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Introduction 

Definition 1.1. A function ℜ: 𝐼𝐼 ⊆ ℝ → ℝ is said to be 
convex if the inequality  

 
ℜ(𝑡𝑡𝑡𝑡 + (1 − 𝑡𝑡)𝕟𝕟) ≤ 𝑡𝑡ℜ(𝑡𝑡) + (1 − 𝑡𝑡)ℜ(𝕟𝕟) 

 
valid for all 𝑡𝑡,𝕟𝕟 ∈ 𝐼𝐼 and 𝑡𝑡 ∈ [0,1]. If this inequality 
reverses, then ℜ is said to be concave on interval 𝐼𝐼 ≠ ⌀. 
 
Theorem 1.2. (Hermite-Hadamard integral inequality) Let 
ℜ: 𝐼𝐼 ⊆ ℝ → ℝ be a convex function defined on 𝐼𝐼 of real 
numbers and 𝑡𝑡,𝕟𝕟 ∈ 𝐼𝐼 with 𝑡𝑡 < 𝕟𝕟. The following 
inequality 
 
ℜ�𝑡𝑡+𝕟𝕟

2
� ≤ 1

𝕟𝕟−𝑡𝑡∫
𝕟𝕟
𝑡𝑡ℜ(𝑥𝑥)𝑑𝑑𝑥𝑥 ≤ ℜ(𝑡𝑡)+ℜ(𝕟𝕟)

2
.    (1) 

 
holds.  

Some of inequalities for means can be derived from 
(1) for appropriate choices of  ℜ. See [1-4], for the results 
of the generalization and improvement of (1). 
 
Theorem 1.3. (Bullen’s inequality) Suppose that 
ℜ: [𝑡𝑡,𝕟𝕟] → ℝ is a convex function on [𝑡𝑡,𝕟𝕟]. Then we 
get: 
 

ℜ�
𝑡𝑡 + 𝕟𝕟

2
� ≤

1
2
�ℜ �

3𝑡𝑡 + 𝕟𝕟
4

� + ℜ�
𝑡𝑡 + 3𝕟𝕟

4
��    

≤
1

𝕟𝕟 −𝑡𝑡
�
𝕟𝕟

𝑡𝑡
ℜ(𝑥𝑥)𝑑𝑑𝑥𝑥        

         

≤
1
2
�ℜ �

𝑡𝑡 + 𝕟𝕟
2

� +
ℜ(𝑡𝑡) + ℜ(𝕟𝕟)

2
�   

≤
ℜ(𝑡𝑡) + ℜ(𝕟𝕟)

2
.                         (2) 

 
Definition 1.4. [5, 6] A function ℜ: 𝐼𝐼 ⊂ ℝ → (0,∞) is 
said to be AH convex function if for all 𝑡𝑡,𝕟𝕟 ∈ 𝐼𝐼 and 𝑡𝑡 ∈
[0,1] the equality  
 

ℜ(𝑡𝑡𝑡𝑡 + (1 − 𝑡𝑡)𝕟𝕟) ≤
ℜ(𝑡𝑡)ℜ(𝕟𝕟)

𝑡𝑡ℜ(𝕟𝕟) + (1 − 𝑡𝑡)ℜ(𝑡𝑡)            (3) 

 
holds.  

For further details and proofs on both AH convex 
functions and other kinds of convexity, we refer the 
reader to [7-21] and references there in. 
To derive main results for AH convex functions, we need 
the following Lemma 1.5. 
Lemma 1.5.  Let ℜ: 𝐼𝐼∘ ⊂ ℝ → ℝ be a differentiable 
function on 𝐼𝐼∘ where 𝑡𝑡,𝕟𝕟 ∈ 𝐼𝐼∘ with 𝑡𝑡 < 𝕟𝕟. If ℜ′ ∈
𝐿𝐿[𝑎𝑎, 𝑏𝑏], then the following identity holds: 
 
𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)

= �
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑚𝑚
2𝑛𝑛2

 ��
1

0
(1 − 2𝑡𝑡)ℜ′ �𝑡𝑡

(𝑛𝑛 − 𝑖𝑖)𝑡𝑡 + 𝑖𝑖𝕟𝕟
𝑛𝑛

+ (1 − 𝑡𝑡)
(𝑛𝑛 − 𝑖𝑖 − 1)𝑡𝑡 + (𝑖𝑖 + 1)𝕟𝕟

𝑛𝑛
�𝑑𝑑𝑡𝑡�                     (4) 

 
where 
 

𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟) = �
𝑛𝑛−1

𝑖𝑖=0

1
2𝑛𝑛

�𝑓𝑓 �
(𝑛𝑛 − 𝑖𝑖)𝑡𝑡 + 𝑖𝑖𝕟𝕟

𝑛𝑛
�

+ 𝑓𝑓 �
(𝑛𝑛 − 𝑖𝑖 − 1)𝑡𝑡 + (𝑖𝑖 + 1)𝕟𝕟

𝑛𝑛
��

−
1

𝕟𝕟 −𝑡𝑡
�
𝕟𝕟

𝑡𝑡
ℜ(𝑥𝑥)𝑑𝑑𝑥𝑥. 

