©

| csj.cumhuriyet.edu.tr | Founded: 2002

ISSN: 2587-2680 e-ISSN: 2587-246X

Cumhuriyet Sci. J., 43(3) (2022) 477-491
DOI: https://doi.org/10.17776/csj.1088703

Cumhuriyet Science Journal

Publisher: Sivas Cumhuriyet University

A Note on Fractional Midpoint Type Inequalities for Co-ordinated (s1, s2)-Convex

Functions

Fatih Hezenci 12"

1 Department of Mathematics, Faculty of Arts and Science, Diizce University, Diizce, Tiirkiye.

*Corresponding author

Research Article ABSTRACT

In the present paper, some Hermite-Hadamard type inequalities in the case of differentiable co-ordinated

History
Received: 17/03/2022
Accepted: 03/08/2022

(51, 55)-convex functions are investigated. Namely, the generalizations of the midpoint type inequalities in the
case of differentiable co-ordinated (s;, s,)-convex functions in the second sense on the rectangle from the plain
are established. In addition to this, it is presented several inequalities to the case of Riemann-Liouville fractional

integrals and k-Riemann-Liouville fractional integrals by choosing the special cases of our obtained main results.

Copyright

©2022 Faculty of Science,
Sivas Cumhuriyet University

aﬂﬁfatihhezenci@duzce.edu.tr (& https.//orcid.org/0000-0003-1008-5856

Introduction

The theory of inequality is a considerable topic and
remains an interesting research area with numerous
number of applications in many mathematical fields.
Additionally, convex functions have also an important
place in the theory of inequality. One of the most famous
inequalities for the case of convex functions is the
Hermite-Hadamard  inequality.  Therefore, = many
mathematicians have established Hermite-Hadamard-
type inequalities and related inequalities such as
trapezoid, midpoint, and Simpson's inequality.
Furthermore, Fractional calculus has increased interest
owing to the its demonstrated applications in a range of
the inequality theory on convex functions in recent years.
Because of the importance of fractional calculus,
mathematicians have investigated distinct fractional
integral inequalities.

The inequalities, established by C. Hermite and J.
Hadamard for convex functions, are significant topicin the
literature. These inequalities state that if F : IR is a
convex function on the interval | of real numbers and a,
b€l with a<b, then the following double inequality holds:

a+b

b F(a)+F(b)
F (—) < ﬁfa F(x)dx < Do

2

. (1)

In recent years, remarkable number of papers have
been investigated to trapezoid and midpoint type
inequalities which give bounds for the right-hand side and
left-hand side of the inequality (1), respectively. For
instance, Dragomir and Agarwal first established to
trapezoid inequalities in the case of convex functions in

Keywords: Midpoint inequality, Co-ordinated (s;, s,)-convex function, Generalized fractional integrals.

the [1] and Kirmaci first investigated to midpoint
inequalities to the case of convex functionsin the [2]. Igbal
et al. presented some fractional midpoint type
inequalities for convex functions in [3]. On the other hand,
Dragomir established Hermite-Hadamard inequalities in
the case of co-ordinated convex mappings in [4]. The
midpoint and trapezoid type inequalities for co-ordinated
convex functions were presented in the papers [5] and [6],
respectively. Moreover, some fractional midpoint type
inequalities for co-ordinated convex functions were
presented in the paper [7].

In [8], Sarikaya and Ertugral first investigated new
fractional integrals which are called generalized fractional
integrals. Moreover, several trapezoids and midpoint type
inequalities for generalized fractional integrals are proved
by the authors. In addition to these, Turkay et al.
described the generalized fractional integrals in the case
of functions with two variables. These authors
investigated Hermite-Hadamard inequalities for this kind
of fractional integrals in [9]. For more information about
these type of inequalities, we refer to [10-12].

Premiliaries & Generalized Fractional and Double
Fractional Integrals

In this section, some definitions and notations which
are used frequently in main section are presented.
Definition 1. A function F: 4 — R will be called s-convex
in the second sense on 4 if the following inequality
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Fitx+ (1 —-t)z,ty+ (1 —-t)w) <t°F(x,y) + (1 —t)F(z,w)

is valid for all s, t € [0, 1] and (x, y), (z,w) € A.

Modifications to the case of convex and s —convex functions on 4, which are also known as co-ordinated convex and
co-ordinated s-convex functions on 4, respectively, were introduced by Dragomir [5], Sarikaya [6] and Latif [13].

