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Phylogenetic trees describe evolution but due to hybridization events, recombination events or lateral gene
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transfer, it can be represented as a phylogenetic network. In phylogenetic networks, some of the branches of
tree combine and create a reticulation node. Level of a network is decided to look at how many nodes in a
connected component in a network. In this research, Int this paper, the structure of directed and undirected

level-2 networks and how the can be decomposed into level-2 generators is studied.
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Introduction

Phylogenetics is an interdisciplinary study, which is the
interface of biology, mathematics, and computer science.
There are different methods to construct phylogenetic
trees: Maximum Parsimony (MP), Maximum Likelihood
(ML), Bayesian methods, Distance-based methods and
quartet-based methods. However, phylogenetic trees are
not enough to explain evolution due to hybridization
events, recombination events or lateral gene transfer.
Phylogenetic networks are used to generalize the tree
model of evolution. In a phylogenetic nework, addition
branches join vertices, which are already connected by a
path, defined as a reticulation. Quartet methods apply to
the construction of unrooted evolutionary trees on four
leaves.

In this study, phylogenetic network is a directed acyclic
graph containing a single root vertex (indegree 0 and
outdegree 2), leaf vertices (indegree 1 and outdegree 0)
and reticulation vertex (indegree 2 and outdegree 1). A
graph is biconnected, which does not contain any vertex
whose removal disconnects the graph. Level of a
phylogenetic network is the greatest number of
reticulation vertices in a biconnected component of a
graph. Phylogenetic tree is a level-0 network. My focus on
this paper is level-2 network, which is illustrated in Figure
1. Each grey blob shows the biconnected component.
Gambette et al. shows the structure of level-k
phylogenetic networks and showed that how they can be
decomposed into level-k generators [1]. Jansson and Sung
constructed level-1 networks with a given set of triplets
[2]. Van lersel et al. extended Jansson's work to construct
level-2 phylogenetic networks from triplets [3]
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Figure 1: An example of level-2 phylogenetic network
which is adapted from [8].

Unrooted and undirected network with distinguished
reticulation edges is identified as a semi-directed network.
This network is identifiable for Jukes-Cantor large cycle
network models, which is a network with a single
undirected cylce length at least four [4]. 4 leaf trees are
also describes as quartets which are used in tree
reconstruction [2]. When | consider the reticulation
events, quartets used in network reconstruction recently;
for example, SNAQ reconstruct phylogenetic from gene
trees [7]. As opposed 4-leaves trees (quartets), |
considered the quarnets, which are leaves networks [5].
Huebler et al. constructs level-1 phylogenetic networks
from quarnets [6].

In this paper, the work of Huebler et al. by showing
that, | can construct in polynomial time a semi-directed
level-2 phylogenetic network is extended. An approach for
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level-2  semi-directed network reconstruction s
developed. This method takes the complete set of semi-
directed generators displayed by a network and output
the associated level-2 network. This methood is based on
adding directions to an existing level-2 generator.

In the next section, definitions and notations are
introduced. In section 3, a theorem to generate all level-2
generators on five leaves is proved. Finally, section 4
concludes with a discussion about the generators.

Preliminaries

Given an undirected graph G, let V (G) and E (G) be the
set of vertices and edges of G, respectively. An undirected
graph is biconnected if it contains no vertex whose
removal disconnects the graph. A biconnected
component, or blob, of an undirected graph is one of its
maximal biconnected subgraphs. An unrooted binary
phylogenetic network, unrooted network for short, on a
set X is an undirected graph where vertices have either
degree 3 (internal vertices) or degree 1 (the leaves,
labeled univocally by elements in X). An unrooted network
is level-k if a tree can be obtained from it by removing at
most k edges per blob.