http://xxx.cumhuriyet.edu.tr/
https://orcid.org/0000-0002-0304-7192


Kadakal / Cumhuriyet Sci. J., 43(3) (2022) 497-503 

498 

 
In this study, we use Hölder integral inequality and (4) in order to provide inequality for functions whose first 

derivatives in absolute value at certain power are AH-convex. 
Throughout this paper, the following notations will be used for nonnegative numbers 𝑡𝑡,𝕟𝕟  (𝕟𝕟 > 𝑡𝑡): 

1. 𝐴𝐴: = 𝐴𝐴(𝑡𝑡,𝕟𝕟) = 𝑡𝑡+𝕟𝕟
2

,     𝑡𝑡,𝕟𝕟 > 0, (arithmetic mean)    
2. 𝐺𝐺: = 𝐺𝐺(𝑡𝑡,𝕟𝕟) = √𝑡𝑡𝕟𝕟,    𝑡𝑡,𝕟𝕟 ≥ 0, (geometric mean)   
3. 𝐻𝐻: = 𝐻𝐻(𝑡𝑡,𝕟𝕟) = 2𝑡𝑡𝕟𝕟

𝑡𝑡+𝕟𝕟
,     𝑡𝑡,𝕟𝕟 > 0, (harmonic mean)    

 

4. 𝐿𝐿: = 𝐿𝐿(𝑡𝑡,𝕟𝕟) = �
𝕟𝕟−𝑡𝑡

𝑙𝑙𝑛𝑛𝕟𝕟−𝑙𝑙𝑛𝑛𝑡𝑡
, 𝑡𝑡 ≠ 𝕟𝕟

𝑡𝑡, 𝑡𝑡 = 𝕟𝕟
;  𝑡𝑡,𝕟𝕟 > 0, (logarithmic mean)   

5. 𝐿𝐿𝑝𝑝: = 𝐿𝐿𝑝𝑝(𝑡𝑡,𝕟𝕟) = ��
𝕟𝕟𝑝𝑝+1−𝑡𝑡𝑝𝑝+1

(𝑝𝑝+1)(𝕟𝕟−𝑡𝑡)
�

1
𝑝𝑝

, 𝑡𝑡 ≠ 𝕟𝕟, 𝑝𝑝 ∈ ℝ\{−1,0}
𝑎𝑎, 𝑡𝑡 = 𝕟𝕟

;𝑡𝑡,𝕟𝕟 > 0  (𝑝𝑝 − logarithmic mean).   

 𝐿𝐿𝑝𝑝 is monotonically increasing over 𝑝𝑝 ∈ ℝ, denoting 𝐿𝐿0 = 𝐼𝐼 and 𝐿𝐿−1 = 𝐿𝐿. In addition,  

𝐴𝐴𝑛𝑛,𝑖𝑖 = 𝐴𝐴𝑛𝑛,𝑖𝑖(𝑡𝑡,𝕟𝕟) =
(𝑛𝑛 − 𝑖𝑖)𝑡𝑡 + 𝑖𝑖𝕟𝕟

𝑛𝑛
. 

 
Main results 
 
Theorem 2.1.  Let ℜ: 𝐼𝐼 ⊂ (0,∞) → (0,∞) be a differentiable mapping on 𝐼𝐼∘, and 𝑡𝑡,𝕟𝕟 ∈ 𝐼𝐼∘ with 𝑡𝑡 < 𝕟𝕟. If |ℜ′| is an 
AH convex function on [𝑡𝑡,𝕟𝕟], then the following inequalities hold: 
 
i) If �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖�� ≠ 0, then 

|𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)| ≤�
𝑛𝑛−1

𝑖𝑖=0

�
𝕟𝕟 −𝑡𝑡

2𝑛𝑛2
�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

��ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���
2 𝑙𝑙𝑛𝑛

𝐴𝐴��ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��, �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���
𝐻𝐻��ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��, �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���

�             (5) 

 
ii) If �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖�� = 0, then 

|𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)| ≤�
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
4𝑛𝑛2

�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��.                                                                  (6) 

 
Proof. i) Let �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖�� ≠ 0. From the properties of modulus  and the Lemma 1.5, we write 
 

|𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)| = ��
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2𝑛𝑛2

