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Research Article ABSTRACT

In this study, we define a new type of Pell and Pell-Lucas numbers which are called dual-Gaussian Pell and dual-
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Gaussian Pell-Lucas numbers. We also give the relationship between negadual-Gaussian Pell and Pell-Lucas
numbers and dual-complex Pell and Pell-Lucas numbers. Also, some sum and product properties of Pell and Pell-
Lucas numbers are given. Moreover, we obtain the Binet’s formula, generating function, d’Ocagne’s identity,

Catalan’s identity, Cassini’s identity and some sum formulas for these new type numbers. Some algebraic
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Introduction

Complex numbers, Hyperbolic numbers and Dual
numbers arise in many areas such as coordinate
transformation, matrix modeling, displacement analysis,
rigid body dynamics, velocity analysis, static analysis,
dynamic analysis, transformation, mechanics, kinematics,
physics, mathematics, and geometry. Horadam [1]
introduced the concept, the complex Fibonacci numbers,
called the Gaussian Fibonacci numbers GF,, = F,, + iF,,_,
where F, € R,i? = —1 and E,,nth Fibonacci numbers.
Fjelstad and Gal [2] defined the hyperbolic numbers H =
h + jh* where h,h* € R,j? =1 and j # +1. Clifford [3]
described the dual numbers D = d + ed* where d,d* €
R,€? = 0 and & # 0. Messelmi [4] expressed the dual-
complex numbers Z = z + ez* where z,z* € C,e? =
and € # 0. There are several studies in the literature that
are concerned with these numbers [5-8].

Fjelstad and Gal [2] inspected the extensions of the
hyperbolic complex numbers to n-dimensions and they
gave n-dimensional dual complex numbers in algebra and
analysis. Matsuda [9] et al. inspected the two-dimensional
rigid transformation which is more concise and efficient
than the standard matrix presentation, by modifying the
ordinary dual number construction for the complex
numbers. Akar et al. [10] introduced arithmetical
operations on dual-hyperbolic numbers. They
investigated dual hyperbolic number and hyperbolic
complex number valued functions. Majernik [11] gave
three types of the four-component number systems which
are formed by using the complex, binary and dual two-
component numbers. Aydin [12] formulated, if z; = x; +
ix, and z, = y; + iy, any dual-complex number by w =
Xy +ix, + ey, +igy,.

Moreover, addition, subtraction, multiplication and
division of dual-complex numbers and was defined by

properties of dual-Gaussian Pell and Pell-Lucas numbers are investigated. Furthermore, we give the matrix
representation of dual-Gaussian Pell and Pell-Lucas numbers.

Keywords: Dual-Gaussian numbers, Dual-Gaussian Pell numbers, Dual-Gaussian Pell-Lucas numbers.

Wyt w, = (2 te2,) 2 (23 +€2,) = (21 £ 23) + e(2, £ 24)
wy X Wy = (21 + €2,) X (253 + €2,) = (2123) + €(2124 + 2,25)
and

Wy zytéz, (2 +€z,) (23 —€z,)
W, zz+ez, (23 +¢ez,)(25 — €z,)
Zl Z2Z3 - Z1Z4
—te———
Z3 Z3

Table 1. Multiplication scheme of dual-complex numbers

X 1 i & it

1 1 i £ ie
i i -1 ie -—¢
€ £ ie 0 0

ie i€ —& 0 0

The conjugations can operate on dual-complex
numbers as follows:

w=x; +ix, +ey, +icy,
w*l = (x; —ix,) + (ey, — iey,), complex conjugation
w*? = (x; + ix,) — (ey, + iey,), dual conjugation

w*3 = (x; —ix,) — (ey, — igy,), coupled conjugation

Y1i+iy2
x1+ixo

*4

w* = (xy —ixy) (1 —€ ),dual — complex conjugation

w*S = (y; + iy,) — (ex; + iex,), anti — dual conjugation
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Therefore, the norm of dual-complex numbers is
defined as

Nt = |lwx w*] = \/Izllz + 2eRe(z,73)

N2 = |lw x w2 = |z, |?

N2 = |lwx w3 = \/lzllz — 2ielm(z,7z;)
Nyt = |lw x w™|| = /|2 |?