A rooted binary phylogenetic network N {rooted
network for short {on a set X is a directed acyclic graph in
which exactly one vertex has in-degree 0 and out-degree
2 (the root) and all other vertices have in-degree 1 and

out-degree 2 (tree vertices), in-degree 2 and out-degree 1
(hybrid vertices), or in-degree 1 and out-degree 0 (the
leaves, distinctly labeled by elements of X). An unrooted
network N is level-k if each of its biconnected components
contains at most k hybrid vertices.

Denition 1: A semi-directed binary phylogenetic
networks {semi-directed networks for short on a set X,
which are graphs where:

1. vertices have either degree 3 or degree 1 (the
leaves, labeled univocally by elements in X);

2. vertex with degree 3 have either zero (tree
vertices) or two (hybrid vertices) incoming directed edges;

3. | can direct all undirected edges to obtain a
rooted binary phylogenetic networks without increasing
the number of hybrid vertices, possibly having previously
subdivided one of the undirected edge with a new node.
An unrooted level-k generator is a biconnected unrooted
level-k network, which is not level-(k-1). Rooted/semi-
directed level-k generators are defined in a similar way
but, for generators, unlike for general rooted/semi-
directed binary networks, | allow hybrid vertices to have
out-degree 0. In Fig. 3 are depicted all level-0, level-1 and
level-2 generators for rooted networks, and in Fig. 24 for
semi-directed networks.

For rooted/semi-directed generators, vertices of
outdegree 0 and arcs are called its sides; they are empty if
no subtree is hanging from them.
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Figure 2: Level-k < 2 generators for rooted networks [1]. &y for level-0, &; for level-1, and Gé, Gi, r.’;_f,

G for level — 2.

Unrooted Semi-Directed Level-2 Generators

Level-k generators to build any level-k phylogenetic
networks are given in [1]. In this section, we modify these
definition and theorems to generate semi-directed level-
2 network from generators.

Definition 2: Let G be a level-2 generator. | can adding
directed arcs to obtain semi-directed generators given in
Figure 3.
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Figure 3: Level-k < 2 semi-directed generators for rooted networks. G, for level-0, G, for level-1, and Gg, Gf, GCZ,

G3 for level — 2.

Theorem 2.1 Let G be a level-2 generator. If | adding
edges to generators for rooted network to generate semi-
directed networks, then the generators for level-2 semi-
directed networks are isomorphic to generators for level-
2 directed networks.

Proof: In semi-directed networks, it is easy to see that
level-0 and level-1 generators coincide with their
corresponding rooted ones. Indeed, there is a single
biconnected network with no reticulation, which is the
trivial network composed of only one vertexi.e., G, in Fig.
3. For level-1, there is only one way to have a binary
biconnected graph with one hybrid vertex, which is G;
shown in Fig. 3. In fact, if | make G; undirected, | can either
make v; a hybrid vertex or v,, obtaining N 'and N 12,
which are both isomorphic to G; as seen in Figure 4.

1

V1 U1
Vo U9

Nll Nl?

Figure 4: Level-1 semi-directed generators.

For level-2 network, there are four categories of
generators, which are obtained respectively from Gg, G,:Z,,
G2, G§ in Fig. 3 by removing the direction of all edges and
subsequently choosing a pair of nodes to be the hybrid
ones.

Type G%2: Since there are 4 vertices and 2 of them
have to be hybrid vertices, we have 6 possible pairs of
hybrid vertices: (v,v, ), (v,v3 ), (vy,v, ), (vg,v3),
(Va0 ), (V3,04).

Case (v, v, ): There is just one possible semi-directed
network, which is N2%1 in Fig. 6.

Case (v4, V3 ): This case is equivalent to the first one
since vertices v,, and v are interchangeable.

Case (v, v, ): There is just one possible semi-directed
network, which is N2%3 in Fig. 6. Note that the root
position is constrained here: the root needs be placed to
subdivide the edge (v,, v ) to get a valid network.

Case (v,,v3 ): | need to choose two edges entering in
v, and two edges entering in v; to be the hybrid edges.
The nine possibilities are given in Fig. 5. Because of
symmetries between v; and v,, and between v, and v, |
have to consider only networks N2&#,

Case (v,, v, ): This case is equivalent to the first one
since vertices v; and v, are interchangeable.