��
1

0
(1 − 2𝑡𝑡)ℜ′�𝑡𝑡𝐴𝐴𝑛𝑛,𝑖𝑖 + (1 − 𝑡𝑡)𝐴𝐴𝑛𝑛,𝑖𝑖+1�𝑑𝑑𝑡𝑡��                                               (7) 

     ≤�
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2𝑛𝑛2

���
1

0
(1 − 2𝑡𝑡)ℜ′�𝑡𝑡𝐴𝐴𝑛𝑛,𝑖𝑖 + (1 − 𝑡𝑡)𝐴𝐴𝑛𝑛,𝑖𝑖+1�𝑑𝑑𝑡𝑡�� 

     ≤�
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2𝑛𝑛2

��
1

0
|1 − 2𝑡𝑡|�ℜ′�𝑡𝑡𝐴𝐴𝑛𝑛,𝑖𝑖 + (1 − 𝑡𝑡)𝐴𝐴𝑛𝑛,𝑖𝑖+1��� 𝑑𝑑𝑡𝑡. 

 
Since |ℜ′| is an AH convex function on [𝑡𝑡,𝕟𝕟], then we have 
 

�ℜ′�𝑡𝑡𝐴𝐴𝑛𝑛,𝑖𝑖 + (1 − 𝑡𝑡)𝐴𝐴𝑛𝑛,𝑖𝑖+1�� ≤
�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

𝑡𝑡�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� + (1 − 𝑡𝑡)�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��
 

 
If we use the inequality in (7), we obtain  
 
|𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)| 
 

≤�
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2𝑛𝑛2

�
1

0
|1 − 2𝑡𝑡|

�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��
𝑡𝑡�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� + (1 − 𝑡𝑡)�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��

𝑑𝑑𝑡𝑡 

= �
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2𝑛𝑛2

�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1���
1

0

|1 − 2𝑡𝑡|
𝑡𝑡�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� + (1 − 𝑡𝑡)�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��

𝑑𝑑𝑡𝑡 
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= �
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2𝑛𝑛2 �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���ℜ

′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� ��
1
2

0

1 − 2𝑡𝑡
𝑡𝑡�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� + (1 − 𝑡𝑡)�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��

𝑑𝑑𝑡𝑡+�
1

1
2

2𝑡𝑡 − 1
𝑡𝑡�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� + (1 − 𝑡𝑡)�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��

𝑑𝑑𝑡𝑡� . (8) 

 
By changing variable as 𝑢𝑢 = 𝑡𝑡�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� + (1 − 𝑡𝑡)�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖�� in the  last two integrals, it is easily seen that 
 

�
1
2

0

1 − 2𝑡𝑡
𝑡𝑡�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� + (1 − 𝑡𝑡)�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��

𝑑𝑑𝑡𝑡 =
1

��ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���
2 ��ℜ

′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖�� 

+��ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� + �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���ln
�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� + �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��

2�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��
�          (9) 

�
1

1
2

2𝑡𝑡 − 1
𝑡𝑡�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� + (1 − 𝑡𝑡)�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��

𝑑𝑑𝑡𝑡 =
1

��ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���
2 

× ���ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� + �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���𝑙𝑙𝑛𝑛
�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� + �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��

2�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��
−��ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖����.         (10) 

 
By substituting the equalities (9) and (10) in (8), we have 
 

|𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)| ≤�
𝑛𝑛−1

𝑖𝑖=0

�
𝕟𝕟 −𝑡𝑡

2𝑛𝑛2
�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

��ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���
2 𝑙𝑙𝑛𝑛

𝐴𝐴��ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��, �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���
𝐻𝐻��ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��, �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���

�, 

 
which is the desired result. 
 
ii) Let �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖�� = 0. Then, substituting �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� = �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖�� in the inequality (8), we obtain  

|𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)| ≤�
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
4𝑛𝑛2

�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��. 

 
Remark 2.2. Using the arithmetic harmonically convexity of the function |ℜ′| in the Theorem 2.1, we get  
 
i) If �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖�� ≠ 0, then 
 

|𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)| ≤�
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2𝑛𝑛2

[(𝑛𝑛 − 𝑖𝑖 − 1)|ℜ′(𝑡𝑡)| + (𝑖𝑖 + 1)|ℜ′(𝕟𝕟)|][(𝑛𝑛 − 𝑖𝑖)|ℜ′(𝕟𝕟)| + 𝑖𝑖|ℜ′(𝑡𝑡)|]
(|ℜ′(𝕟𝕟)| + |ℜ′(𝑡𝑡)|)2  

× 𝑙𝑙𝑛𝑛
[(2𝑛𝑛 − 2𝑖𝑖 − 1)|ℜ′(𝕟𝕟)| + (2𝑖𝑖 + 1)|ℜ′(𝑡𝑡)|]2

4[(𝑛𝑛 − 𝑖𝑖)|ℜ′(𝕟𝕟)| + 𝑖𝑖|ℜ′(𝑡𝑡)|][(𝑛𝑛 − 𝑖𝑖 − 1)|ℜ′(𝕟𝕟)| + (𝑖𝑖 + 1)|ℜ′(𝑡𝑡)|], 

 
 ii) If �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖�� = 0, then 

|𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)| ≤�
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2n

|ℜ′(𝑡𝑡)||ℜ′(𝕟𝕟)|
(𝑛𝑛 − 𝑖𝑖 − 1)|ℜ′(𝕟𝕟)| + (𝑖𝑖 + 1)|ℜ′(𝑡𝑡)|. 