In the paper [6,14], clasical definition in the case of co-ordinated s-convex functions in the second sense can be stated
as follows:

Definition 2. A function F: 4 — R? is called co-ordinated s-convex in the second sense on 4 if the following inequality
holds

Fitx+ (1 —-t)z,2y+ (1 =) w) < t5AF(x,y) + (1 —t)A°F(z,y)
(2)
+t5(1 - Flx,w)+ (1 —t)S(A —t)5F(z,w)
forallt,1 € [0, 1]

and (x,y), (z,w) € 4, and for fixed s € (0, 1].

Let us consider s = 1 in inequality (2). Then, the function F is said to be co-ordinated convex on 4. If the inequality (2)
is in reversed order, then F will be called a co-ordinated s- concave in the second sense on 4.

Definition 3. Afunction F: 4 - R? is said to be co-ordinated (s, s,)-convex in the second sense on 4 if the following
inequality

Ftx+(1-t)zAy+ (A =) w) <t51A%2F(x,y) + (1 — t)51A2F(z, y)
+t51(1 = )%2F(x,w) + (1 — )51 (1 — t)52F (z, w)
is valid for all t, A € [0, 1] and (x, ), (z, w) € 4, and for fixed s,, s, € (0, 1].
The well-known gamma and beta are defined as follows: For 0 < x,y < 00, and x,y € R,
rix) := J t*le tdt
0

and
1

Blx,y) := f t* 11 —t)Y tdt =

0

rex)r)
r'x+y)

The generalized fractional integrals were introduced by Sarikaya and Ertugral as follows:
Definition 4. [8] Let us define a function ¢: [0, ) = [0, o) satisfying the following condition:

1
J. —(p(n)dn < oo,
o 7

Let us consider the following left-sided and right-sided generalized fractional integral operators

a+lpF(x) =f —q)ix__nn) F(ndn, x>a 3
and ‘
b —
wlob@) = [ P papan, x<, @

X
respectively.

Some shapes of fractional integrals, namely, Riemann-Liouville fractional integral, k-Riemann-Liouville fractional
integral, conformable fractional integral, Hadamard fractional integrals, Katugampola fractional integrals, etc are
generalized as the most significant feature of generalized fractional integrals. These significant special cases of the
integral operators (3) and (4) are presented as follows:

Let us consider @(n) = 7. Then, the operators (3) and (4) become to the Riemann integral.
a
If we select p(n) = %a) and a > 0, the operators (3) and (4) reduce to the Riemann-Liouville fractional integrals

J&, F(x) and J;_F(x), respectively. Here, I'is Gamma function.
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Let us note that ¢(n) = nk and a, k > 0. Then, the operators (3) and (4) become to the k-Riemann-Liouville

kI (a)
fractional integrals /g, . F(x) and J;_ , F(x), respectively. Here, I}, is k-Gamma function.

There are several papers on inequalities for generalized fractional integrals in the literature. In [8], Sarikaya and Ertugral
also established Hermite-Hadamard inequalities in the case of generalized fractional integrals. Moreover, Budak et al.
proved midpoint type inequalities and extensions of Hermite-Hadamard inequalities in the papers [15] and [16],
respectively. There have been a several number of research papers written on these subjects, (see, [17-19] and the
references therein.

In [18], the authors are presented the generalized double fractional integrals as follows:

Definition 5. The Generalized double fractional integrals oy ¢ 1y, y» at.a-Lo, v+ p—cilow b-a-lpy, are described by

¢(x—n)¢(y— 7)
atctloy F(x, ) —f f F(n,7)dtdn, x >a, y>c, (5)
<p(x n)t/z(f y)
a+a-lo,yp F(x,¥) —f f =y F(n,t)dtdn, x>a, y<d, (6)
¢m—@¢@—ﬂ
_ond, oy Flx, )=ff F(n,t)dtdn, x <b, y>c, (7)
b—,ctip, P y e ). n—x y—1 n n y
and
_x —_—
bduwmxw—f~f¢m 2Dy, drdn, x < b, y < Q
respectively. Here, F € L,([a, b] X [c,d]) and the functions ¢, : [0,00) - [0,00) satisfy f 4’(77) —=dn < o and

fl 1!’(1')
0
By usmg Definition 5, well-known fractional integrals can be obtained by some special choices. For instance;

If we assign (p(n) =7 and 1/)(1) = 1, then the operators (5), (6), (7) and (8) become to the double Riemann integral.

