝑥 (
(𝑛+𝑝+3)(𝑛+𝑝+2)(𝑛+𝑝+1)Ψ𝑛

3 (𝑥)+3𝛼(𝑛+𝑝+2)(𝑛+𝑝+1)Ψ𝑛
2 (𝑥)+3𝛼2(𝑛+𝑝+1)Ψ𝑛(𝑥)+𝛼3

(𝑛+𝛽)3 )  

                                    +6𝑥2 (
(𝑛+𝑝+2)(𝑛+𝑝+1)Ψ𝑛

2 (𝑥)+2𝛼(𝑛+𝑝+1)Ψ𝑛(𝑥)+𝛼2

(𝑛+𝛽)2 ) − 4𝑥3 (
(𝑛+𝑝+1)Ψ𝑛(𝑥)+𝛼

𝑛+𝛽
) + 𝑥4.  

In addition, considering the equation Ψ𝑛(𝑥) defined in (4), the following limits are obtained: 

(𝒊)    lim
𝑛→∞

 𝑛𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑡 − 𝑥; 𝑥) = −𝑎𝑥2                                                                                                                           (7)  

(𝒊𝒊)   lim
𝑛→∞

 𝑛𝑃𝑛,𝑝,Ψ
𝛼,𝛽 ((𝑡 − 𝑥)2; 𝑥) = 𝑥2                                                                                                                           (8)  

(𝒊𝒊𝒊)  lim
𝑛→∞

 𝑛2𝑃𝑛,𝑝,Ψ
𝛼,𝛽 ((𝑡 − 𝑥)4; 𝑥) = 3𝑥4                                                                                                                     (9)  

3. THE UNIFORM CONVERGENCE OF THE OPERATORS 𝑷𝒏,𝒑,𝚿
𝜶,𝜷

 

Boyanov and Veselinov (1970) showed uniform convergence of the sequence of linear positive operators. In 

the following theorem, the uniform convergence of the Stancu type Post-Widder operators (3) for the function 

𝑓 on [0, ∞) is investigated. Let the subspace of all continuous and real-valued functions on [0, ∞) be denoted 

by 𝐶∗[0, ∞) with the property that lim
𝑥→∞

𝑓(𝑥) exists and finite, given with the uniform norm. 

Theorem 3.1 If the sequence of the Stancu type Post-Widder operators (3) satisfy 

      lim
𝑛→∞

𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒−𝜈𝑡; 𝑥) = 𝑒−𝜈𝑥 ,   𝜈 = 0,1,2                                                                                                            (10) 

uniformly in [0, ∞),  then for each  𝑓 ∈ 𝐶∗[0, ∞) 

      lim
𝑛→∞

𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑓; 𝑥) = 𝑓(𝑥)                                                                                                                                         (11) 

uniformly in [0, ∞).   

Proof: For 𝜈 = 0, it becomes that lim
𝑛→∞

𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (1; 𝑥) = 1 from (𝑖) of Lemma 2.2. Now the equation (6), and 

Ψ𝑛(𝑥) defined with (4) will be used to prove the images of 𝑓(𝑡) = 𝑒−𝜈𝑡 for 𝜈 = 1,2 respectively, 

      𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒−𝑡; 𝑥) = 𝑒

− 
𝛼

𝑛+𝛽 (1 +
1

2𝑎
(1 − 𝑒

−2𝑎(𝑥(𝑛+𝛽)−𝛼)

(𝑛+𝛽)(𝑛+𝑝+1) ))

−(𝑛+𝑝+1)

                                                                   (12) 

and 
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      𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒−2𝑡; 𝑥) = 𝑒

− 
2𝛼

𝑛+𝛽 (1 +
1

𝑎
(1 − 𝑒

−2𝑎(𝑥(𝑛+𝛽)−𝛼)

(𝑛+𝛽)(𝑛+𝑝+1) ))

−(𝑛+𝑝+1)

.                                                                 (13)  

Using the software Maple to calculate the right side of the equation (12), the following equation is obtained: 

𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒−𝑡; 𝑥) = 𝑒− 𝑥 +

(2𝑎+1)𝑒− 𝑥𝑥2

2𝑛
                                                                                                                                                                                    

                                                      +
(2𝑎+1)(3(2𝑎+1)𝑒− 𝑥𝑥4−8(𝑎+1)𝑒− 𝑥𝑥3−12(𝑝+1)𝑒− 𝑥𝑥2−24𝛼𝑒− 𝑥𝑥)