 
Corollary 2.3. By choosing n = 1 in Remark 2.2, we obtain the following inequalities: 

 
i) If |ℜ′(𝑡𝑡)| − |ℜ′(𝕟𝕟)| ≠ 0, then 
 

�
ℜ(𝑡𝑡) + ℜ(𝕟𝕟)

2
−

1
𝕟𝕟 −𝑡𝑡

�
𝕟𝕟

𝑡𝑡
ℜ(𝑥𝑥)𝑑𝑑𝑥𝑥� ≤

𝕟𝕟 −𝑡𝑡
2

|ℜ′(𝑡𝑡)||ℜ′(𝕟𝕟)|
(|ℜ′(𝑡𝑡)| + |ℜ′(𝕟𝕟)|)2 ln

[|ℜ′(𝑡𝑡)| + |ℜ′(𝕟𝕟)|]2

4|ℜ′(𝑡𝑡)||ℜ′(𝕟𝕟)|  

                                                                   =
𝕟𝕟 −𝑡𝑡

8
𝐻𝐻(|ℜ′(𝑡𝑡)|, |ℜ′(𝕟𝕟)|)
𝐴𝐴(|ℜ′(𝑡𝑡)|, |ℜ′(𝕟𝕟)|) ln

𝐴𝐴(|ℜ′(𝑡𝑡)|, |ℜ′(𝕟𝕟)|)
𝐻𝐻(|ℜ′(𝑡𝑡)|, |ℜ′(𝕟𝕟)|), 

              ii) If |ℜ′(𝑡𝑡)| − |ℜ′(𝕟𝕟)| = 0, then  

�
ℜ(𝑡𝑡) + ℜ(𝕟𝕟)

2
−

1
𝕟𝕟 −𝑡𝑡

�
𝕟𝕟

𝑡𝑡
ℜ(𝑥𝑥)𝑑𝑑𝑥𝑥� ≤

𝕟𝕟 −𝑡𝑡
4 �|ℜ′(𝕟𝕟)|�. 

 
Corollary 2.4. By choosing n = 2 in Remark 2.2, we get the following Bullen type inequalities: 
 
              i) If �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖�� ≠ 0 for all 𝑖𝑖 = 0,1, then  
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�
1
2
�
ℜ(𝑡𝑡) + ℜ(𝕟𝕟)

2
+ ℜ�

𝑡𝑡 + 𝕟𝕟
2

�� −
1

𝕟𝕟 −𝑡𝑡
�

𝕟𝕟

𝑡𝑡
ℜ(𝑥𝑥)𝑑𝑑𝑥𝑥� ≤

𝕟𝕟 −𝑡𝑡
8

�ℜ′(𝑡𝑡)�𝐻𝐻��ℜ′(𝑡𝑡)�, �ℜ′(𝕟𝕟)��

��ℜ′ �𝑡𝑡 + 𝕟𝕟
2 �� − �ℜ′(𝑡𝑡)��

2  

× 𝑙𝑙𝑛𝑛
𝐴𝐴[𝐻𝐻(|ℜ′(𝑡𝑡)|, |ℜ′(𝕟𝕟)|), |ℜ′(𝑡𝑡)|]

𝐻𝐻 ��ℜ′ �𝑡𝑡+ 𝕟𝕟
2 �� , |ℜ′(𝑡𝑡)|�

+
𝕟𝕟 −𝑡𝑡

8
|ℜ′(𝕟𝕟)|𝐻𝐻(|ℜ′(𝑡𝑡)|, |ℜ′(𝕟𝕟)|)

�|ℜ′(𝕟𝕟)| − �ℜ′ �𝑡𝑡+ 𝕟𝕟
2 ���

2 𝑙𝑙𝑛𝑛
𝐴𝐴[𝐻𝐻(|ℜ′(𝑡𝑡)|, |ℜ′(𝕟𝕟)|), |ℜ′(𝕟𝕟)|]