For o(n) = % Y(r) = r(ﬁ)

|ntegrals]a+ C+F(x V), ]a+ d_F(x y), ]b_ C+F(x y) and ]b _F(x, y), respectively.

dt < oo, respectively.

a, B > 0, the operators (5), (6), (7) and (8) reduce to the Riemann-Liouville fractional

kr = andy (1) = prn (B) for a, Bﬁkk> 0. Then, the operators (5), (6), (7) and (8) reduce to the
a,

k-Riemann-Liouville fractional |ntegrals]aJr C+F(x, Y Jov o Flx,y), ]b_ C+F(x V) and]Z‘ F(x v), respectively. For
more information and unexplained subjects, the reader is referred to [20-31], and the references therein.

In the paper [32], an identity for twice partially differentiable mappings involving the double generalized fractional
integral is established as follows:

Let us consider ¢(n) =

3%F(n, 7)
ondt

Lemma 1. [32] Let F: 4 — R be an absolutely continuous function on 4 such that the partial derivative of order

exist for all (1, ) € A. Then, the following equality for generalized fractional integrals holds:

®(a,b,x; c,d,y)

LG G-0(( K3 i i ) )
T Y y) Ofof/h(x, mA;(y, 1) anaTF(”b +(1-m@+b—x),td+1—1)(c+d—y))drdny

@) d=y) [ [ 52
_Wofof/ll(x,n)ﬁz(%‘r)wF(nb +(1-n@+b—x),7c+(1—-1)(c+d —y)) dtdn

(b-0G=0) 0
_Wofofé\l(x,n)Az()’.T)%F(na+(1 —m(a+b—x),td+(1—1)(c+d—y))drdy

b-x)d-y) [ [

02
Y(x,y) Of Oféh(x, maz(y, T)%F(na +(A-nm@+b—x),tc+(1—1)(c+d—y))drdn,

where A: = [a, b] X [c, d],
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®(a,b,x; c,d,y)=F(a+b—x,c+d—y)

x(y)
lpF(@+b-xc+d=y)+ alFlatb—xc+d-
X(x)[b ( y) +(p ( y)]
+ 1 [ 1, JF(a+b +d + 1, ,F(a+b +d
Y(x,y) L Poeev (a X, € V) + b cilyyF(a X, c y)

+ qra-lpypFlatb—x,c+d—y)+ a4 cilpypFl@atb—xc+d —y)],

and

[dle(a+b—xc+d N+ i yFla+b—x,c+d— y)]

I(Xl (X) = Al (X, 0) + Al(x' 0)'
{I 10) = 4,(3,0) + 4,7, 0),
L

Y(x, ) = x1(0)x2(y)-

Throughout this paper for brevity, let us consider

and

1

“@“=fﬂgiﬂ9w.mmm=jﬂﬁgﬂﬂw

n n

1 1
M@ﬂzfﬂgiaﬂw,kmﬂzjﬂgizﬂw

T T

Midpoint Inequalities for Co-ordinated (s, S;)-Convex Function Involving Generalized Fractional

Integrals Discussion

2
Theorem 1. Suppose that the assumptions of Lemma 1 hold. Suppose also that the function |:11_0Fr

(s1, sp)-convex on A. Then, we have the following inequality for generalized fractional integrals

|®(a, b, x; c,d,y)|
x-—a)ly—o ? 2
<
Y(x9) 1#166F(b'd) +/11ﬂzaa F(b,c+d—y)
aZ 2
+A,0, nde ——F(a+b—- xd)‘+lzuz anoe —F(a+b—x,c+d— y)H
(x—a)(d-y) a? 2
Y(x,9) A1y 6776‘[F(b'c) + Az anoe ——F(b,c+d-y)
2 2
+A,0, nar ——F(a+b—x0)|+ A1, anae —Fl@a+b—x,c+d— y)H
b-x)(y—o) a? 2
Y(X y) A‘l—#l a T F(a,d) +/14-M2 —F(arc+d_y)
2 2
+A504 nar ——F(a+b—- xd)‘+13uz anae ——F(a+b—x,c+d— y)H
(b—x)(d-y) 2 2
Yz 9) alla anaTF(a,C) + Aais nar -—-Fla,c+d-y)
62 2
+A50, nar ——F(a+b—x,0)|+ A3u; nar —F@a+b—x,c+d— y)H.

| is co-ordinated
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( 1
[ = f’lsl/ll(x. mdn, A, = f(l — )14 (x, )dn,
0 0
{ ) ) (9)
|
\

0

1
frsz/lz(y, 7)dt, U, = f(l —1)%2/A,(y, T)dr,
3 0 (10)
= f(l —1)%24,(y, T)dt, Uy = fTSZAZ(y, T)dr.