24𝑛2 + Ο (
1

𝑛3).        (14) 

Similarly, again using Maple to calculate the right side of the equation (13),  

𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒−2𝑡; 𝑥) = 𝑒−2 𝑥 +

2(𝑎+1)𝑒−2 𝑥𝑥2

𝑛
                                              

                                                   +
(𝑎+1)(6(𝑎+1)𝑒−2 𝑥𝑥4−4(𝑎+2)𝑒− 2𝑥𝑥3−6(𝑝+1)𝑒− 2𝑥𝑥2−12𝛼𝑒− 2𝑥𝑥)

3𝑛2 + Ο (
1

𝑛3)            (15)  

is found. Thus, lim
𝑛→∞

𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒−𝜈𝑡; 𝑥) = 𝑒−𝜈𝑥 , 𝜈 = 0,1,2 in the interval [0; ∞). That is,  

      lim
𝑛→∞

𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑓; 𝑥) = 𝑓  

for any 𝑓 ∈ 𝐶∗[0; ∞). This indicates that the sequence {𝑃𝑛,𝑝,Ψ
𝛼,𝛽

𝑓} uniformly converges in the interval [0, ∞) 

for any 𝑓 ∈ 𝐶∗[0, ∞).  

After Boyanov and Veselinov (1970), Holhoş (2010) studied the uniform convergence of a sequence of linear 

positive operators and obtained the following theorem. 

Theorem 3.2 If {𝑃𝑛} is a sequence of linear positive operators from 𝐶∗[0, ∞), to 𝐶∗[0, ∞), then for each  

𝑓 ∈ 𝐶∗[0, ∞), the following inequality is satisfied: 

      ‖𝑃𝑛(𝑓; 𝑥) − 𝑓(𝑥)‖[0,∞) ≤ ‖𝑓‖[0,∞)𝑎𝑛 + (2 + 𝑎𝑛)𝜔∗(𝑓, √𝑎𝑛 + 2𝑏𝑛 + 𝑐𝑛),  

where 𝑎𝑛, 𝑏𝑛 and 𝑐𝑛 are defined as follows: 

      ‖𝑃𝑛(1; 𝑥) − 1‖[0,∞) = 𝑎𝑛, 

      ‖𝑃𝑛(𝑒−𝑡; 𝑥) − 𝑒−𝑥‖[0,∞) = 𝑏𝑛, 

      ‖𝑃𝑛(𝑒−2𝑡; 𝑥) − 𝑒−2𝑥‖[0,∞) = 𝑐𝑛 

and they approach zero as 𝑛 goes to infinity. In addition, the modulus of continuity is expressed by 

      𝜔∗(𝑓, 𝛾) = 𝑠𝑢𝑝|𝑒−𝑡−𝑒−𝑥|≤𝛾; 𝑥,𝑡≥0  |𝑓(𝑡) − 𝑓(𝑥)|                                                                                               (16)  

and this modulus has to property: 

       |𝑓(𝑡) − 𝑓(𝑥)| ≤ (1 +
1

𝛾2
(𝑒−𝑡 − 𝑒−𝑥)2) 𝜔∗(𝑓, 𝛾) ,     𝛾 > 0                                                                          (17) 

The main result of the uniform convergence of a sequence of linear positive operators is given by the following 

theorem. 
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Theorem 3.3 Let {𝑃𝑛,𝑝,Ψ
𝛼,𝛽

𝑓} be a sequence of linear positive operators 𝑃𝑛,𝑝,Ψ
𝛼,𝛽

: C∗[0, ∞) → C∗[0, ∞). For every 

function 𝑓 ∈ C∗[0; ∞), the following inequality is satisfied: 

      ‖𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑓; 𝑥) − 𝑓(𝑥)‖

[0,∞)
≤ 2𝜔∗(𝑓, √2𝜎𝑛 + 𝜇𝑛),                                                                                         (18) 

where the modulus of continuity 𝜔∗ which is defined in (16) and 

      ‖𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒−𝑡; 𝑥) − 𝑒−𝑥‖

[0,∞)
= 𝜎𝑛, 

      ‖𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒−2𝑡; 𝑥) − 𝑒−2𝑥‖

[0,∞)
= 𝜇𝑛, 

Here 𝜎𝑛 and 𝜇𝑛 tend to zero as 𝑛 goes to infinity and the sequence {𝑃𝑛,𝑝,Ψ 
𝛼,𝛽

𝑓} uniformly converges to 𝑓.     