𝐻𝐻 ��ℜ′ �𝑡𝑡+ 𝕟𝕟
2 �� , |ℜ′(𝕟𝕟)|�

 

 
              ii) If �𝑓𝑓′�𝐴𝐴𝑛𝑛,𝑖𝑖+1�� − �𝑓𝑓′�𝐴𝐴𝑛𝑛,𝑖𝑖�� = 0 for all 𝑖𝑖 = 0,1, then  
 

�
1
2
�
ℜ(𝑡𝑡) + ℜ(𝕟𝕟)

2
+ ℜ�

𝑡𝑡 + 𝕟𝕟
2

�� −
1

𝕟𝕟 −𝑡𝑡
�

𝕟𝕟

𝑡𝑡
ℜ(𝑥𝑥)𝑑𝑑𝑥𝑥� ≤

𝕟𝕟 −𝑡𝑡
8

𝐴𝐴�𝐻𝐻��ℜ′(𝑡𝑡)�, �ℜ′(𝕟𝕟)��, �ℜ′(𝑡𝑡)��. 

 
Theorem 2.5.  Let ℜ: 𝐼𝐼 ⊂ (0,∞) → (0,∞) be a differentiable mapping on 𝐼𝐼∘, and 𝑡𝑡,𝕟𝕟 ∈ 𝐼𝐼∘ with 𝑡𝑡 < 𝕟𝕟. If |ℜ′|𝑞𝑞 is an 
AH convex function on [𝑡𝑡,𝕟𝕟] for some fixed 𝑞𝑞 > 1, then the following inequalities hold: 
 
              i) If �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

𝑞𝑞 − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��
𝑞𝑞 ≠ 0, then 

 

|𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)| ≤�
𝑛𝑛−1

𝑖𝑖=0

𝑏𝑏 − 𝑎𝑎
2𝑛𝑛2

�
1

𝑝𝑝 + 1
�
1
𝑝𝑝 �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

𝐿𝐿
1
𝑞𝑞��ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��

𝑞𝑞, �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��
𝑞𝑞�

,                                         (11) 

 
             ii) If �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

𝑞𝑞 − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��
𝑞𝑞 = 0, then 

|𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)| ≤�
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2𝑛𝑛2

�
1

𝑝𝑝 + 1
�
1
𝑝𝑝
�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��.                                                       (12) 

where 1
𝑝𝑝

+ 1
𝑞𝑞

= 1.  
 
Proof. i) Let �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

𝑞𝑞 − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��
𝑞𝑞 ≠ 0. From the properties of modulus  and the Lemma 1.5, we write  

 

|𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)| ≤�
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2𝑛𝑛2

��
1

0
|1 − 2𝑡𝑡|�ℜ′�𝑡𝑡𝐴𝐴𝑛𝑛,𝑖𝑖 + (1 − 𝑡𝑡)𝐴𝐴𝑛𝑛,𝑖𝑖+1��� 𝑑𝑑𝑡𝑡.                                       (13) 

 
Since |ℜ′|𝑞𝑞 is an AH convex function on [𝑡𝑡,𝕟𝕟], the following inequality  
 

�ℜ′�𝑡𝑡𝐴𝐴𝑛𝑛,𝑖𝑖 + (1 − 𝑡𝑡)𝐴𝐴𝑛𝑛,𝑖𝑖+1��
𝑞𝑞 ≤

�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��
𝑞𝑞�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

𝑞𝑞

𝑡𝑡�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��
𝑞𝑞 + (1 − 𝑡𝑡)�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��

𝑞𝑞                            (14) 

 
holds. If we use the inequality in (13) and consider the Hölder integral inequality, we get  
 

|𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)| ≤�
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2𝑛𝑛2

��
1

0
|1 − 2𝑡𝑡|𝑝𝑝𝑑𝑑𝑡𝑡�

1
𝑝𝑝
��

1

0
�𝑓𝑓′�𝑡𝑡𝐴𝐴𝑛𝑛,𝑖𝑖 + (1 − 𝑡𝑡)𝐴𝐴𝑛𝑛,𝑖𝑖+1��

𝑞𝑞𝑑𝑑𝑡𝑡�

1
𝑞𝑞
 

≤�
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2𝑛𝑛2

�
1

𝑝𝑝 + 1
�
1
𝑝𝑝
��

1

0

�𝑓𝑓′�𝐴𝐴𝑛𝑛,𝑖𝑖��
𝑞𝑞
�𝑓𝑓′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

𝑞𝑞

𝑡𝑡 �𝑓𝑓′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��
𝑞𝑞

+ (1− 𝑡𝑡) �𝑓𝑓′�𝐴𝐴𝑛𝑛,𝑖𝑖��
𝑞𝑞 𝑑𝑑𝑡𝑡�

1
𝑞𝑞

              (15) 

= �
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2𝑛𝑛2

�
1

𝑝𝑝 + 1
�
1
𝑝𝑝 �𝑓𝑓′�𝐴𝐴𝑛𝑛,𝑖𝑖���𝑓𝑓′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