Case (v3, v, ): This case is equivalent to the second one
since vertices v, and v, are interchangeable.
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Figure 5: The 9 possible networks obtained by removing edge directions in G%% and choosing v, and v5 as hybrid
vertices.

Therefore, | obtain 2 possible generators N2*! and N?*2 of type (a) corresponding to G2¢.
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Figure 6: The directed level-2 generator G2% and its corresponding semi-directed generators of type (a) N2%! and

N2a,3
Type G2?: Since there are 5 vertices and 2 of them have to be hybrid vertices, | have 10 possible pairs of hybrid

vertices: (vpvz )l (v1'v3 )l (vlrv4- )l (171:175 )l (172!173 )r (172,174_ )r (UZ'US ), (173,174_ )r (U3,U4 )r (U4,U5 )
Case (v;, v, ): There are three different cases that are shown in Fig. 7 but only N??1is a proper

Level-2 generator.
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Figure 7: 3 possible N2> networks, when v, and v, are hybrid vertices.

Case (v;, V3 ): There are three different cases that are shown in Fig. 8 but only N2?'1is a proper Level-2 generator.
Case (v4,v, ): In N2P3, | subdivide the edge (v;,v, ) with a vertex v4. Assume to have the edge (v,, v3), then | also

have (v3,v5 ) and (v,,vs ), and | obtain a cycle (v,,v5,v5 ). If | have the edge (v,,v3), | obtain the reverse cycle.
Therefore, N223 cannot be a generator because there is no rooted generator that can be obtained from it.
Case (v;, Vs ): There is only one possible network N22#, which is given in Fig. 14.
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A2b:21 A25.22 A/2b:25

Figure 8: 3 possible N2>2 networks, v, and v; are hybrid vertices.

Case (v,, v3 ): there are 8 possible networks, see figure 9.
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Figure 9: 8 possible N2?5 networks, v, and v; are hybrid vertices

Case (v,, v, ): there are 3 possible networks, see figure 10.
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Figure 10: 3 possible N2P® networks, v, and v, are hybrid vertices

Case (v,, V5 ): there are 3 possible networks, see figure 11

sz,?g N%,?a

N?b,?-l

N2P7 networks, v, and v are hybrid vertices

Figure 11: 3 possible

Case (v3, v, ): there are three possible networks, see figure 12
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Figure 12: 3 possible N?P8 networks, v, and v, are hybrid vertices

Case (v3, vg ): there are 3 possible networks, see figure 13
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Figure 13: 3 possible N2P? networks, v; and v5 are hybrid vertices

Case (v, vg ): there is only one possible network, see figure 14
and N2%7 for a semi-directed network

. NZb,l , NZb,23 , NZb,4—

Therefore, | obtain 4 possible generators:
correspondence of Level-2 type (b) generator in the directed network G? which is given in Fig. 14

™ ™
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N2b1 N2b2s N2b4 and N2P7 are generators for semi-directed

Figure 14: G2P Directed Level-2 type (b) network and

network Level-2 type (b) network.
For typeG?2¢, since there are 5 vertices and 2 of them hybrid vertices, C(5, 2) = 10 possible pair of hybrid vertices

(v1,v3), (W1,v3), (V1,04), (V1,V5), (V2,03 ), (V2,0,), (V2,05), (V3,04 ), (V3,04 ), (V4,V5)
Case (v, v, ): there are 3 possible networks, see figure 15. Network N2¢11is a possible generator
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Figure 15: 3 possible N2%! networks, v, and v, are hybrid vertices
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Case (v4, V3 ): there are three possible networks, see figure 15. Network N2¢2 which are isomorphic to versions of

NZC,l

Case (v4,v, ): there is only one network, and it is a possible generatorN2¢3, see Fig. 19.
Case (v4, Vs ): there is only one network, and it is a possible generator N2%#, which is isomorphic toN2¢3,
Case (v,, 5 ): there are 9 possible networks, see figure 16. Network N2¢51 and N5z are possible generators.
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Figure 16: 3 possible N2¢° networks, v, and v; are hybrid vertices.
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Case (v,, v, ): There are 3 possible networks, see figure 17. Network N 21 s a possible generator.