NS =|lwxw| = lezz + (22 — z%)

Beneficial point is the number sequences that have
been studied over many years. Forn € N, Pell and Pell-
Lucas numbers are defined by the recurrence relations,
respectively. P,,, =2P,,; +P,, P,=0, P, =1 and
Qniz =20Qp41 +Qn, Qp =2, Q = 2. Besides the nth
an_Bn

a-pB
and Q, =a"+p", where a=1++2, f=1-+2.
These formulas are called as Binet’s formula [13, 14].

Pell and Pell-Lucas number are formulized as B, =

Dual-Gaussian Pell and Pell-Lucas numbers

Many researchers studied several areas of this number
sequence. Halici and Cirik [15] examined the dual
numbers and investigated the characteristic properties of
them. They also gave equations about conjugates and
some important features of these newly defined numbers.
Azak and Glingor [16] defined the dual complex Fibonacci
and Lucas numbers and gave the well-known properties
for these numbers. Aydin [17] defined dual-complex k-Pell
numbers, dual-complex k-Pell quaternions and also gave
some algebraic properties of them.

In the following sections, the dual-Gaussian Pell and
the dual-Gaussian Pell-Lucas numbers will be defined. In
this work, a variety of algebraic properties of dual-
Gaussian Pell and dual-Gaussian Pell-Lucas numbers are
presented in a unified manner. Some identities will be
given for dual-Gaussian Pell and dual-Gaussian Pell-Lucas
numbers such as Binet’s formula, generating function,
d’Ocagne’s identity, Catalan’s identity, Cassini’s identity,
and some sum formulas. The dual-Gaussian Pell and the
dual-Gaussian Pell-Lucas numbers’ properties will also be
obtained using matrix representation.

Definition 2.1: For n € N, the dual-Gaussian Pell and the dual-Gaussian Pell-Lucas numbers are defined by

DGPn+3 = Pn+3 + iPn+2 + EPn+1 + lan
DGQpy3 = Qnyz +iQn o + €Qpyq +i0Qy

where P, and @,,, are the nth Pell and Pell-Lucas numbers. ¢, denotes the pure dual unit (€2 = 0,& # 0), i denotes the

imaginary unit (i =

DGPy =i — 2e+ 5ig, DGP; = 1 + ¢ — 2ie and
DGP, =2 +i+ig, ..

—1) and ie denotes the imaginary dual unit.

DGQy =2 —2i + 6 — 14i¢, DGQ, = 2 + 21 — 26 + 6ic and DGQ, = 6 + 2i + 2¢ — 2ig, ...

Let DGQ,,,3 and DGQ,,, 5 be two dual-Gaussian Pell-Lucas numbers. The addition, substraction and multiplication

of the dual-Gaussian Pell-Lucas numbers are given by

DGQpy3 = DGQ i3 = (Qn+3 t+ Qm+3) + i(Qn+2 t Qm+2) + 5(Qn+1 * Qm+1) + iS(Qn + Qm)

DGQn+3 X DGQm+3 = (Qn+3Qm+3 - Qn+2Qm+2) + i(Qn+3Qm+2 + Qn+2Qm+3) + g(Qn+3Qm+1 - Qn+2Qm +
Qn+1Qm+3 - Qan+2) + ig(Qn+3Qm + Qn+2Qm+1 + Qn+1Qm+2 + Qan+3)-

There exist five different conjugations. Dual-Gaussian Pell-Lucas numbers can operate as follows:

DGQpy3 = Qnys + Q4 + €Qpyq +i€0Q,

DGQ;ts = (Qss = iQusz) + (eQuys — i£Qy), complex conjugation

DGQ;25 = (Quys + iQniz) — (€Quss + i£Qy), dual conjugation
DGQ;35 = Qs = iQuyz) = (£Quss — ieQy), coupled conjugation

Qn+1 t 10y

DGO, = —1 (1— _—
Qni3 = (Qnisz — iQny2) an+3+iQn+2

>,dual — complex conjugation

DGQ;5 5 = (Qpyr + iQy) — (€Qpys + 1€0Q,,4,), anti — dual conjugation
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Similarly, the properties for dual-Gaussian Pell numbers are obtained.
Lemma 2.2: Let P, and Q,, be the Pell and the Pell-Lucas numbers, respectively. The following relations are satisfied