Proof: From (𝑖) of Lemma 2.2,  

      𝜌𝑛 = ‖𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (1; 𝑥) − 1‖

[0,∞)
= 0 

is obtained. To calculate 𝜎𝑛 and 𝜇𝑛, the equalities (14) and (15) are taken respectively 

      𝜎𝑛 = ‖𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒−𝑡; 𝑥) − 𝑒−𝑥‖

[0,∞)
= 𝑠𝑢𝑝𝑥∈[0;∞) |𝑃𝑛,𝑝,Ψ

𝛼,𝛽 (𝑒−𝑡; 𝑥) − 𝑒−𝑥|  

           = 𝑠𝑢𝑝𝑥∈[0;∞) |
(2𝑎+1)𝑒− 𝑥𝑥2

2𝑛
+

(2𝑎+1)(3(2𝑎+1)𝑒− 𝑥𝑥4−8(𝑎+1)𝑒− 𝑥𝑥3−12(𝑝+1)𝑒− 𝑥𝑥2−24𝛼𝑒− 𝑥𝑥)

24𝑛2 + Ο (
1

𝑛3)|  

           ≤
2(2𝑎+1)

𝑛𝑒2 +
2𝑎+1

𝑛2 (
32(2𝑎+1)

𝑒4 −
9(𝑎+1)

𝑒3 −
𝑝+1

𝑒2 −
𝛼

𝑒
) + Ο (

1

𝑛3),  

      𝜇𝑛 = ‖𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑒−2𝑡; 𝑥) − 𝑒−2𝑥‖

[0,∞)
= 𝑠𝑢𝑝𝑥∈[0;∞) |𝑃𝑛,𝑝,Ψ

𝛼,𝛽 (𝑒−2𝑡; 𝑥) − 𝑒−2𝑥|  

           = 𝑠𝑢𝑝𝑥∈[0;∞) |
2(𝑎+1)𝑒−2 𝑥𝑥2

𝑛
+

(𝑎+1)(6(𝑎+1)𝑒−2 𝑥𝑥4−4(𝑎+2)𝑒− 2𝑥𝑥3−6(𝑝+1)𝑒− 2𝑥𝑥2−12𝛼𝑒− 2𝑥𝑥)

3𝑛2 + Ο (
1

𝑛3)|  

           ≤
2(𝑎+1)

𝑛𝑒2 +
𝑎+1

𝑛2 (
32(𝑎+1)

𝑒4 −
9

2
(𝑎+2)

𝑒3 −
2(𝑝+1)

𝑒2 −
2𝛼

𝑒
) + Ο (

1

𝑛3)  

As a consequence, 𝜎𝑛 and 𝜇𝑛 tend to zero as 𝑛 goes to infinity. Thus, the Theorem is proved. 

4. APPROXIMATION PROPERTIES OF THE OPERATORS  𝑷𝒏,𝒑,𝚿
𝜶,𝜷

 

In this section, firstly, the convergence rate is examined with the help of the continuity module. 

Let 𝐶𝐵[0, ∞) be the class of all bounded and uniform continuous functions 𝑓 on [0, ∞) with the norm  

‖𝑓‖𝐶𝐵
= 𝑠𝑢𝑝𝑥∈[0;∞) | 𝑓 (𝑥)|. For 𝜀 > 0, the Peetre K-functional is defined as 

      𝐾2( 𝑓, 𝜀): = 𝑖𝑛𝑓𝑔∈𝐶𝐵
2[0,∞) [ ‖ 𝑓 − 𝑔‖ + 𝜀‖𝑔′′‖ ], 

where 𝐶𝐵
2[0, ∞): = { 𝑔 ∈ 𝐶𝐵[0, ∞): 𝑔′, 𝑔′′ ∈ 𝐶𝐵[0, ∞)}.  