𝐿𝐿
1
𝑞𝑞��𝑓𝑓′�𝐴𝐴𝑛𝑛,𝑖𝑖��

𝑞𝑞 , �𝑓𝑓′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��
𝑞𝑞�

,                                                  (16) 

 
where 
 

�
1

0
|1 − 2𝑡𝑡|𝑝𝑝𝑑𝑑𝑡𝑡 =

1
𝑝𝑝 + 1

 

�
1

0

1
𝑡𝑡�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

𝑞𝑞 + (1 − 𝑡𝑡)�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��
𝑞𝑞 𝑑𝑑𝑡𝑡 = 𝐿𝐿−1��ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��

𝑞𝑞 , �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��
𝑞𝑞�. 



Kadakal / Cumhuriyet Sci. J., 43(3) (2022) 497-503 

501 

 
ii) Let �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

𝑞𝑞 − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��
𝑞𝑞 = 0. Then, substituting �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

𝑞𝑞 = �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��
𝑞𝑞
 in the inequality (15), we have  

 

|𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)| ≤�
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2𝑛𝑛2

�
1

𝑝𝑝 + 1
�
1
𝑝𝑝
�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��. 

 
Remark 2.6.  By using the arithmetic harmonically convexity of the function |ℜ′|𝑞𝑞 in (16), we get the following for 
�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

𝑞𝑞 − �ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖��
𝑞𝑞 ≠ 0,  

 

|𝐼𝐼𝑛𝑛(ℜ,𝑡𝑡,𝕟𝕟)| ≤�
𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2

�
1

𝑝𝑝 + 1
�
1
𝑝𝑝
�ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖���ℜ′�𝐴𝐴𝑛𝑛,𝑖𝑖+1��

⎝

⎛𝑛𝑛

𝑙𝑙𝑛𝑛[(𝑛𝑛 − 𝑖𝑖)|ℜ′(𝕟𝕟)|𝑞𝑞 + 𝑖𝑖|ℜ′(𝑡𝑡)|𝑞𝑞]
−𝑙𝑙𝑛𝑛[(𝑛𝑛 − 𝑖𝑖 − 1)|ℜ′(𝑡𝑡)|𝑞𝑞 + (𝑖𝑖 + 1)|ℜ′(𝕟𝕟)|𝑞𝑞]

|ℜ′(𝕟𝕟)|𝑞𝑞 − |ℜ′(𝑡𝑡)|𝑞𝑞
⎠

⎞

1
𝑞𝑞

. 

 
Corollary 2.7. By choosing n = 1 in Remark 2.6, we obtain the following inequalities 
 
i) If |ℜ′(𝑡𝑡)|𝑞𝑞 − |ℜ′(𝕟𝕟)|𝑞𝑞 ≠ 0, then  

�
ℜ(𝑡𝑡) + ℜ(𝕟𝕟)

2
−

1
𝕟𝕟 −𝑡𝑡

�
𝕟𝕟

𝑡𝑡
ℜ(𝑥𝑥)𝑑𝑑𝑥𝑥� ≤

𝕟𝕟 −𝑡𝑡
2

�
1

𝑝𝑝 + 1
�
1
𝑝𝑝 𝐺𝐺2(|ℜ′(𝑡𝑡)|, |ℜ′(𝕟𝕟)|)

𝐿𝐿
1
𝑞𝑞(|ℜ′(𝑡𝑡)|𝑞𝑞 , |ℜ′(𝕟𝕟)|𝑞𝑞)

. 

 
ii) If |ℜ′(𝑡𝑡)|𝑞𝑞 − |ℜ′(𝕟𝕟)|𝑞𝑞 = 0, then 

�
ℜ(𝑡𝑡) + ℜ(𝕟𝕟)

2
−

1
𝕟𝕟 −𝑡𝑡

�
𝕟𝕟

𝑡𝑡
ℜ(𝑥𝑥)𝑑𝑑𝑥𝑥� ≤

𝕟𝕟 −𝑡𝑡
2

�
1

𝑝𝑝 + 1
�
1
𝑝𝑝

|ℜ′(𝕟𝕟)|. 

