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In this paper, we consider robust stability and stable member problems for linear systems whose characteristic
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polynomials are nonmonic polynomials with multilinear uncertainty. For both problems, the results are given by
using the reflection (box) coefficients and the extreme point property of multilinear functions defined on the
box. Finding stable member in a polynomial family is one of the hard problems of linear control theory. This

issue is considered by visualizing the cases n — [ = 2 and n — [ = 3. Necessary and sufficient conditions for
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Introduction

Consider the following polynomial with real
coefficients

p(@)=a;+az+-+a,z" ' +a, 2" (1)
where a,,; # 0. 1f a,,; = 1 the obtained polynomial

p(2)=a;+az+--+a,z"t +2z" (2)

is called a monic polynomial which corresponds to
n —dimensional vector a = (a;,a,, ...,a,)T € R*. The
polynomial (1) is called Schur stable polynomial if all roots
lie in the open unit disc of the complex plane. The set of
all monic Schur stable polynomials defines the set

D, = {a € R™:p(z) is Schur stable polynomial}. (3)

D,, is open, bounded and nonconvex subset in R™. The
closure of D,, is

D,, = {a € R™: p(z) has all roots in the closed unit disc}.
family P with

Given a non-monic polynomial
multilinear uncertainity

P={pzq =a,(q) +a,(@Qz+ - +a,(@z"" +
an1(q)z": q € Q C R}, (4)

Here Qisaboxanda; (¢):Q > R(i=12,..,n+1)
are multilinear functions, that are affine linear with
respect to each component. Without loss of generality
assume that a,,,,(q) > 0 for all g € Q. If for g € Q the
polynomial (4) is Schur stable the family (4) is said to be
robust Schur stable. From now on the term stable will
mean Schur stable.

robust stability and the existence of a stable member of the multilinear polynomial family using the reflection
coefficients are obtained. Several examples are provided.

Keywords: Schur stability, Multilinear function, Stable member, Box coefficients.

It is well known that a multilinear polynomial family
appears quite frequently in practical applications [1]. In
[2], some conditions for the Schur stability of this family
are given. In [3,4], sufficient conditions are given for
ensuring Schur stability by using the Edge Theorem. In [5],
itis suggested a simple algorithm for testing Schur stability
of a multilinear family and given a result on Schur stability
of a compact matrix family.

In Section 2 we discussed the robust stability of non-
monic multilinear polynomial families using the reflection
coefficients in [6,7] and give a necessary and sufficient
condition for robust stability of the multilinear polynomial
family.

The existence of a stable member in a matrix polytope
and other related problems has been considered in many
works (see [1,8,9] and references therein). Finding stable
member in a polynomial family is one of the hard
problems of linear control theory (see [10]). In Section 3,
the necessary and sufficient condition for the existence of
a stable member in the multilinear non-monic polynomial
family is given. An application of this condition is shown in
the example. In Section 4, a method is given for the
presence of the stable element when the difference
between degree and the number of uncertain parameters
is 2 and 3.

In [6] a multilinear map f(ky, ky, . ky) =

(f; Cer, s o )y oo fu (ki Ky k)T has  been
defined by the multiplication of second and first order
factors;

If nis even
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filley, kg, o k) + fo(ey Koy, o e )z + -
+ fo(ky, kg, o k) z™ 1 + 27
=22+ (kiky + k)z + ky)
(22 + (ksky + k3)z + ky) - [22
+ (ky1ky + ky)z + k],

if n is odd

filky, kg, o k) + fo(ky kg o )z + o
+ f, (kg Ky, o k)2 + 27
=[z2+ (kik, + k)z + ky] - [22
+ (kn—zkn—l + kn—Z)Z + kn—l]
(z+ k).

Proposition 1 ([6]): p(z) is a Schur polynomial if and
only if there exist numbers k; € (—1,1) such that a; =
filky, ko, k) (G, = 1,2,...,1).