The first-order modulus of continuity of 𝑓 ∈ 𝐶𝐵[0, ∞) is defined as follows: 



180 
Gülten TORUN 

GU J Sci, Part A, 9(2): 173-186 (2022) 
 

 

      𝜔( 𝑓, 𝜀): = 𝑠𝑢𝑝0<ℎ≤𝜀 𝑠𝑢𝑝𝑥,𝑥+ℎ𝜖[0,∞)| 𝑓 (𝑥 + ℎ) − 𝑓 (𝑥)|. 

The second-order modulus of continuity of 𝑓 ∈ 𝐶𝐵[0, ∞) is given by 

      𝜔2( 𝑓, √𝜀): = 𝑠𝑢𝑝0<ℎ≤√𝜀  𝑠𝑢𝑝𝑥,𝑥+ℎ,𝑥+2ℎ𝜖[0,∞)| 𝑓 (𝑥 + 2ℎ) − 2𝑓 (𝑥 + ℎ) + 𝑓 (𝑥)|. 

In Theorem 2.4 given by DeVore and Lorentz (1993) is proved that there exists an absolute constant 𝐶 > 0 

such that 

      𝐾2( 𝑓, 𝜀) ≤ 𝐶𝜔2(𝑓, √𝜀).                                                                                                                                          (19) 

Lemma 4.1 For 𝑓 ∈  𝐶𝐵[0, ∞), the following inequality is obtained: 

      |𝑃𝑛,𝑝,Ψ
𝛼,𝛽 ( 𝑓 ; 𝑥)| ≤ ‖ 𝑓‖.                                                                                                                                             (20) 

Proof: 

      |𝑃𝑛,𝑝,Ψ
𝛼,𝛽

( 𝑓 ; 𝑥)| = |𝑃𝑛,𝑝
𝛼,𝛽

( 𝑓 ; 𝑥)| 

                                  ≤
1

(𝑛+𝑝)!
(

2𝑎𝑛

(𝑛+𝛽)(1−𝑒
−2𝑎(𝑥(𝑛+𝛽)−𝛼)
(𝑛+𝛽)(𝑛+𝑝+1) )

)

𝑛+𝑝+1

∫ 𝑡𝑛+𝑝∞

0
𝑒

−2𝑎𝑛𝑡

(𝑛+𝛽)(1−𝑒

−2𝑎(𝑥(𝑛+𝛽)−𝛼)
(𝑛+𝛽)(𝑛+𝑝+1) )

|𝑓 (
𝑛𝑡+𝛼

𝑛+𝛽
)| 𝑑𝑡.  

                                  ≤∥ 𝑓 ∥ 𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (1; 𝑥) = ‖ 𝑓‖.  

Theorem 4.2 For 𝑓 ∈  𝐶𝐵[0, ∞), there exists a positive constant 𝐿, such that  

       |𝑃𝑛,𝑝,Ψ
𝛼,𝛽 ( 𝑓 ; 𝑥) − 𝑓(𝑥)| ≤ 𝐿𝜔2 (𝑓, √𝜉𝑛,𝑝,Ψ

𝛼,𝛽

8
 ) + 𝜔 (𝑓, |

𝑛+𝑝+1

2𝑎
(1 − 𝑒

−2𝑎(𝑥(𝑛+𝛽)−𝛼)

(𝑛+𝛽)(𝑛+𝑝+1) ) +
𝛼

𝑛+𝛽
− 𝑥 |) , 

where   

      𝜉𝑛,𝑝,Ψ
𝛼,𝛽

=
(𝑛+𝑝+1)(2𝑛+2𝑝+3)

(𝑛+𝛽)2 Ψ𝑛
2(𝑥) + 4 (

𝛼(𝑛+𝑝+1)

(𝑛+𝛽)2 −
𝑥(𝑛+𝑝+1)

𝑛+𝛽
) Ψ𝑛(𝑥) +

2𝛼2

(𝑛+𝛽)2 −
4𝑥𝛼

𝑛+𝛽
+ 2𝑥2.  