 
Corollary 2.8. By choosing n = 2 in Remark 2.6, we obtain the following Bullen type inequalities: 
 
            i) If �ℜ′�𝐴𝐴2,𝑖𝑖+1��

𝑞𝑞 − �ℜ′�𝐴𝐴2,𝑖𝑖��
𝑞𝑞 ≠ 0 for all 𝑖𝑖 = 0,1, then  

 

�
1
2
�
ℜ(𝑡𝑡) + ℜ(𝕟𝕟)

2
+ ℜ�

𝑡𝑡 + 𝕟𝕟
2

�� −
1

𝕟𝕟 −𝑡𝑡
�

𝕟𝕟

𝑡𝑡
ℜ(𝑥𝑥)𝑑𝑑𝑥𝑥� 

≤
𝕟𝕟 −𝑡𝑡

8
�

1
𝑝𝑝 + 1

�
1
𝑝𝑝
�
𝐺𝐺2 �|ℜ′(𝑡𝑡)|, �ℜ′ �𝑡𝑡+ 𝕟𝕟

2 ���

𝐿𝐿
1
𝑞𝑞 ��ℜ′ �𝑡𝑡+ 𝕟𝕟

2 ��
𝑞𝑞

, |ℜ′(𝑡𝑡)|𝑞𝑞�
+
𝐺𝐺2 ��ℜ′ �𝑡𝑡+ 𝕟𝕟

2 �� , |ℜ′(𝑡𝑡)|�

𝐿𝐿
1
𝑞𝑞 ��ℜ′ �𝑡𝑡+ 𝕟𝕟

2 ��
𝑞𝑞

, |ℜ′(𝕟𝕟)|𝑞𝑞�
�, 

  
          ii) If �𝑓𝑓′�𝐴𝐴2,𝑖𝑖+1��

𝑞𝑞 − �𝑓𝑓′�𝐴𝐴2,𝑖𝑖��
𝑞𝑞 = 0 for all 𝑖𝑖 = 0,1, then  

 

�
1
2
�
ℜ(𝑡𝑡) + ℜ(𝕟𝕟)

2
+ ℜ�

𝑡𝑡 + 𝕟𝕟
2

�� −
1

𝕟𝕟 −𝑡𝑡
�

𝕟𝕟

𝑡𝑡
ℜ(𝑥𝑥)𝑑𝑑𝑥𝑥� ≤

𝕟𝕟 −𝑡𝑡
4

�
1

𝑝𝑝 + 1
�

1
𝑝𝑝
𝐴𝐴 ��ℜ′ �

𝑡𝑡 + 𝕟𝕟
2

�� , |ℜ′(𝕟𝕟)|�. 

 
Applications for special means 
 
ℜ(𝑥𝑥) = 𝑥𝑥𝑝𝑝, 𝑥𝑥 > 0 is an AH convex function for 𝑝𝑝 ∈ (−1,0) [5]. Using this function we have the following 
propositions: 
 
Proposition 3.1.  Let 0 < 𝑎𝑎 < 𝑏𝑏 and 𝑝𝑝 ∈ (−1,0). Then we get:  
 

1
𝑝𝑝 + 1

��
𝑛𝑛−1

𝑖𝑖=0

1
𝑛𝑛
𝐴𝐴 ��𝐴𝐴𝑛𝑛,𝑖𝑖�

𝑝𝑝+1, �𝐴𝐴𝑛𝑛,𝑖𝑖+1�
𝑝𝑝+1� − 𝐿𝐿𝑝𝑝+1

𝑝𝑝+1(𝑡𝑡,𝕟𝕟)� ≤ �
𝑛𝑛−1

𝑖𝑖=0

�
𝕟𝕟 −𝑡𝑡

2𝑛𝑛2
�𝐴𝐴𝑛𝑛,𝑖𝑖�

𝑝𝑝
�𝐴𝐴𝑛𝑛,𝑖𝑖+1�

𝑝𝑝

��𝐴𝐴𝑛𝑛,𝑖𝑖+1�
𝑝𝑝 − �𝐴𝐴𝑛𝑛,𝑖𝑖�

𝑝𝑝�
2 𝑙𝑙𝑛𝑛

𝐴𝐴��𝐴𝐴𝑛𝑛,𝑖𝑖+1�
𝑝𝑝, �𝐴𝐴𝑛𝑛,𝑖𝑖�

𝑝𝑝
�

𝐻𝐻��𝐴𝐴𝑛𝑛,𝑖𝑖+1�
𝑝𝑝, �𝐴𝐴𝑛𝑛,𝑖𝑖�

𝑝𝑝�
�. 

 

Proof. For 𝑝𝑝 ∈ (−1,0), the function 𝑓𝑓(𝑥𝑥) = 𝑥𝑥𝑝𝑝+1

𝑝𝑝+1
, 𝑥𝑥 > 0 is AH convex. Therefore, the assertion follows from (5) in 

Theorem 2.1, for ℜ: (0,∞) → ℝ, ℜ(𝑥𝑥) = 𝑥𝑥𝑝𝑝+1

𝑝𝑝+1
.  