From Proposition 1 follows the following

Proposition 2: a € D, if and only if there exist
numbers k; € [-1,1] such that a; = f;(k;, ko, ..., k)
(i,j =1,2,..,n). The defined above map f is a
multilinear. The set Q ={(q1,92 -, q)7:qi < q; <
qf,i=12,..,1} is called a box. The following theorem
shows that a multilinear image of a box is a polytope, that
is convex hull of a finite number of points.

Theorem 1 (The mapping theorem [3], p.247): Let f: Q —
R™ be a multilinear map, where Q is a box with the set of
extreme points {q'}, then convex hull of the image f(Q)
equals co{f(q")}, where co stands for the convex hull.

Let K be the n-dimensional cube defined by

K={(kyky .. kep): —1<k;<1,..,-1<k, <1}.

Proposition 3: f(0K) = dD,, where 0K is the
boundary of the set K.

Proof. Take any x € f(0K). Then there exists
(K2, k2, ..., k3) € 0K such that f(k?,k9,.., ko) =x.
Without loss of generality assume thatx € {k € K: k, =
1}, thenx = f(1,k2, ..., kQ). Three cases are possible.

f(1,k2, ..., k%) € D,,. This case isimpossible, since the
second order factor [s?+ (k + 1)s + k2] from the
definition of f has unstable factor (s + 1).

f(1,k,..., k) is an exterior point of D,,. This case is
impossible as well, since any neighbourhood of
(1,k9, ..., k%) contains element from K° (the set of
interior point of K) and we obtain a contradiction to
Proposition 1.

It remains the case x € dD,, which proves f(0K) c
daD,,.

Conversely, assume that x € dD,,. Then there exists a
sequence x™ € D, such that x™ — x as m — co. By
Proposition 1 there exists k™ € K° such that f(k™) =
x™. The set K is compact and without loss of generality
assume that k™ — k € K. Then f (k) = x. The inclusion
k € K° is impossible due to Proposition 1 and equality
f (k) = x and openness of D,, (Recall that any vector y €
0D,, is unstable.). Consequently k € dK and x € f(0K).

Stability of a Non-monic Multilinear Family

Consider the set D,, (see equation (3)). The boundary
set 0D, of D, consists of three parts ([7])
0D, =B, UB_; UB,

where
B, = {a € R™:p(z) has all roots in the closed disc |z|

< 1 and has at least one root z = 1},
B_; = {a € R™:p(2) has all roots in the closed disc |z|

< 1 and has at least one root z = —1},
B, = {a € R™:p(z) has all roots in the closed disc |z| <
1 and has at least one complex root z = /8,0 < 6 <
).

The following proposition has been proved in [6]. It
gives parametric description of the boundary set dD,,.
Proposition 4 ([6]): a) Let n be even. Then the surface B,
has the parametric equation

x = fi(—1Lky, ... ky), i =1,2,..,n
1<k, <1,..,-1<k, <1

and the surface B_; has the parametric equation

x=fi(Lky, oo k), i =12,...,n,
1<k, <1,..,-1<k, <1

b) Let nbe odd. Then the surface B; has the
parametric equation

x; = filky, kg i ke, —1),i = 1,2, ...,1
1<k <1,..,-1<k,_; <1,

and the surface B_; has the parametric equation

x; = filky, kyy ik, D, i =1,2,...,10
-1<k <1,.,-1<k, ;<1
¢) The surface has the parametric equation
x; = filky, Lks, oo k1, kp) i =1,2,...,n
-1<k <1,-1<k;<1,..,-1<5k, <1.
Now we give stability condition of the family (4).
Define the functions (i = 1,2, ...,n)

Fi(q1, - Qi ki, kg, o ky) = Fi(q, k) =
ani1(@Qf; (k) — a;(q) (5)

Theorem 2: Assume that the family (4) is given, where n is
even, a;(¢):Q > R (i=1,2,..,n+ 1) are multilinear
functions, Q c R!isaboxanda,,;(q) > 0forallq € Q.
Assume also that this family has a stable member p(z, g*).
Then (4) is robust stable if and only if the following
conditions a), b), c) are satisfied simultaneously.