0

0
Proof. Let us take the modulus in Lemma 1. Then, it follows:

|®(a,b,x; c,d, y)I

(x—a)(y—oc)
ST,)/)[IA (x, 77)/12(3"'[)

F(nb+(1 M (a+b—x),td+(1—1)(c+d—y))| drdn

c-a)d—y) [ [ 0?
__TGSS_‘!!A4%4Mﬂ%ﬂi,&F®b+u—nxa+b—mﬂc+u-fxc+d—w)dwn

b _ _ 11 62
( YJ&(;) c) Of Of A,(x, M)A, (y, 7) anarF("a +(A-m@+b—x),1d+1—-1)(c+d-y))|drdn

(11)

11
b — d— 92
( Yx(gc,(y) y)JOJAl(x’”)AZ(y’T) Gnar  mat A =m@+b=x),wc+1~7)(c+d~y) dudy.

. 3%F | . .
Since |%| is co-ordinated (s;, s,)-convex, we have

62
ffAl(x,n)Az(y,T) wF(r)b+(1—r)) (a+b—x),td+ (1 —1) (c+d—y)) dtdn

00

11
62
< [ [ Mmoo (v |
0

0

az
3 a1_F(b,c+d—y)’

TF(b, d)‘ + 151 (1 — 1)%2

2 2

o Fla+b +d—-y)|)ded (12)
prentC X, C y Tdn

9
+A—m)hr o

F(a+b—x, d)‘ + (1 -1l —1)%

2

onor

2

/11[’{1 a a

——F(b, d)| + A

——F(b,c+d-— y)‘
2

onort
Similarly, it follows

folflll (x, M4, (v, T) |a—2F(nb+(1—n)(a+b—x),rc+(1—T) (c+d—y))| dtdn
< Ay |- F®Cﬂ+hh| -F(b,c+d~y)| (13)
+/12y4| F(a+b—x c)|+/12,u3| F(a+b—x c+d-— y)|

fof A, (x, M)A, (y, 1) |WF(77‘1+(1_77) (a+b—x),7d+(1—1) (c+d—y))| drdn

2

+/12 Hq a ot

——F(a+b—x, d)‘+/12u2

——F(a+b—x,c+d— y)‘

< Aupt |- Fwdﬂ+hm| ~Fa,c+d—y)| (14)

+/13u1| F(a+b—x d)|+/13,uz| F(a+b—x c+d- y)|

and
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92
fol folﬂl(x' M4, 1) |—anarF(na +(A-n@@+b-x),tc+(1-1)(c+d-— y))| dtdn
92 92
Sl4u4|ﬁF(a c)|+/14u3 |—F(a c+d—y)| (15)

+/13u4| F(a+b—x c)|+/13u3| F(a+b—x c+d-y).

If it is substituted the inequalities (12)-(15) in (11), then the desired results are obtained. This finishes the proof of
Theorem 1.
Corollary 1. Let us consider ¢(n) = n and Y(t) = 7 for all (n, 7) € 4 in Theorem 1. Let us also consider s; = s, =5,

X = aTer andy = C:—d. Then, we have the following midpoint type inequality for Riemann-Liouville fractional integrals
|F(a+b c+d) 1 [ IF<a+b c+d>+ 1F<a+b c+d>]
2 72 d—cl®™¥ \ 2 " 2 TN 2 7 2

1 [ IF<a+b c+d>+ IF<a+b c+d)]
b—al?"? 2 2 atie 2 2

1 [ ; F<a+b c+d> | F<a+b c+d>
T @d=olrate 7 T2 )T rmerlew 2 2

a+b c+d a+b c+d
+anaclonF (5o )+ wnedon (5 )
2

onot

F(a,c)| +

<(b—a)(d—c)[ 1
- 16 (s +1)2(s + 2)?

02 F( c+d)+ 02 F<bc+d>
onot ) onot "2

N 92 F<a+b d) N 4 02 F<a+b c+d>
ondt 27 (s +2)2\|onot 272

< (b—a)(d—c) (2% +25"2(s + 1) + 4(s + 1)?
= 16 ( 225(s + 1)2(s + 2)2 )

‘ o F(b d)‘

o)
ot

2
+(s+1)(s+2)2(

N 0?2 F<a+b )
onot 2 ¢

e @)
ondt

62
(o1

Remark 1. Let us consider s; = s, = 1in CoroIIary 1. Then, Corollary 1 reduces to [5,Theorem 2].