Proof: Let the auxiliary operators 𝑃̃𝑛,𝑝,Ψ
𝛼,𝛽

 from  𝐶𝐵[0, ∞) to  𝐶𝐵[0, ∞) be defined as 

      𝑃̃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑔; 𝑥) = 𝑃𝑛,𝑝,Ψ

𝛼,𝛽 ( 𝑔 ; 𝑥) + 𝑔(𝑥) − 𝑔 (
𝑛+𝑝+1

2𝑎
(1 − 𝑒

−2𝑎(𝑥(𝑛+𝛽)−𝛼)

(𝑛+𝛽)(𝑛+𝑝+1) ) +
𝛼

𝑛+𝛽
) .                                        (21) 

Using the equalities (𝑖) and (𝑖𝑖) of Lemma 2.2 and the linearity of the operators 𝑃̃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑔; 𝑥), 

     𝑃̃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑡 − 𝑥; 𝑥) = 0                                                                                                                                                   (22) 

is obtained. Using Taylor expansion for 𝑔 ∈ 𝐶𝐵
2[0, ∞), it can be written as 

      𝑔(𝑡) = 𝑔(𝑥) + 𝑔′(𝑥)(𝑡 − 𝑥) + ∫ (𝑡 − 𝑢)𝑔′′(𝑢)𝑑𝑢.    
𝑡

𝑥
                                                                                   (23)  

Applying the auxiliary operators (21) to both sides of equation (23) and using (22), it is obtained 
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      𝑃̃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑔; 𝑥) = 𝑔(𝑥) + 𝑃̃𝑛,𝑝,Ψ

𝛼,𝛽
( ∫ (𝑡 − 𝑢)𝑔′′(𝑢)𝑑𝑢

𝑡

𝑥
; 𝑥). 

      |𝑃̃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑔; 𝑥) − 𝑔(𝑥)| ≤ |𝑃𝑛,𝑝,Ψ

𝛼,𝛽
( ∫ (𝑡 − 𝑢)𝑔′′(𝑢)𝑑𝑢

𝑡

𝑥
; 𝑥)| + |∫ (𝑃𝑛,𝑝,Ψ

𝛼,𝛽 (𝑒1; 𝑥) − 𝑢) 𝑔′′(𝑢)𝑑𝑢
𝑃𝑛,𝑝,Ψ

𝛼,𝛽 (𝑒1;𝑥)

𝑥
|  

                                          ≤
‖𝑔′′‖

2
𝑃𝑛,𝑝,Ψ

𝛼,𝛽 ((𝑡 − 𝑥)2; 𝑥) +
‖𝑔′′‖

2
(

𝑛+𝑝+1

2𝑎
(1 − 𝑒

−2𝑎(𝑥(𝑛+𝛽)−𝛼)

(𝑛+𝛽)(𝑛+𝑝+1) ) +
𝛼

𝑛+𝛽
− 𝑥)

2

  

                                          ≤
‖𝑔′′‖

2
((𝑃𝑛,𝑝,Ψ

𝛼,𝛽 ((𝑡 − 𝑥)2; 𝑥)) + (𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑡 − 𝑥; 𝑥))

2

) =
‖𝑔′′‖

2
  𝜉𝑛,𝑝,Ψ

𝛼,𝛽
 ,          (24)  

where  

      𝜉𝑛,𝑝,Ψ
𝛼,𝛽

=
(𝑛+𝑝+1)(2𝑛+2𝑝+3)

(𝑛+𝛽)2 Ψ𝑛
2(𝑥) + 4 (

𝛼(𝑛+𝑝+1)

(𝑛+𝛽)2 −
𝑥(𝑛+𝑝+1)

𝑛+𝛽
) Ψ𝑛(𝑥) +

2𝛼2

(𝑛+𝛽)2 −
4𝑥𝛼

𝑛+𝛽
+ 2𝑥2.  

Taking the norm of the auxiliary operators (21) and using Lemma (4.1), the following inequality is obtained:  

      ‖𝑃̃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑓; 𝑥)‖ ≤ 3‖ 𝑓‖ , 𝑓 ∈  𝐶𝐵[0, ∞).                                                                                                            (25) 

Using the operators (21) and the inequalities (24) and (25), for every 𝑔 ∈ 𝐶𝐵
2[0, ∞), it can be written as 

      |𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑓; 𝑥) − 𝑓(𝑥)| ≤ |𝑃̃𝑛,𝑝,Ψ

𝛼,𝛽 (𝑓 − 𝑔; 𝑥) − (𝑓 − 𝑔)(𝑥)|  

                                             + |𝑓 (
𝑛+𝑝+1

2𝑎
(1 − 𝑒

−2𝑎(𝑥(𝑛+𝛽)−𝛼)