a) The system

Fi(q1,q2) - @, —Lky, ... . k) = 0 (6)

has no solution onthe box Q@ x [-1,1]*"1 (i = 1,2, ..., n).
b) The system
Fi(q1,92) - Qi Lky, i k) =0 (7)

has no solution onthe box Q@ x [-1,1]*"1 (i = 1,2, ..., n).
c) The system

Fi(q1,92, > qu ki, L ks, o k) =0 (8)
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has no solution on the box Q x [-1,1]*"1 (i = 1,2, ..., n).
Proof. Assume that the family (4) is robust stable. From
the condition a,,,(gq) > 0 it follows that the family

p ={ a@ | a@
an1(q)  ani1(q)
e Q}

a,(q)
Any1(q)

z" 1 2z g

is robust stable as well. Consequently for all g € Q the

_ [ aa@ an(q)
vectorv(q) = (—an+1(q) S "—an+1(q)

boundary dD,, = B; U B_; U B, of the open set D,,. By
Proposition 1 and 4

v(q) € B; = The system (6) has no solution on Q X
[_1’1]71—1,

v(q) ¢ B_, = The system (7) has no solution on Q x
[_1’1]71—1,

v(q) € B, = The system (8) has no solution on Q X
[-1,1]*1.

Conversely, if the systems (6), (7) and (8) have no
solutions then P € D, or P c DS, where DS is the
complementary of D,. Since the family P and
consequently the family P has a stable member then P c
D,,, from this it follows that the family (4) is robust stable.

The systems (6), (7), (8) can be investigated by using
The Mapping Theorem (Theorem 1) and splitting
evaluation algorithm (see [5]). Divide the box Q X
[—1,1]™" into small subboxes and if the convex hull of
the images of vertices does not include the zero then
eliminate this small subbox.

Example 1: Consider robust stability problem for the
following multilinear family
r(z,q) = (7 — q1q; — 2q1)z° + (2 + q; + 0.5¢,)z°

+(2.54+q, +0.1q, — q;9,)z*

+ (1.5+ q,9,)z3

+(0.5+q; — q:92)7°
+(-0.7+4+¢q, +0.5¢,)z+ 0.4 — q,
+ 4, —0.5q195,

q, € [6,10], q, €[3,5]. For g, =6, q, =3 the
polynomial is stable. Using the equations of the boundary
0D,, in the parametric forms ((6), (7), (8)) write three
multilinear systems of equations

Fi(q,k) = any1 (@ f; (k) — a;(q)

) is not contained in the

a;(q1,92)fi(1, kg, k3, oo ke) — a;(q1,92) = 0 (9)
G=1,..6)
a;(q1,92)fi (=1, kp, k3, ... ke) — a;(q1,92) = 0 (10)
(=1,..6)
a;(q1,92)fi(k1, L, k3, oo k) — a;(q4,92) = 0 (11)

(i=1,..6)

where a;(q4,q,) are the coefficients of p(z, q) and
(91,92, k4, ... kg) €EB
=[6,10] x [3,5] x [-1,1] X -+
X [-1,1].

We have to show that all three systems (9)-(11) have
no solutions. Here we use splitting-elimination algorithm
(see [5]) with the use of The Mapping Theorem (divide the
box B into small subboxes, if for a subbox the zero is not
contained in the convex hull of the images of vertices,
then eliminate this subbox).

For the systems (9), (10) and (11) all subboxes are
eliminated after 2, 2 and 418 steps totally 16 sec,
respectively. Therefore the given family does not intersect
the boundary of D, and has a stable member.
Consequently the family is robust stable.