CorollaryZ In Theorem 1, if we assign ¢ () = T )and Y(r) = F(ﬁ) for all(n, ) € 4 andif we choose s; = s, = s,and

y = T’ then we have the following midpoint type inequality for Riemann-Liouville fractional integrals
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F(a+b c+d) 2/3—11"(ﬁ+1)[ﬁ (a+b c+d) 8 (a+b c+d)]
2 2 d—-c)p 9 2 2 c* 2 2

2 r(a+1)[,, .(a+b c+d w o(@tb c+d
B ( ) at ( 2 2 )]

b-a)« "\ 27 2
27 2P(a+ DI B+ D[ 0 p (a+b c+d)+ @B F(a+b c+d)
b-a@—oF et 27) a5
B at+b c+dy .5 _(atbh c+d
R LN L)
<(b—a)(d—6)[ ap
- 16 s+1D?G+a+D)(s+p+1)
02 2 92 2
F F F F
x<|67761 (@) +|67761 (a'd)‘J“‘anar (Brc) +‘0n01 U“”)

+2a(s_‘+1—‘li(ﬁ+1,5+1)>< 92 (a,c+d> 9?2 F<b,c+d>)

s+D(s+a+1) onot 2 onot 2

+

1
2'8(5+1_$(a+1’s+1)> 0? a+b 0% Fa+bd
G+DG+B+D anot ( 2 'C> anot < 2 )

a+b c+d>”

4 ! 1 1 —1 1 1 o F
+ m_gB(a-i_ s+ s+1_$(ﬂ+ s+ onot < 272

[ 1
(b—a)(d—0)| ap 2a<s+1_$(ﬁ+1’5+1))
<

= 16 |G+DG+a+tDGHB+D T 2G6+DGratD

Zﬁ(ﬁ—‘ﬁ(a+1,s+1)> 471 , ]l
" 25(s+D(s+p+1) +ﬁ<s+—1_$(“+1’5+1)) <S+—1—‘B(ﬁ+1,s+1))|
|
2 2 52 ,
x(anaTF(a,c) +|anaTF(a,d)‘+‘anaTF(b,c) +‘anaTF(b,d))

Remark 2. If it is chosen s; = s, = 1 in Corollary 2, then Corollary 2 becomes to [32, Corollary 1].

4 B
Corollary 3. In Theorem 1, if we assign ¢ (1) = kl"n’za) and Y(7) = krﬂzﬁ) forall (n,7) € 4 andif we choose s; = s, =
k k

b d . . . . . Lo . .
S, X = % andy = %, then we have the following midpoint type inequality for k-Riemann-Liouville fractional integrals
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B
(a+b c+d) 2%‘1rk(p’+k)[ﬁ F(a+b c+d) 8 <a+b c+d)]
’ - B d- k ’ c+ k ’

2 2 d—of 2 2 2 2

a
2 ' (a + k) a+b c+d a+b c+d
——— -k Fl—— S kFl—,
a b—, k 2 2 a+,k 2 2
(b —a)k

a+

27k Fk(a+k)Fk(B+k) @Bk p a+b c+d apk.(@+b c+d
+ prticr (= =) e r (= =)
(b—a)k(d—C)k

@ p.k a+b c+d apk (@b c+d
+]a+d— ( ) a+,c+F 2 7 2

(b—a)(d—c)[ ap
1 (s+1?(sk+a+k)(sk+p+k)

i F o F(a,d o F(b,d
X onon (a,0)| + onor (a,d)| + + onot (b, d)

+

2“(s+1_$<ﬁ+1’5+1)>( 92 (a’c+d> 92 <b,c+d>)

s+ (sk+a+k) onadt 2 onot 2

+

23(5%—51;(%“,5“)) 02 ra+b 92 ra+b
GrDGk+B+0 (anarF< 2 'C> * anarF<T’d>)

+4(S1 ‘B( +1s+1))(sl ‘B<B+1s+1>>‘az;TF<a;b,C;d>’

[ 1 8
<(b—a)(d—c)| ap 2a<s+1 §B< +1S+1>)
B 16 G+ D Gktat Gkt +k) | 226+ D Gktath)
]
zﬁ(SH B (% +ls+1)> W1 } ) , |
DI ED) +ﬁ<s,+—1_$(z+1'5+1)) ——513( +1s+1) |
|
2 02 92
x(anaTF(a,c) +|6n F(a, d)‘ ‘ 55 TF(b’d)D'

Remark 3. Let us consider s; = s, = 1in Corollary 3. Then, Corollary 3 reduces to [32, Corollary 2].
2p 14

. . . ]
Theorem 2. Assume that the assumptions of Lemma 1 are valid. Assume also that the mapping pm

ordinated (s;, s,)-convex on 4. Then, the following inequality for generalized fractional integrals holds:

F .
> ,q > 1is co-
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11
x—-a)(y—-o)
|®(a,b,x; c,d, y)| < W ff[/ll(x, A, (y, ©)]Pdrdn
) 0 0
62 02 q 52 \ %
/|67]6‘[ +‘0narF(a+b_ ’ +‘8nafF(a+b— ,
\ (s;+D (s, +1)
1
P
x-a)@d-y)
P
Y@y f f [4:(x, )4, (y, D)]Pdrdn
02 q 52 q 5 %
\ (Sl + 1) (52 + 1)
(b )( ) 11 %
G-00-09 p
Y(xl }I) ff[Al(x’ 77)/12(}’; T)] deT’
00

q 2 q 2 a\ g
d 0 a
/|6n61F(a d)| +|6n61F(a’C+d_y)| +|WF(a+b—x,d)| +|WF(a+b—x,c+d—y)|\

(s;+1D) (s, +1)
1
(b-x)d-y) b

11
Yy Oj Oj [41Ce, m)42(y, D)]Pdrdn

/|6n61F(a c)| +|6 aTF(a c+d-— y)| +|6n61F(a+b xc)| +|6n6TF(a+b x,c+d-— y)|\

(s +D (s +1)

Here, % +% = land @(a, b, x; c,d, y) are defined as in Lemma 1.

214
Proof. With the help of Hélder inequality and co-ordinated (s;, s,)-convexity of |z:7_ai| , it follows

2

%F(Ub+(1—n) (a+b—x),td+ (1 —1) (c+d—y))

11
Of Of A, G, (v, 7)

1
p

IA

f f (A Ge, 1) A5 (y, D)]Pdedn
00

Q-

q

62
dtdn

11
| [
00

f f (A, G, 1) A5 (y, D)]Pdedn
00

X

_L_F(nb+(1—n)(a+b—x),‘rd+(1—‘[)(c+d—y))

1
p

IA

62
anar

62
6n61

02
6776,L_F(a +b—

dtdn

Fla+b—

% G+ D (s, + 1)

62
/lana‘[

1
q

(16)

QR
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Similarly, we obtain

J-J-/ll(x,n)Az(y,T) aaaTF(nb +(A-m@+b—x),tc+(1—1)(c+d—y))| drdy
=
<| [ [1ama,o. opamay (17)
00
| 02 |6_2 ! ‘O_ZF b ! ‘a_zp b a
x/anar " ot tlggacFla+b—x0)| +|gaFla+b-x
\ G +1D)(s,+1) / '
ffA (x, n)/lz(y,r) F(na+ A-n@+b—x),d+(A—-17)(c+d- y)) dtdn
00
11 %
< [4,(x, M)A, (y, T)]Pdrdn (18)
/]

62
|6n61F(a d)| +|6776 F(a,c+d— y)| +|ar)6 Fla+b— xd)| +|67]6 Fla+b—x,c+d— y)|\

(s, +D (s, +1)

|
\

2

a—aF(na+(1—r)) (a+b—x),1’c+(1—r)(c+d—y))

pIE dtdn

11
[ [ swmao.o
00

P

11
< ] ] (4, A, (3, D) Pdrdn (19)
00

a4\ q
/|6naTF(a c)| +|a s7Fac+d- y)| +|a srFla+b- xc)| +|a s7Fla+b- x,c+d—y)|\
(51+1) (52+1) .

If it is substituted the inequalities (16)-(19) in (11), then the required results are obtained. This ends of the proof of
Theorem 2.
Corollary 4. Let us consider ¢ (1) = n and ¥(7) = 7 for all (7, T) € 4 in Theorem 2. Let us also consider s; = s, =5,

x = aTJ'b andy = C:—d. Then, we have the following midpoint type inequality for Riemann-Liouville fractional integrals
|F<a+b c+d> 1 [ IF<a+b c+d)+ IF(a+b c+d>]
2 2 d—cl®¥ \ 2 " 2 Wt 2 7 2

1 [ 1F<a+b c+d>+ IF(a+b c+d)]
b—al?®\ 2 * 2 et \ 2 7 2

1 [ I F(a+b c+d) I (a+b c+d)
T d=olralew 2 2 bmctioy 2 2

a+b c+d a+b c+d
+anaclonF (5o )+ e (5 )
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(b—a)(d—c)

- 2 2
16(p + 1)P(s + 1)4

1

(12 o d)"+ 2 F(b c+d)q+ 92 F(a+b d)q+ 92 (a+b c+d)q a
onot onot 2 onot 2’ onot 2 2

1

N 02 b )q+ 2 F(b c+d>q+ 92 F(a+b )q+ 02 (a+b c+d)q q
oot ¢ oot \" 2 anor \ 2 '€ anor \"2 ' 2

1
Q)E
1

.