Qs+ Qn = 8Py

Qri+1 — Q= 8Pypyy — 4(-1)"

Q2n+z + Qon = 8Py 14

Qzn+z = Q2n = 202041

Qnir@n = Qonsr + Q- (=1

QmQnir + QmarQn = 2Qnsnsr + (=1)"CpnQr
QmCQnir = QmarQn = (=8) (=1)" Py P

Proof: The proofs are carried out with the help of the Binet’s formula.
Proposition 2.3: DGQ,, be a dual-Gaussian Pell-Lucas number. The following properties hold.

DGQny3 + DGOz = 2Qni3 + 26Qn iy

DGQny3 X DGQrYLz = 8Ponys + 16ePpy 5

DGQuy3 + DGQis = 2Qn43 + 2iQny,

DGQpys X DGQiE3 = [8Panys — 4(=DM + 2i[Qpnys + 2(~=1)"]
DGQuy3 + DGOz = 2Qn43 + 2i€Qy,

DGQuy3 X DGQrY3 = 8Pypys + 32ie(—1)"

Similarly, the proposition for dual-Gaussian Pell numbers is obtained.
Definition 2.4: For n € N,, DCP, and DCQ,, the dual-complex Pell and the dual-complex Pell-Lucas numbers, the
negadual-Gaussian Pell and the negadual-Gaussian Pell-Lucas numbers are defined by

DGP_, = (=1)™*1DGP;1
DGQ_, = (-1)"DGQ;!

where P, and @Q,,, are the nth Pell and Pell-Lucas numbers. Also, DCP, and DCQ,, are the dual-complex Pell and
dual-complex Pell-Lucas numbers. &, denotes the pure dual unit (€2 = 0, & # 0), i denotes the imaginary unit (i> = —1)
and ie denotes the imaginary dual unit.

DGQ_, =Q-n+iQ 1 +6Q » +i€Q ;3

When the equality is established,

DGQ—n = (_1)nQn + i(_l)n+1Qn+1 + g(—l)"+2Qn+2 + i‘g(_l)n+3Qn+3
DGQ_, = (_1)n[Qn — Q41 +EQnyr — ngn+3]
DGQ_, = (-1)"DCQ;}

Similarly, DGP_,, is found.
Theorem 2.5: Let DGP, and DGQ,, be the dual-Gaussian Pell and the dual-Gaussian Pell-Lucas numbers, respectively.
The following relations are satisfied

2(DGP,,1 + DGP,) = DGQ,y4
2(DGP,,, — DGP,) = DGQ,,
DGP,,, + DGP,_, = DGQ,
DGP,,, — DGP,_, = 2DGP,
DGP,,, + DGP,_, = 6DGP,
DGP,,, — DGP,_, = 2DGQ,
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DGQ,., + DGQ, = 4DGP,,,
DGQ,,, — DGQ, = 4DGP,
DGQ,., + DGQ,_, = 8DGP,
DGQ,yy — DGQ,_; = 2DGQ,
DGQ,4y + DGQ,_, = 6 DGO,
DGQ,., — DGQ,_, = 16 DGP,

Proof:
2(DGP,,, + DGB,) = 2(Py4q +iB, + €P,_, +ieP,_, + B, +iP,_, + €P,_, + ieP,_3)

=2(Pyyq +B,) +2i(B,+ Py_y) +2e(Py_y + Pp_y) + 2ie(Py_y + Py_3)
= Q41 T 10y +6Qp_1 +i€Qy_, = DGQryq

The other steps of the theorem can be proved by a similar method.
Theorem 2.6: (Generating Function Formula) Let DGP, and DGQ,, be the dual-Gaussian Pell and Pell-Lucas numbers.
Generating function formula for this numbers is as follows

(i —2e + 5ie) + t(1 — 2i + 5¢ — 12i¢)

m(®) = 1—2t—t?
he) = (2 —2i + 66 — 14ic) + t(—2 + 6i — 14¢ + 34ic)
- 1—2t—t? '