Example 2: Consider the given multilinear family
p(z,q) = (1-q; +3q; +3¢:19,)2" + (9192 + 41 — 42

—6)z°

+ (=5¢,9, — 64, + 5q, +12)z°

+(8q19; +13q; — 7q, — 8)z*

+ (—4q1q, — 11q; — q,)7°

+ (919, + 8q, — 1z*

+(4q —4q, + Dz —4+q — qa,
q, € [-1,4], g, € [-2,5]. Using the equations of the
boundary 0D, we obtain three multilinear systems of
equations that correspond to the multilinear family.

For the equation systems, all subboxes are eliminated
after 78, 122 and 256 steps totally 63 sec, respectively.
There are no solutions. Therefore the given family does
not intersect the boundary of D,,. For g; = 0, g, = 0 the
polynomial is not stable. As a result the family has no
stable member.

Existence of a Stable Member

Consider the family (4), we are interested in the
existence of g* € Q such that p(z,q*) becomes Schur
stable. This problems of such types are important in the
control theory ([11]).

Theorem 3: There exists a stable member in P if and
only if the following multilinear system
Fi(qy, -, qu kg, oo k) = anya (@ f; (k) —a;(q) = 0 (12)

(i=12,..,n)

has a solutionin Q x (—1,1)™.

Proof. There exists a stable member in P if and only if
there exists a stable member in . By Proposition 1 for a
given g* € Q the polynomial p (z,q*) € P is stable if and
only if there exists k* € (—1,1)™ such that

a;(q") . .
@) fi(k*) (i=12,..,n)
By the definition of F; this means that the system (12)

has solution (q*,k*) € Q X (—1,1)". System (12) is a
multilinear system defined on a box. Its solution can be
searched by splitting-elimination algorithm:

Divide Q X (—1,1)" into small subboxes and for a
small subbox the convex hull of vertices does not include
the zero then the eliminate this subbox by the Mapping
Theorem. By this way we eliminate a great number of
subboxes. If a remaining subbox has small volume then
check its center for stability, i.e. if (g€, k€) is a center then
check the polynomial p(z, g) for stability.

Example 3: Consider the given multilinear family
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p(z,q) = (g, — 0.2q, + 3.6)z° + (q; + 0.3q, + 1.1)z*
+(0.5¢,q, — 1.5q, + q, — 3)z3
+ (q,9, — 3q, + 1.25q, — 3.75)z2
+(q;—q1—5z+q,+q, -1,
q, € [-4,—1], q, € [2,5]. The splitting-elimination
algorithm gives 388 remaining subboxes of
B =[-1,1]° x [-4,—1] x [2,5].

When the centers of the remaining 388 subboxes are

. 17 25
examined, for the center qf == q5 = — of the box

[0.5,1] x [-0.5,0] X [—1, 05 ><[01 x [0,1]

R

the polynomial is stable.

Stable Member forthe Casesn — Il = 2 and n —
=3

As pointed out in [5] stabilization problem for unstable
plant can be reduced to the following:

Let A be n X I matrix with full rank, U° € R", ¢ =
(c1, €3,y )T and k = (ky, ky, ..., k)T, Is there exists
(c, k) € R! x R™ such that

Ac+U° = f(k) (13)
where f:R"™ = R" is defined in Introduction and [ < n?
By solving the first [ equations in (13) with respect to
€1,Cy, ... ¢; and inserting into the lost n — [ equations the
obtained ¢; = b, (k), ...,¢; = b;(k) a multilinear system
consisting of (n — [) equations

g1(k1,k3,...kn)=0

: (14)
In-1(k1,K2,...kn)=0

is obtained. Consequently there exists a stabilizing vector
c if and only if the system (14) has a solution in [—1,1]™.
Here we consider the casesn — 1l = 2andn —1 = 3.
In this case, it is possible to display rough image of
(—=1,1)™ under map g.

From the equation (14) it follows that there exists a
stabilizing vector if and only if the zero is contained in the

image
g((=LD)™) = {g(k):k € (=1, 1)"}
where g = (g4, ..., gn_1)". Gridding and displaying

this image for the casesn — [l = 2 andn — [ = 3 may give
positive results.
The following procedure can be suggested.