2 q

a
+< BnarF(a'd)

2

4 d F( c+d>
oot \Y 72

q+ 92 F( c+d>
oot \Y 72

1 |a2 (a+b c+d>

2 F<a+bd) +
onot 2’ onot 2 7 2

q+ 92 F<a+b )
anor \ 2 '€

62
—F
+< nar (a,c)

(b-a)(d-c)

q+ GE (a+b c+d>
onot 2 7 2

- 2 2
16(p + 1)P(s + 1)4

1
1+25%1 4225 92 1425/ 92 1 2 N\ 1] a2 "\
F —F F — F
( 5 |agart O T (a 5B +‘8n61' (@d) )+zs anac (@) )
+1+25+1+225 92 G )q 1+25(| 92 F(bd)q+ ZF( )q L1 F( d)q%
ooz € 22 \|anac ooz € 2s [anar @
1
1+2$+1+223 o . d" 1+2°(] 9% ! aZdeq 1]o® 7\
+ onot (@ad) + 225\ |onot @o)| + onot (b,d) +25 onot (b, )
1
+ 25+1+22$ o F( )q+1+25 o F( d)q+ o F(b )q +1 o F(b d)q !
ondt & 225 \|onot @ onot ¢ 25 oot '
25 |4
Theorem 3. Let us note that the assumptions of Lemma 1 hold. If the function |:ﬂ;| q = 1 is co-ordinated convex

on 4, then the following inequality for generalized fractional integral holds:
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|®(a, b, x; c,d,y)l

c-ao-of(( o
x—a)(y—c
< Z~ 7
< TS [ memaso, vy
00
2 q 2 q
x[/llyl anar —Fb, )| +u, anar —F(b,c+d—-y)

2 q 92 q%
+, 0, anar ——F(a+b—x,d)| +2A,u, anar ——F(a+b—x,c+d—y) ]
11 1‘%

(x—a)(d—-y)

Y(x,y) of of Ay (x, M)A, (y, T)dtdn

2

a q
—F
anar (b, c)

+ s

2

a q
—F
anar (b,c+d-—y)

X [/11#4

2

—F
anar (a+b—2x0c)

q
+ Aau3

2

0
F —
onar (@a+b—-—x,c+d-y)

Q=

+A21

]
v-vo-of =
Yy OjojAl(x'n)Az(y,T)dIdn

2

P q
—F
onot (a,d)

+ A4u,

2

P q
—F
anar (a,c+d—-y)

X [’14111

2
anar ——F(a+b—xd)

q
+ A3,

2

0
anar ——F(a+b—x,c+d—y)

Q=

+A314

|
b-x)d-y[ [ g

) (d—y
T Yoy bf z! A, (x, M4, (y, t)drdn

2

a q
wF(a, C)

+ Aattz

2

a q
%F(G,C-Fd—y)

X [/14#4

2

T ——F(a+b—2x0)

q
+ A3tz

2

T —F@a+b—x,c+d—y)

Q=

+A31

P

Here, @(a, b, x; c,d,y) is defined as in Lemma 1, 4;, i = 1, 2, 3,4 are described as in (9) and B;,i=1,2,3,4 are

defined as in (10).

. . . . azr |1
Proof. Power mean inequality and co-ordinated (s;, s,)-convexity of |—F| yield
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f01 fol/ll(x, A, (v, ) |%;F(nb +(1-n@+b-—x),d+(1—-1)(c+d- y))| drdn

= (fol fol Ay (e, M)A, (y, T)drdn)1 a
% (fo1 folAl(x' Mz (¥, ) |%;F(77b +A-n@+b-—x),1d+1—-1)(c+d-— y))|q dfdn)a

= (fol fol A1 (x, M)A, (y, ’[)drdn)1 1

2 q 2 q
X (fol [ 8, Gom A, (y,7) [m s FO, | 401 =) 55 Fb,c+d - )| (20)

FA- T Fa+b-x o +a-ma-o |—F(a+b—x,c+d—y)|q] drdn)a

= () £ A Gem) Ay (v, D) dedn)

(/11111 |a P F (b, d)| +/11li2| F(b c+d-— J’)|
1
+/12u1| F(a+b—x d)| +/12u2| F(a+b—x c+d-— y)|)
Similarly, we obtaln