(𝑛+𝛽)(𝑛+𝑝+1) ) +
𝛼

𝑛+𝛽
) − 𝑓(𝑥)| + |𝑃̃𝑛,𝑝,Ψ

𝛼,𝛽 (𝑔; 𝑥) − 𝑔(𝑥)|  

                                        ≤ 4‖ 𝑓 − 𝑔‖ +
‖g′′‖

2
𝜉𝑛,𝑝,Ψ

𝛼,𝛽
+ |𝑓 (

𝑛+𝑝+1

2𝑎
(1 − 𝑒

−2𝑎(𝑥(𝑛+𝛽)−𝛼)

(𝑛+𝛽)(𝑛+𝑝+1) ) +
𝛼

𝑛+𝛽
) − 𝑓(𝑥)|.   (26) 

If the infimum on the right side of (26) over all the function 𝑔 ∈ 𝐶𝐵
2[0, ∞) is taken, then 

      |𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑓; 𝑥) − 𝑓(𝑥)| ≤ 4𝐾2 ( 𝑓,

𝜉𝑛,𝑝,Ψ
𝛼,𝛽

8
) + 𝜔 (𝑓, |

𝑛+𝑝+1

2𝑎
(1 − 𝑒

−2𝑎(𝑥(𝑛+𝛽)−𝛼)

(𝑛+𝛽)(𝑛+𝑝+1) ) +
𝛼

𝑛+𝛽
− 𝑥|)  

                                         ≤ 𝐿𝜔2 ( 𝑓, √𝜉𝑛,𝑝,Ψ
𝛼,𝛽

8
) + 𝜔 (𝑓, |

𝑛+𝑝+1

2𝑎
(1 − 𝑒

−2𝑎(𝑥(𝑛+𝛽)−𝛼)

(𝑛+𝛽)(𝑛+𝑝+1) ) +
𝛼

𝑛+𝛽
− 𝑥|),  

where L is a positive constant. Thus, the Theorem is proved.  

Remark 4.3 Since lim
𝑛→∞

𝜉𝑛,𝑝,Ψ
𝛼,𝛽

= 0 and lim
𝑛→∞

(
𝑛+𝑝+1

2𝑎
(1 − 𝑒

−2𝑎(𝑥(𝑛+𝛽)−𝛼)

(𝑛+𝛽)(𝑛+𝑝+1) ) +
𝛼

𝑛+𝛽
− 𝑥) = 0, these limits 

guarantees a rate of pointwise convergence of the operators 𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑓; 𝑥) to 𝑓 (𝑥). 

Finally, the Voronovskaja-type theorem is given to examine the asymptotic behavior of the Stancu type Post- 

Widder operators (3). 

Theorem 4.4 For each 𝑓 ∈ 𝐶∗[0, ∞) and 𝑥 ∈ [0, ∞), the following inequality holds: 

     |𝑛 (𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑓; 𝑥) −  𝑓 (𝑥)) + 𝑎𝑥² 𝑓 ′(𝑥) −

𝑥²

2
 𝑓 ′′(𝑥)| ≤ |𝑢𝑛(𝑥)|| 𝑓 ′(𝑥)|  +

1

2
|𝑣𝑛(𝑥)||  𝑓 ′′(𝑥)|                 
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                                                                                            +2(𝑣𝑛(𝑥) + 𝑥2 + 𝑤𝑛(𝑥))𝜔∗ (𝑓 ′′, 𝑛− 
1

2) , 

where 𝑓 ′, 𝑓 ′′ exists in 𝐶∗[0, ∞), and 

      𝑢𝑛(𝑥) = 𝑛𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑡 − 𝑥; 𝑥) + 𝑎𝑥2, 

      𝑣𝑛(𝑥) = 𝑛𝑃𝑛,𝑝,Ψ
𝛼,𝛽 ((𝑡 − 𝑥)2; 𝑥) − 𝑥2,  

      𝑤𝑛(𝑥) = (𝑛2𝑃𝑛,𝑝,Ψ
𝛼,𝛽 ((𝑒−𝑡 − 𝑒−𝑥)4; 𝑥))

1

2
(𝑛2𝑃𝑛,𝑝,Ψ

𝛼,𝛽 ((𝑡 − 𝑥)4; 𝑥))

1

2
.  