By gridding, display the “rough” image g((—1,1)™).
This “rough” image gives a hint of the existence (or
nonexistence) of a solution of (14).

Choose sufficient small € > 0. Consider for a point
g(k*) for which the distance between g(k*) and the
origin is less than «.

Calculate ¢* = b(k*) and check c* for a stabilizing
parameter.

Example 4: Let the family (2) be as

p(z,¢) =2z + (¢ — 0.4)z* + (¢, — 0.1¢c; — 1.19)z3
+ (¢; — 0.1¢c, — 0.06¢5 + 0.876)z2
+ (—0.1¢; — 0.06¢,)z — 0.06¢;.

Here
[—0.06 0 0 1 [ 0 ]
| -0.1 —-0.06 0 | | 0 |
A=| 1 —0.1 —0.06},U°=]0.876].
[ 0 1 -0.1 J —1.19J
0 0 1 —-0.4
Therefore n=5I1l=3,n—-1=2. After
corresponding  calculations we  conclude that
g1(kq, ..., ks) has 27 terms whereas g, (ky, ..., ks) has 22
terms.

—300 - o °

Figure 1. The “rough” images of g([-1,1]75 ).

Gridding the cube [—1,1]° with step size h = 0.25 and
displaying the image g([—1,1]%) gives the Fig. 1.
For e = 0.5, k* is calculated as
k* = (=0.75,—0.5,0.75,—0.25,0.5)”  which
stabilizing vector ¢* = (—1.041,1.215,0.877)7.

gives

Example 5: Consider the following “famous” example
from [9,10];
p(z,¢) = po(2) + c1p1(2) + c;p, (2),

where po(2) = z° — 0.1z* — 1982523 +
0.1772z% + 0.8211z, p,(z) =22 — 0.5z + 0.8, p,(2) =
z3 —0.5z% + 0.8z.

Here
[08 0 [ 0 ]
[-05 0.8 | | 0.8211 |
A=l 1 -osluo=]o0.1772 |
Il 0 1 jl Il—1.9825J|
0 0 -0.1
and

91 (ky, ko, kg, kg, kes)
= 0.625(k kykaks + kykzkake
— kikoks — koksks — koky)
+ 0.859375k,k ks — k ik ksk ks
+ kikykske + kiksk ke + ki ko k,
—kyksks + ko ksk, — ki k, — k, k4
+ kyke + k, ks +0.6903875,
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92(ky, ka, k3, kg, ks)
= 1.25(—k, kokoks — kykskoks
+ kykoks + koksks + kyky)
— kykykak, + 078125k, ky ks
— 3.008875 + ky kyks — kykyks
+ kykaky — kakyks — keyks + Ky ks
+kyks + ky, + kg
9s(ky, kg, ks, kg, ks)
=—0.1—kik, — k3k, +k, + ks
—ks.
Gridding [—1,1]° with step size h=0.03 and
displaying the image g([—1,1]°) gives the Fig. 2.

Figure 2. The “rough” images of g([-1,1]° ).

For &£=0.1, k* is calculated as k*=
(=0.99,—-0.96,0.99,—0.96,—0.03)" and the
corresponding ¢c* = (—0.03456,0.104025)7 is stabilizing
vector.

Conclusion

In this study, determining the robust stability of
families of nonmonic multilinear polynomials and
searching for stable member in these families are
discussed. Reflection (box) coefficients have been used to
analyze these problems. The set of n-th order Schur stable
polynomials can be characterized by the reflection
coefficients. For these problems, the results are given by
using the reflection coefficients and the multilinear
functions' extreme point property. Hence a multilinear
equations system is obtained. Solution of this system of
equations can be investigated with the division-
elimination algorithm. One of the hard problems in linear
control theory is considered by visualizing for the cases
n—1=2andn —1[ = 3. Anumber of examples are given
to illustrate the results.
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