Proof: Let h(t) be the generating function for dual-Gaussian Pell-Lucas numbers as

h(t) = X2, DGQ,t™ Using h(t), 2th(t) and t2h(t), we get the following equations,
th(t) = XX, DGQ,t™ 1, t2h(t) = X2, DGQ, t™2. After the needed calculations, the generating function for dual-

Gaussian Pell-Lucas numbers is obtained as

DGQ, + DGQ.t — 2DGQ,t
1—2t—1t?
h(e) = (2 — 2i + 66 — 14ic) + t(—2 + 6i — 14¢ + 34ic)
B 1—2t—t2 '
Similarly, generating function formula for dual-Gaussian Pell numbers is obtained.
Theorem 2.7: (Binet’s Formula) Let DGP,, and DGQ,, be the dual-Gaussian Pell and Pell-Lucas numbers. Binet’s formula
for this number is as follows

h(t) =

Gan~3 — ppn-3
a—p
DGQ, = @a™ 3 + ppn3
where @ = a® +ia® +ea' +ic,a=1++2andf =3 +ip? +ef' +is, f =1 —2.

DGP, =

Proof:

DGQ, = Qy +iQp-1 +€Qp_ + €03
=(a@"+ ") +i(a™ !t + M) +e(@ ™ + %) +ie(a" P + )
=a"3(a® +ia?+cal +ie) + pP3(B3 + if? + Bt + ic)

DGQ, = @a™ 3 + ppr3.

Similarly, Binet’s formula for dual-Gaussian Pell numbers is obtained.
Theorem 2.8: (d’Ocagne’s Identity) Let DGP, and DGQ,, be the dual-Gaussian Pell and Pell-Lucas numbers. d’Ocagne’s
identity for this number is as follows

DGR, DGP,yy —DGPyy 1 DGR, = 8(_1)n+1pm—n - Zi(_l)npm—n - 5[6(_1)n(Pm—n) + (_1)n(Pm—n—2 +
Pm—n+2)] - 12i€(_1)npm—n
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DGQyp DGQryy — DGQpy1 DGQy = B[(—1)" Py _ny1 + (D)™ Pyin] + 16i(=1)" Py,
+85[(_1)m(Pn—m—2 + Pn—m+2) - (_1)n(Pm—n—2 + Pm—n+2)]
Proof:
DGQm DGQn+1 - DGQm+1 DGQn = (Qm + iQm—l + ng—Z + ieQm—S)(QTHl + iQn + EQn—l + iEQn—Z) -
(Qm+1 + iQm + ng—l + iSQm—Z)(Qn + iQn—l + an—Z + ieQn—B) = 8[(_1)npm—n+1 + (_1)mPn—m] +
16[(_1)an—n + 88[(_1)m(Pn—m—2 + Pn—m+2) - (_1)n(Pm—n—2 + Pm—n+2)]

Similarly, d’Ocagne’s identity for dual-Gaussian Pell numbers is obtained.
Theorem 2.9: (Catalan’s Identity) Let DGP, and DGQ,, be the dual-Gaussian Pell and Pell-Lucas numbers. Catalan’s
identity for this number is as follows
DGP? — DGP,,, DGP,_, = P?[(-D)" " 4+ (=)™ + iP.(-1)" " [P._; — Pr11]
+eB [(—D)" (P, + P_pyy) + ()T (Pryy + Pyyl)]
+ieP [(—D)" Y (Pops + Pr_) + (D) (P3 + Pryy)]

DGQ; — DGQnyr DGQyy = 4(—1)"[2P? — B] + 16i(—1)""[P?]
_SSPr[(_l)n_r(Pr+2 + Pr—z) + (_1)n_1(P—r+2 + P—r—z)]
+8i5(_1)n_rpr[(Pr+3 + Pr—l) - (Pr—3 + Pr+1)]

Proof:
DGQ‘rZL - DGQn+r DGQn—r

= (Qn + iQn1 +€Qu o +1€Qn_3)(Qy + iQn_q + EQp_ + i€Qy_3)

= (Qnir +1Qnyr_1 + EQnir_z +1€Qn4r3)(Qnr +1Qn_yr_y + EQn_r_» +i€Qn_r_3)
=4(=D"[2B? — A + 16i(—=1D)""[P?]