 
Corollary 3.2. If we take n = 1 in Proposition 3.1, we get: 
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�𝐴𝐴 ��𝐴𝐴1,0�
𝑝𝑝+1, �𝐴𝐴1,1�

𝑝𝑝+1� − 𝐿𝐿𝑝𝑝+1
𝑝𝑝+1(𝑡𝑡,𝕟𝕟)� ≤

𝕟𝕟 −𝑡𝑡
2

�𝐴𝐴1,0�
𝑝𝑝�𝐴𝐴1,1�

𝑝𝑝

��𝐴𝐴1,1�
𝑝𝑝 − �𝐴𝐴1,0�

𝑝𝑝�
2 ln

𝐴𝐴��𝐴𝐴1,1�
𝑝𝑝, �𝐴𝐴1,0�

𝑝𝑝�

𝐻𝐻��𝐴𝐴1,1�
𝑝𝑝, �𝐴𝐴1,0�

𝑝𝑝�
, 

 
that is, 
 

1
𝑝𝑝 + 1

�𝐴𝐴(𝑎𝑎𝑝𝑝+1,𝑏𝑏𝑝𝑝+1) − 𝐿𝐿𝑝𝑝+1
𝑝𝑝+1(𝑡𝑡,𝕟𝕟)� ≤

𝕟𝕟 −𝑡𝑡
2

𝑡𝑡𝑝𝑝𝕟𝕟𝑝𝑝

[𝑡𝑡𝑝𝑝 − 𝕟𝕟𝑝𝑝]2 ln
𝐴𝐴(𝑡𝑡𝑝𝑝,𝕟𝕟𝑝𝑝)
𝐻𝐻(𝑡𝑡𝑝𝑝,𝕟𝕟𝑝𝑝). 

 
 

Proposition 3.3.  Let 𝑡𝑡,𝕟𝕟 ∈ (0,∞) with 𝑡𝑡 < 𝕟𝕟, 𝑞𝑞 > 1 and 𝑚𝑚 ∈ (−1,0). Then, we have:  
 

𝑞𝑞
𝑞𝑞 + 𝑚𝑚

��
𝑛𝑛−1

𝑖𝑖=0

1
𝑛𝑛
𝐴𝐴 ��𝐴𝐴𝑛𝑛,𝑖𝑖�

𝑞𝑞
𝑚𝑚+𝑞𝑞 , �𝐴𝐴𝑛𝑛,𝑖𝑖+1�

𝑞𝑞
𝑚𝑚+𝑞𝑞� − 𝐿𝐿𝑚𝑚

𝑞𝑞+1

𝑚𝑚
𝑞𝑞+1(𝑡𝑡,𝕟𝕟)� ≤ �

𝑛𝑛−1

𝑖𝑖=0

𝕟𝕟 −𝑡𝑡
2𝑛𝑛2

�
1

𝑝𝑝 + 1
�
1
𝑝𝑝 �𝐴𝐴𝑛𝑛,𝑖𝑖�

𝑚𝑚
𝑞𝑞 �𝐴𝐴𝑛𝑛,𝑖𝑖+1�

𝑚𝑚
𝑞𝑞

𝐿𝐿
1
𝑞𝑞��𝐴𝐴𝑛𝑛,𝑖𝑖�

𝑚𝑚, �𝐴𝐴𝑛𝑛,𝑖𝑖+1�
𝑚𝑚�

. 

 

Proof. The assertion follows from (11) in Theorem 2.5. Let ℜ(𝑥𝑥) = 𝑞𝑞
𝑚𝑚+𝑞𝑞

𝑥𝑥
𝑚𝑚
𝑞𝑞+1, 𝑥𝑥 ∈ (0,∞). Then |ℜ′(𝑥𝑥)|𝑞𝑞 = 𝑥𝑥𝑚𝑚 is AH 

convex on (0,∞) and the result follows from Theorem 2.5.  
 
Corollary 3.4. Taking n = 1 in Proposition 3.3, we get: 
 

𝑞𝑞
𝑞𝑞 + 𝑚𝑚

�𝐴𝐴 �𝑎𝑎
𝑞𝑞

𝑚𝑚+𝑞𝑞 ,𝑏𝑏
𝑞𝑞

𝑚𝑚+𝑞𝑞� − 𝐿𝐿𝑚𝑚
𝑞𝑞+1

𝑚𝑚
𝑞𝑞+1(𝑡𝑡,𝕟𝕟)� ≤

𝕟𝕟 −𝑡𝑡
2 �

1
𝑝𝑝 + 1

�
1
𝑝𝑝 𝑡𝑡

𝑚𝑚
𝑞𝑞𝕟𝕟

𝑚𝑚
𝑞𝑞

𝐿𝐿
1
𝑞𝑞(𝑡𝑡𝑚𝑚,𝕟𝕟𝑚𝑚)

. 

 
 
Conclusion 
 
In this paper, by using the definition of arithmetically-
harmonically functions and some simple mathematical 
inequalities, we obtained some new inequalities related 
to Hermite-Hadamard and Bullen type.  
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