Proof: By Taylor's formula for a function 𝑓, the following equation can be written: 

      𝑓(𝑡) = 𝑓(𝑥) + 𝑓′(𝑥)(𝑡 − 𝑥) +  
𝑓′′ (𝑥)

2
(𝑡 − 𝑥)2 + 𝑟(𝑡, 𝑥)(𝑡 − 𝑥)2,                                                               (27)  

where Peano form of the remainder 𝑟(𝑡, 𝑥) is defined by 

       𝑟(𝑡, 𝑥): =
𝑓′′ (𝜏)−𝑓′′ (𝑥)

2
 ,   𝑥 < 𝜏 < 𝑡  

and the limit value of the remainder term 𝑟(𝑡, 𝑥) is 0 as 𝑡 approaches 𝑥. By applying the operators 

𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑓; 𝑥) on both sides of the equation in (27), the following equality is obtained: 

      𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑓; 𝑥) − 𝑓(𝑥) = 𝑓′(𝑥)𝑃𝑛,𝑝,Ψ

𝛼,𝛽 (𝑡 − 𝑥; 𝑥) +  
𝑓′′ (𝑥)

2
𝑃𝑛,𝑝,Ψ

𝛼,𝛽 ((𝑡 − 𝑥)2; 𝑥) + 𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑟(𝑡, 𝑥)(𝑡 − 𝑥)2; 𝑥).  

Taking into account the Corollary (2.3), the following inequality can be written: 

      |𝑛 (𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑓; 𝑥) −  𝑓 (𝑥)) + 𝑎𝑥² 𝑓 ′(𝑥) −

𝑥²

2
 𝑓 ′′(𝑥)| ≤ |𝑛𝑃𝑛,𝑝,Ψ

𝛼,𝛽 (𝑡 − 𝑥; 𝑥) + 𝑎𝑥2| | 𝑓 ′(𝑥)|  

                                                      + 
1

2
|𝑛𝑃𝑛,𝑝,Ψ

𝛼,𝛽 ((𝑡 − 𝑥)2; 𝑥) − 𝑥2| |  𝑓 ′′(𝑥)| + |𝑛𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑟(𝑡, 𝑥)(𝑡 − 𝑥)2; 𝑥)|.  

Let 𝑢𝑛(𝑥) = 𝑛𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑡 − 𝑥; 𝑥) + 𝑎𝑥2, and 𝑣𝑛(𝑥) = 𝑛𝑃𝑛,𝑝,Ψ

𝛼,𝛽 ((𝑡 − 𝑥)2; 𝑥) − 𝑥2. Then  

      |𝑛 (𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑓; 𝑥) −  𝑓 (𝑥)) + 𝑎𝑥² 𝑓 ′(𝑥) −

𝑥²

2
 𝑓 ′′(𝑥)| 

                                   ≤ |𝑢𝑛(𝑥)| | 𝑓 ′(𝑥)| +  
1

2
|𝑣𝑛(𝑥)| |  𝑓 ′′(𝑥)| + 𝑛𝑃𝑛,𝑝,Ψ

𝛼,𝛽 (|𝑟(𝑡, 𝑥)|(𝑡 − 𝑥)2; 𝑥).      (28) 

From (7) and (8), 𝑢𝑛(𝑥) and 𝑣𝑛(𝑥) approach zero, as 𝑛 goes to infinity at any point 𝑥 ∈ [0, ∞). To calculate 

the term |𝑟(𝑡, 𝑥)| in the inequality (28), from (17), 

      |𝑟(𝑡, 𝑥)| ≤ (1 +
(𝑒−𝑡−𝑒−𝑥)

2

𝛾2 ) 𝜔∗(𝑓′′, 𝛾) ,    𝛾 > 0    

can be written and here the modulus of continuity 𝜔∗(𝑓, 𝛾) is defined in (16). Moreover, 

      |𝑟(𝑡, 𝑥)| ≤ {
 2𝜔∗(𝑓′′, 𝛾)                   ,       |𝑒−𝑡 − 𝑒−𝑥| ≤ 𝛾    

 2
(𝑒−𝑡−𝑒−𝑥)

2

𝛾2 𝜔∗(𝑓′′, 𝛾),       |𝑒−𝑡 − 𝑒−𝑥| > 𝛾   
 , 
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and thus |𝑟(𝑡, 𝑥)| ≤ 2 (1 +
(𝑒−𝑡−𝑒−𝑥)

2

𝛾2 ) 𝜔∗(𝑓′′, 𝛾). 