—8eP[(=D" T (Pryz + Prp) + (CD Py + P )]

+8ie(—D" TP [(Prys + Pry) = (Pr—z + Pryy)]

Similarly, Catalan’s identity for dual-Gaussian Pell numbers is obtained.
Theorem 2.10: (Cassini’s Identity) Let DGP, and DGQ,, be the dual-Gaussian Pell and Pell-Lucas numbers. Cassini’s
identity for this number is as follows

DGP% — DGP,,, DGP,_, = =2(=1)" + 2i(=1)" — 12e(—=1)™ + 12ie(—1)"
DGQ? — DGQ,,, DGQ,_, = 4(=1D)™ — 16i(—1)" + 96(—1)"e — 96ie(—1)"

Proof: If r = 1 is taken in the Catalan’s identity, Cassini’s identity is obtained. Similarly, Cassini’s identity for dual-
Gaussian Pell numbers is obtained.
Theorem 2.11: Let DGP, and DGQ,, be the dual-Gaussian Pell and Pell-Lucas numbers. In this case

Sioy DGR = (287) 4 (920) 4 g (B2t 4 g (B22)

B0t = (2) (5 e (52 s )

_ (P2n+1—1 - (P2n Pan—1—-1 . (Pan—212
2=1DGP2"_( 2 )+l(2)+£( 2 )+l£( 2 )
r_1DGQ, = (2P,;1 —2)+i(2B) + e(2P,_; — 2) + ic(2P,_, + 4)

Zg:lDGQZk—l — (Qz-;—l) +i (an;1+3) +e (an;z—5) +ic (an—23+15)

Py DGQy = (mh) 4 (1) 4 (Qnmtt2) g (L2228

2

Proof:
k=1DGQ) = X3_1(Qx +iQp—q + €Qp—y + i€Qk_3)
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= R Qe +HiXRQ + eXF2 Qp +Hie XR23, 0
=(2P,1 —2)+i(2P) +e(2P,_, — 2) +ie(2P,_, + 4)

Other sums are proven through the same method. Similarly, Sums are proven for dual-Gaussian Pell numbers is
obtained.
Theorem 2.12: Let DGP, and DGQ,, be the dual-Gaussian Pell-Lucas numbers. For n > 1be integer. Then, the matrix

representations of these sequences with both negative and positive indices are as follows
[2 1]" [DGP, DGPl] __[DGP,4, DGPn+1]
1 0

bGP, DGP,] ~ |DGP,,, DGP,
[0 1]" 'DGPO] _ [ DGP,
1 21 |per, |~ |DGP,,,
[2 1]” [DGQ, DGQ1]= DGQyp 4> DGQn+1]
1 ol [DGQ; DGQ, DGQny1 DGQ,
[0 1]" 'DGQO]Z DGQn]
1 2! DGO, DGQpyq
[0 1]n [DGP, DGPl]_ DGP_,., DGP_n+1]
1 -2l |pep, pGP| T |DGP_,,, DGP,
[0 1 ]n 'DGPO] B [ DGP_,
1 =21 |DGP; - DGP_,_4
[0 1]" [DGQ, DGQ1]= DGQ_p DGQ—n+1]
1 =21 IDGQ; DGQ, DGQ_n,1 DGQ_,
[0 1 ]" 'DGQO] =[ DGQ_, ]
1 =21 DGO, DGQ_p_4
Proof:

For the prove, we utilize induction principle on n. The equality holds for n = 1. Now assume that the equality is true
for n >1. Then, we can verify for n + 1 as follows

2 17" [DGP, DGPl] 2 1112 17" [DGP, DGPl]

1 ol IpGp, DGPl T 11 oll1 ol [DGP, DGP,

Z[2 Y[PGhun DGR] _ [DGRus DGR
~l1 ollpep,,, bGP, |~ |DGP,,, DGP,.,

Thus, the first step of the theorem can be proved easily. Similarly, the other steps of the proof are seen by induction on
n.

Conclusions

This study presents the dual-Gaussian Pell-Lucas and
Pell numbers. We obtained these new numbers not
defined in the literature before. These number sequences
have great importance as they are used in quantum
physics, applied mathematics, kinematic, differential
equations and cryptology. Since this study includes some
new results, it contributes to literature by providing
essential information concerning these new numbers.
Therefore, we hope that this new number system and
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