-I-:il

NZC,GQ

Figure 17: 3 possible N?%° networks, v, and v, are hybrid vertices

NEC,GQ

Case (v,, Vg ): There are 3 possible networks, see figure 18. Network N2¢71 is a possible generator.
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Figure 18: 3 possible N2¢° networks, v, and v; are hybrid vertices.

Case (v3, v, ): | obtain 3 version of network N2 which are isomorphic to versions of N2¢7.

Case (v3, Vs ): | obtain 3 version of network N2¢° which are isomorphic to versions of N2¢5,

Case (v,, Vs ): There is only one network, and it is a possible generator N2¢10, see Fig. 19.

Therefore, | obtain 7 possible generators N2¢11 , N2¢3 N2651 2652 N2¢61 N26¢71 and N2910 for a semi-directed
network correspondence of Level-2 type (c) generator in the directed network G2¢ which is given in Fig. 19.

(H (|
vy t : i : t j?-‘:; 3 M U3
1 1
U vy Uy
g‘_’r: N r2e,1y A 2e3 A 2e.5q A 2e.5g
l"[ 1y
| /\'I
£ E va U2 vy U2 t : Ua
T.'__':_ Uy Us
I\;’Qc,ﬂ i Illu-"'ge’.', Ty Illu-""'_:'e’.', 10

Figure 19: G2 Directed Level-2 type (c) network and N2¢11, N263 N2¢51 N2¢52 N2661 N2671 and N2¢103re
generators for semi-directed network Level-2 type (c) network.

For type G2¢, since there are 4 vertices and 2 of them hybrid vertices, C(4, 2) = 6 possible pair of hybrid vertices:

(vllvz )I (v11v3 )I (v]_!vll— )I (Uz, U3 )I (172, 174_ )I (173,174_ )
Case (vy, v, ): There are 3 possible networks, see figure 20. Network N2%1 s a possible generator.
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Figure 20: 3 possible N2¢5 networks, v, and v; are hybrid vertices.

Case (v;,v3 ): There are 3 possible networks, see figure 21.

it (i

) '\D)'Jt.a .

A2d.24 A2d.12 A 2d.1a

Figure 21: 3 possible N2%2 networks, v, and v; are hybrid vertices.

Case (v,, v, ): There is only one network, and it is a possible generator N2%23,
Case (v,, V3 ): There are 4 possible networks, see figure 22.

M () (5] (5]

Ug Uy Vg Uy

A2d:4 A2 A/2d:43

N2d,4—

Figure 22: 4 possible networks, v, and v; are hybrid vertices
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Case (v,, v, ): | obtain 3 version of network N2%5 which are isomorphic to versions of N2%2,
Case (v3, 1, ): | obtain 3 version of network N2%® which are isomorphic to versions of N2%1,

Therefore, | obtain one possible generator N2%!1 for a semi-directed network correspondence of Level-2 type (d)
generator in the directed network G2¢, which is given in Fig. 23.

"

Y
b— —
U4

Figure 23: G24 Directed Level-2 type (d) network and N?%!1 are generators for semi-directed network Level-2
type (d) network.

Results and Discussion

| have shown that by considering level-k generators, | can prove that semi-directed generators isomorphic to level-

k generators which is given in Figure 24. For a future work, to show that how | construct a semi-directed level-2 network
when a sequence of generators is given.

U1 U1 U1
Vg
U2 v3 - U3
o
v2 U4 Vs
SO Sl SQa SQb 820 SZ(E
Figure 24: Level-k <2 generators for semi-directed networks.
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