The Cauchy Schwartz inequality is applied to the last term of the sum on the right side of (28) and 

𝛾2 = 𝑛−1 is chosen. 

      𝑛𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (|𝑟(𝑡, 𝑥)|(𝑡 − 𝑥)2; 𝑥)  

              ≤ 2𝑛𝜔∗ (𝑓′′, 𝑛− 
1

2) (𝑃𝑛,𝑝,Ψ
𝛼,𝛽 ((𝑡 − 𝑥)2; 𝑥) + 𝑛𝑃𝑛,𝑝,Ψ

𝛼,𝛽 ((𝑒−𝑡 − 𝑒−𝑥)2(𝑡 − 𝑥)2; 𝑥)) 

             ≤ 2𝜔∗ (𝑓′′, 𝑛− 
1

2) (𝑛𝑃𝑛,𝑝,Ψ
𝛼,𝛽 ((𝑡 − 𝑥)2; 𝑥) + (𝑛2𝑃𝑛,𝑝,Ψ

𝛼,𝛽 ((𝑒−𝑡 − 𝑒−𝑥)4; 𝑥))

1

2
(𝑛2𝑃𝑛,𝑝,Ψ

𝛼,𝛽 ((𝑡 − 𝑥)4; 𝑥))

1

2
)  

             ≤ 2(𝑣𝑛(𝑥) + 𝑥2 + 𝑤𝑛(𝑥))𝜔∗ (𝑓 ′′, 𝑛− 
1

2), 

where 𝑤𝑛(𝑥) = (𝑛2𝑃𝑛,𝑝,Ψ
𝛼,𝛽 ((𝑒−𝑡 − 𝑒−𝑥)4; 𝑥))

1

2
(𝑛2𝑃𝑛,𝑝,Ψ

𝛼,𝛽 ((𝑡 − 𝑥)4; 𝑥))

1

2
. 

Thus, the Voronovskaja type asymptotic formula is obtained.  

Remark 4.5 Using the software Maple, the following equation is obtained: 

      lim
𝑛→∞

𝑛2𝑃𝑛,𝑝,Ψ
𝛼,𝛽 ((𝑒−𝑡 − 𝑒−𝑥)4; 𝑥) = 3𝑒−4𝑥𝑥4.  

A result of Theorem 4.4, from the equation (9) and Remark 4.5 can be given as follows : 

Corollary 4.6 Let 𝑓, 𝑓 ′′ ∈ 𝐶∗[0, ∞). Thus 

      lim
𝑛→∞

𝑛 (𝑃𝑛,𝑝,Ψ
𝛼,𝛽 (𝑓; 𝑥) −  𝑓 (𝑥)) = −𝑎𝑥² 𝑓 ′(𝑥) +

𝑥²

2
 𝑓 ′′(𝑥)  

holds for any 𝑥 ∈ [0, ∞). 

5. SOME GRAPHICAL ANALYSIS 

In this section, the graphs below show the convergence of the Stancu type Post-Widder operators to the 

considered function 𝑓(𝑥) = 𝑥3 𝑒−3𝑥 for different values of 𝑛, 𝑝, 𝑎, 𝛼 and 𝛽 (Figure 1). 
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Figure 1. Convergence of 𝑃𝑛,𝑝,𝛹
𝛼,𝛽 (𝑓; 𝑥) for different values of 𝑛, 𝑝, 𝑎, 𝛼 and 𝛽 

The graph below shows the convergence of the Post-Widder Operators 𝑃𝑛,𝜃
∗ (𝑓; 𝑥) and the Stancu type Post-

Widder Operators 𝑃𝑛,𝑝,Ψ
𝛼,𝛽

(𝑓; 𝑥) to the function 𝑓(𝑥) = 𝑥3 𝑒−3𝑥 for 𝑛 = 50 , 𝑎 = 4, and different values of 𝑝,

𝛼 and 𝛽 (Figure 2). 

   

 

Figure 2. Convergence of 𝑃𝑛,𝜃
∗ (𝑓; 𝑥) 𝑎𝑛𝑑 𝑃𝑛,𝑝,𝛹

𝛼,𝛽
(𝑓; 𝑥) to 𝑓(𝑥) for 𝑛 = 50 and 𝑎 = 4 
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