62
ff/ll(x,n)zlz(y,r) 5 aTF(nb+(1—n)(a+b—x),rc+(1—r)(c+d—y)) dtdn
00
11 12
ffAl(x;n)Az(Y;T)den
00 (21)
92 q 2 q
x(/11#4 %F(b,c) + Ay anot ——F(b,c+d-y)
2 q 2 a %
+ 50, prr ——F(a+b—x0)| +2u; anar ——F(@a+b—xc+d—y) ) ,
11 5
JJAl(x,n)/lz(y,T) 5 a_[F(r)a+(1—7))(01+b—x),1'd+(1—1')(c+d—y)) dtdn
00
11 1‘%
<| [ [ 4Gmane, v
00 (22)
2 q 2 q
()14“166F(ad) +/‘{4M266F(ac+d y)
1
2 q 2 q E
+A50, anar —F(@a+b—xd)| +2u, oo —F(@a+b—x,c+d—-y) )
and
11 62
J.J.Al(x,n)dz(y,‘[) mF(na+(1—n) (a+b—x),tc+(1—-1) (c+d—y)) dtdn
00 1
11 1‘%
<\ [ [ a0, odu
00 (23)
2 q 62 q
</14/~‘4 anot ——F(a, )| +Auus anat ——F(ac+d-y)
1
2 q 2 N\q
A5, anar —F(a+b—x,0)| +2Aus anar —F(@a+b—x,c+d—y) > .

If we substitute the inequalities (20)-(23) in (11), then we establish desired result. This completes the proof of Theorem 3.
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Corollary 5. Let us consider ¢(n) = n and ¥(t) = 7 for all (n, 7) € 4 in Theorem 3. Let us also consider s; = s, =5,

x = aTer andy = CJ;—d. Then, we have the following midpoint type inequality for Riemann-Liouville fractional integrals

|¢( b a+b_ d c+d>|_F(a+b c+d)
al ] 2 ICI ] 2 - 2 ] 2
1 a+b c+d a+b c+d
_d—c[d‘L”F( 2 2 >+ ”IV’F( 2 2 )]
a+b c+d a+b c+d
_b—a[”‘l¢F( 2 2 >+ “+I¢F( 2 2 )]
4 1 [ | F<a+b c+d)+ | F(a+b c+d>
(b—a)(d—c)L brd—o¥ 2 2 bty 2 2
a+b c+d a+b c+d
. + a+'d‘1¢'¢F< 2 7 2 >+ “+'C+I¢'¢F< 2 72 )]
<4Q(b—a)(d—c)
= 64
|[ 92 Fb, d)| 92 F(b c+d)|q 92 F(a+b d)|" 92 F(a+b c+d 1 %
x| onot onot b2 donot 2 onot 2
|\(s+1)2(s+2)2 (s+1)(s+2)? (s+1)(s+2)2 (s +2)? /

1

0 )|q 92 F(b c+d)|q 92 (a+b )|q 92 F(a+b c+d N\
+ anot € onot ) ondt 2 ¢ danot 2
\(s F1)2(G+2)2 ' (s+1)(s+2)?2 G+1) (s +2)2 (s + 2)2 /

1

Gk 92 c+d\|" | 3% .ra+b T | 92 a+b c+d 4\ a
+/ ar)a‘rF(a d)| anarF(a’ 2 )| anarF( 2 ’d)| anarF( 2 \
(s +1)2(s + 2)? (s+1)(s+2)2 (s+1)(s+2)2 (s + 2)2 /

1
| F( )| 92 F( c+d)|q 92 (a+b )|q 92 F(a+b c+d ! ﬂl
onort ac donadt @2 onadt 2 '€ danaot 2 |

\(s+1)2(s+2)2 (s+1) (s +2)2 (s+1) (s +2)2 (s + 2)2 / I

Remark 4. If we consider suitable choices of ¢ (1) and (1)
then the new inequalities can be obtained for some forms of
fractional integrals, namely, Riemann-Liouville fractional
integral, k-Riemann-Liouville fractional integral,
conformable fractional integral, Hadamard fractional
integrals, Katugampola fractional integrals, etc.

Conclusion

In this paper, some Hermite-Hadamard type inequalities
are established for the case of differentiable co-ordinated
(s_1,"" s_2)-convex functions. In other words, the
generalizations of the midpoint type inequalities are proved
for the case of differentiable co-ordinated (s_1,"" s_2)-
convex functions in the second sense on the rectangle from
the plain. Moreover, several inequalities are given for the
case of Riemann-Liouville fractional integrals and k-Riemann-

Liouville fractional integrals by choosing the special cases of
our obtained main results. In future studies, improvements
or generalizations of our results can be investigated by using
different kinds of convex function classes or other types of
fractional integral operators. Furthermore, the authors can
extend the results by choosing bounded functions and also
try to give discrete versions of the findings for the future
studies.
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